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The first principles, as well as the more difficult parts of Matlke- 
matics, have, it is thoogfht, been nkorm fully and clearly explained by 
the French elementary wHtQis, than 'by the English ; and among^ 
these, Lacroix has held a very^'distingQished place. His treatises 
have been considered as tbe most complete, and the best suited to 
those who are destined for a public education. They have receiv- 
ed the sanction of the government, and have been adopted in the 
principal schools, of France. The following translation is from tbe 
thirteenth Paris edition. The original being written with reference 
to the new system of weights and measures, in which the different 
denominations proceed in a decimal ratio, it was found necessary to 
make considerable alterations and additions, to adapt it to the meas- 
ures in use in the United States. The several articles relating to 
the reduction, addition, subtraction, multiplication, and division of 
compound numbers, have been written anew ; a change has been 
made in many of the examples and questions, and new ones have 
been introduced after most of the rules, as an exercise for tbe 
learner. 
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Explanation of the Rotnan Numerah. 

One I 

Two !!• 

Three III 

Four IVt 

Five V 

Six VIJ 

Seveo VII 

Eight VIII 

Nine IX 

Ten X 

Twenty XX 

Thirty XXX 

Forty XL 

Fifty L 

Sixty LX 

Seventy LXX 

Eighty LXXX 

Ninety XC 

Hundred C 

Two hundred CC 

Three hundred CCC 

Four hundred CCCC 

* Ab often as any character is repeated, to many thnes its value is re- 
peated. 

t A less character before a ^ater diminishes its valne. 
t A less character after a greater inereases its valae. 
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Roman Mumerab* 




Fire hundred 


D or DI* 


Six hundred 


DC 


Seven hundred 


DCC 


Eight hundred 


DCCC 


Nine hundred 


DCCCC 


Thousand 


MorClDt 


Eleven hundred 


MC 


Twelve hundred 


MCC 


Thirteen hundred 


MCCC 


Fourteen hundred 


MCCCC 


Fifleen hundred 


MD 


Two thousand 


MM 


Five thousand 


103 : or Vf 


Six thousand 


VI 


Ten thousand 


XorCCIDD 


Fifly thousand 


1000 


Sixty thousand 


LX 


Hundred thousand 


C or CCCIOOO 


Million 


M or CCCCIO J 


Two millions 


MM 


&c. kc. 





* For eveiy affixed this becomes ten times as many. 

t For every C and put one at each end, it is increased ten times. 

i A line over any number increases it 1000 fold. 



ELEMENTARY TREATISE 



ON 



ARITHMETIC. 



Numeration. 

1. A coBir^RisoN of the different objects, that come within the 
reach of our senses, soon leads us to perceive, that, in all these 
objects, there is an attribute, or quality, by which they can be 
supposed susceptible of increase or diminution ; this attribute is 
magnitude. It generally appears in two different forms. Some- 
times as a collection of several similar things, or separate parts, 
and is then designated by the word number. 

Sometimes it presents itself as a whole, without distinction of 
parts; it is thus, that we consider the distance between two 
points, or the length of a line extending from one to the other, 
as also the outhnes and surfaces of bodies, which determine their 
figure and extent^ and finally this extent itself. 

The proper characteristic of this last kind of magnitude, is 
the connexion or union of the parts, or their continuity ; whilst in 
number we consider how many parts there are ; a circumstance 
to which the word quantity at first had relation, though after- 
wards it |ras applied to magnitude in general, magnitude con- 
sidered as a whole being called continued qiuintity^ to distinguish 
it from number, which is called discrete^ or discontinued quantity. 

2* All that relates to magnitude is the object of mathematics ; 
numbers, in particular, are the object of arithmetic. 
Arith. 1 
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Continued magnitude belongs to geomtti-y^ which treats of the 
properties presented by the forms of bodies, considered with 
regard to their extent* 

3. Number, being a collection of many similar things, or many 
distinct parts, supposes the existence of one of these things, or 
parts, taken as a term of comparison, and this is called unity. 

The most natural mode of forming numbers is, to begin with 
joining one unity to another, then to this sum another ; and con- 
tinuing in this manner, we obtain collections of units, which are 
expressed by particular names; these names taken together^ 
which vary in differeat languages, compose the spoken numeral 
^ion. 

4. As there are no limits to the extension of numbers, since 
however great a number may be, it is always possible to add ai¥ 
unit to it, we may easily conceive that there is an infinity of 
different numbers, and consequently, that it would b^ impossible 
to express them, in any language whatever, by names that should 
be independent of each other* 

Hence have arisen nomenclatures, in which the object ha& 
been, by the combinations of a small number of words, subject 
to regular forms, and therefore easily remembered, to give a 
great number of distinct expressions. 

Those, which are in use in the [English language,] with few 
exceptions, are derived from the names assigned to the nine first 
numbers and those afterwards given to the collections of Im, a 
hundred^ and a thousand units. 

The units are expressed by 

one^ /roo, three^ four, Jive, six, seven, eight, nine* 

The collections often units, or tens, by 
ten, twenty, thirty, forty, ffly, sixty, seventy, eighty, ninety* 

The collections of ten tens, or hundreds, are expressed by 
names borrowed from the units ; thus we say, 

hundred, two hundred, three hundred, • • • • nine hundred. 
The collections of ten hundreds, or thousands, receive their 
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•denominations from the nine first numbers and from the collec- 
tions of tens and hundreds ; thus we say, 

thousand^ iv>o thousand nine thousand, 

ten thpuLsand, twenty thousand, ire* 
hundred thousand, two hundred thousand, ^c* 

The collections of ten hundred thousands, or of thousands of 
thousands, take the name of millions, and are distinguished like 
the collections of thousands* 

The collections of ten hundreds of millions, or of thousands of 
millions, are called billions, and are distinguished, like the collec- 
tions of millions*! 

t The idea of number is the latest and most difficult to form. Be- 
fore the mind can arrlTe at such an abstract conception, it must be 
familiar with that process of classification, by which we successively 
remount from individuals to species, from species to genera, and from 
genera to orders. The savage is lost in his attempts at numeration, 
and significantly expresses his inability to proceed by holding up his 
expanded fingers, or pointing to the hairs of his head. 

Nature has furnished the great and universal standard for compu- 
tation in the fingers of the hand All nations have accordingly 
reckoned by fives ; and some barbarous tribes have scarcely advanc- 
ed any further. Ailer the fingers of one hand had been counted once, 
it was a second and perhaps a distant step to proceed to those of the 
other. The primitive words, expressing numbers, did not probably 
exceed five. To denote six, seven, eight, and nine, the North Ameri- 
can Indians repeat the five with the successive addition of one, two, 
three, and four ; could we safely trace the descent and affinity of the 
abbreviated terms denoting the numbers from five to ten, it seems 
highly probable, that we should discover a similar process to have 
taken place in the formation of the most refined languages. 

The ten digits of both hands being reckoned up, it then became 
necessary to repeat the operation. Such is the foundation of our 
decimal scale of arithmetic. Language still betrays by its structure 
the original mode of proceeding. To express the numbers beyond 
ten, the Laplanders combine an ordinal with a cardinal digit Thus, 
eleven, twelve, &c. they denominate second ten and one, second ten 
and two, &c. and in like manner they call twenty-one, twenty-two, . 
&c third ten and one, third ten and two, &c. Our term eleven is 
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Each of the names just mentioned is considered as forming an 
unit of an order more elevated according as it is removed from 
the place of simple units. The names ten and hundred are continu- 
ally repeated, and we have no occasion for new names, such as 
thousand^ million^ billion^ except at every fourth order. The same 
law being observed, to billions succeed trillions^ quadrillions^ 
quintillions^ &c. each, like billions, having its tens and hundreds. 

Numbers expressed in this manner, when more than one word 
enters into the enunciation of them, are separated into their 
respective orders of units, mentioned above ; for instance, the 
number expressed by Jive hundred thousand three hundred and iwo^ 
is separated into three parts, viz. jive hundreds of thousands, three 
hundreds of simple units, and two of these units* 

5. The length of the expression, written in words, when the 
numbers were large, occasioned the invention of characters, ex- 
clusively adapted to a shorter representation, and hence origi- 
nated the art of expressing numbers in writing by these charac- 
ters, CB-Wcd figures, or written numeration. 

The laws of the wTitten numeration, now used, are very anal- 
ogous to those of the spoken numeration. In it the nine first 
numbers arc each represented by a particular character, viz. 

1234567 89: 

one, two, three, four, five, six, seven, eight, nine. 

supposed to be dcrivied from ein or one, and liben, to remain, and 
to signify one, leave or set aside ten. T-we^ve is of the like deriva- 
tion, and means two, laying aside the ten, . The same idea*i8 suggest- 
ed by our termination 1y in the words, twenty, thirty, &c. This syl- 
lable, altogether distinct from ten, is derived from ziefien, to draw, 
and the meaning of twenty is, strictly speaking, two drawings, that iS) 
the hands have been twice closed and the fingers counted over. 

After ten was firmly established, as the standard of numeration, it 
seemed the most easy and consistent to proceed by the same repeat, 
ed composition. Both hands being closed ten times would carry the 
reckoning up to a hundred. This wordv originally hund, is of uncer- 
tain derivation ; but the term, thousands which occurs at the next 
stage of the progress, or the hundred added ten times, is clearly 
traced out, being only a contraction of duis hund, or twice hundred, 
that is, the repetition or collection of hundreds. See Edinburgh Re- 
view, vol. xvni. art. vii. 
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When a number consists of tens and unils, the characters repre- 
senting the number of each are written in order from left to 
right, beginning with the tens^ The number forty-seven, for 
instance, is written 47 ; the first figure on the left, 4, denotes the 
four tens, and consequently a value ten times greater than it 
would have standing alone ; while the figure 7, placed on the 
right, .expressing seven units, possesses only its original value. 

In the number thirty-three, which is written 33, we see the 
figure 3 repeated, but each time with a different value ; the value 
of the 3 on the left is ten times greater than the value of that on 
the right. 

This is the fundamental law of our written numeration, that 
a removal^ of one place^ towards the hft increases (he value of a 
figure ten times* 

If it were required to express fifty, or five tens, as there arc 
no units in this number, there would be nothing to write but the 
figure 5, and consequently it would be necessary to show, by 
some particular mark, that in the expression of this number, the 
figure ought to occupy the first place on the left. To do this we 
place on the right the character 0, cipher^ or nought, which of 
itself has no value, and serves only to fill the place of the units, 
which are wanting in the enunciation of the proposed number. 

6. Thus with ten characters, by means of the rule before laid 
down concerning the value which figures assume, according to 
the places they occupy, we can express all possible numbers. 

With two figures only, we can write all, as far as to nine tens 
and nine units, making 99, or ninety-nine. After this comes the 
hundred, which is expressed bj*" the figure 1, put one place far- 
ther towards the left, than it would be, if used to express tens 
only ; and to denote this place, two ciphers are placed on the 
right, making 100. 

The units and tens, afterwards added to form numbers greater 
than 100, take their proper places; thus a hundred and one will 
be written in figures 101 ; a hundred and eleven, 111. Here the 
same figure is three times repeated, and with a different value 
each time ; in the first place on the right it expresses an unit, 
in the second, a ten, in the third, a hundred. It is the ^ same 
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^ith the number 232, 333, 444, he. Thus, in consequence of 
the rule laid down before ^hen speaking of units and tens, the 
same Jlgure expresses units ten times greater^ in proportion as it is 
removed from right to left, and, by a simple change of place, acquires 
the power of representing^ successively^ all the different collections of 
units, which can enter into the expression of a number. 

7. A number dictated, or enunciated, is written, then, by plac- 
ing one after the other, beginning at the left, the figures which 
express the number of units of each collection ; but it is neces- 
sary to keep in mind the order in which the collections succeed 
each other, that no one may be omitted, and to put ciphers in the 
room of those which are wanting in the enunciation of the num- 
ber to be written. If, for example, the number were three hun- 
dred and twenty four thousand, nine hundred and four, we should 
put 3 for the hundreds of thousands, 2 for the twenty thousands, 
or the two tens of thousands, 4 for the thousands, 9 for the hun- 
dreds; and as the tens come immediately after the hundreds, 
and are wanting in the given number, we should put a cipher in 
the room of them, and then write the figure 4 for the units ; we 
should thus have 324904. 

In the same way, writing ciphers in the place of tens of thou- 
sands, thousands, and tens, which are wanting in the number five 
hundred thousand three hundred and two, we should have 
500302. 

8. When a number is written in figures, in enunciating it, or 
expressing it in language, it is necessary to substitute for each 
of the figures the word which it represents, and then to mention 
the collection of units, to which it belongs according to the place 
it occupies. The following example will illustrate this; 
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The figures of this number are divided by commas, into por^ 
tions of three figures each, beginning at the right ; but the last 
division on the left, which in the present instance has but two 
figures, may sometimes have but one. Each of these divisions 
corresponds to the collections designated by the words unit^ thoU" 
sand^ million^ billion^ trillion^ and their figures express succes- 
sively the units, tens, and hundreds of each. Thus^ the expression 



t The foUowiDg are the denominatioDS generally adopted in Eng- 
lish and American books on arithmetic : 
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It will be seen that the two methods agree for the nine first 
places, reckoning from the leA ; that beyond this the same written 
number, or figure, is re^d differently, or bears difierent names, In 
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in words of a proposed number is formed^ by reading each division 
of figures as if it stood alone^ and adding^ after its units^ the name 
belonging to this division. 

The above example is read, twenty-four trillions^ eight hundred 
and ninety-seven billions^ three hundred and twenty-one millions^ five 
hundred and eighty thousands^ three hundred and forty-six units. 

9. Numbers admit of being considered in two ways ; one is, 
when no particular denomination is mentioned, to which their 
units belong, and they are then called abstract numbers; the 
other, when the denomination of their units is specified, as when 
we say, two men, five years, three hours, &c. these are called 
concrete numbers. 

It is evident, that the formation of numbers, by the successive 
union of units, is independent of the nature of these units, and 
that this must also be the case with the properties resulting from 
this formation ; by which properties we are enabled to compound 
and decompound numbers, which is called calculation. We shall 
now explain the principal rules for the calculation of numbers, 
without regard to the nature of their units. 



Addition. 

10. This operation, which has for its object the uniting of 
several numbers in one, is only an abbreviation of the formation 
of numbers by the successive union of units. If, for instance, it 
were required to add five to seven, it would be necessary, in the 

the two systems. Seven billioDS, for instance, in French is the 
same as seven thousands of millions in English. The difference, 
however, is only in the name ; the written character, and the funda- 
mental principles of numeration, are the same in both languages. 
The French begin with a new name after every three figures, the 
English after every six. These collections of six, however, are sub- 
divided into portions of three ; so that the French method is, on the 
whole, the more simple, and on this account more easily retained 
in the memory, while at the same time the names of the higher 
orders of numbers are much shorter. • 
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series of the names of numbers, one^ two^ ihrti^ four, fio^'i ^ix, 
seven, &c., to ascend five places above seven, and we should then 
come to the word twelve, which is consequently the amount of 
seven units added to five. It is upon this process that the addi* 
tion of all small numbers depends, the results of which are com- 
mitted to memory ; its immediate application to larger numbers 
would be impossible, but in this case, we suppose these numbers 
divided into the different collections of units contained in them, 
and we may add together those of the same name. For instance, 
to add 27 to 32, we add the 7 units of the first number to the 2 
of the second, making 9 ; then the 2 tens of the first with the 3 
of the second, making 5 tens. The two results, taken together, 
form a total of 5 tens and 9 units, or 59, which is the sum of the 
numbers proposed. 

What is here said applies to all numbers, however large, that 
are to be added together ; but it is necessary to observe, that 
the partial sums, resulting from the addition of two numbers, each 
expressed by a single figure, often contain tens, or units of the 
next higher collection, and these ought consequently to be joined 
to their proper collection. 

In the addition of the numbers 49 and 78, the sum of the units 
9 and 8 is 17, of which we should reserve 10, or ten, to be added 
to the sum of the tens in the given numbers ; next we say that 4 
and 7 make 11, and joining to this the ten we reserved,, we have 
12 for the number of tens contained in the sum of the given 
numbers ; which sum, therefore, contains 1 hundred, 2 tens, and 
7 units, that is, 127. 

11. By proceeding on these principles, a method has been de- 
Tised of placing numbers that are to be added. Which facilitates 
the uniting of their collections of units, and a rule has been form- 
ed, which the following example will illustrate. 

Let the numbers be 627, 2519, 9812, 73, and 8 ; in order to 
add them together, we begin by writing them under each other, 
placmg the units of the same order in the same column ; then 
we draw a line to separate them from the result, which is to be 
written underneath it. 

Arith. 2 
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627 

2519 

9812 

73 

8 



Sum 12939 

We at first find the sum of the numbers contained in the column 
of units to be 29, we write down only the nine units, and reserve 
the 2 lens, to be joined to those which are contained in the next 
column, which, thus increased, contains 13 units of its own orders 
we write down here only the three units, and carry the ten to 
the next column. Proceeding with this column as with the 
others, we find its sum to be 19 ; we write down the 9 units and 
carry the ten to the next column, the sum of which we then find 
to be 12; we write down the 2 units under this column and 
place the ten on the left of it ; that is, we write down the sum 6f 
this column, as it is found. 

By this means we obtain 1 2939 for the sum of the given num- 
bers. 

1 2. The rule for performing this operation may be given thus, 
fVrite the numbers to be added un,der each other, so that all the 
units of the same kind may stand in the same column, and draw a 
line under them. 

Beginning at the right, add up successively the numbers in each 
column ; if the sum does not exceed 9, write it beneath its column, 
as it is found ; if it contains one or more tens, carry them to the 
next column ; lastly, under the last column write the whole of its 
sum*1 



t The best method of proving addition is by means of subtraction. 
The learner may, however, in general, satisfy himself of the cor- 
rectness of his work by beginning at the top of each column and 
adding down, or by separating the upper line of figures and adding 
up the rest, and then adding this sum to the upper line. 



Subtraction. 1 1 

Examplis for practice* 

Add together 8635, 2194, 7421, 6063, 2196 and 1225. 

Ans. 26734. 

Add together 84371, 6250, 10, 3842, and 631 Ans. 95104. 

Add together 3004, 523, 8710, 6345, and 784. Ans. 19366. 

Add together 7861, 345, 8023. Ans. 16229. 

Add together 66947, 46742, and 132684. Ans. 246373. 

Subtraction. 

13. After having learned to compose a number by the addi- 
tion of several others, the first question that presents itself is, 
how to take one number froid another that is greater, or, which 
amounts to the same thing, to separate this last into two parts, one 
of which shall be the given number. If, for instance, we have 
the number 9, and we wish to take 4 from it, we should, by do* 
ing this, separate it into two parts, which by addition would be 
the same again. 

To take one number from another, when they are not large, 
it is necessary to pursue a course opposite to that prescribed || 
the beginning of article 10, for finding their sum; that is, in 
the series of the names of numbers, we ought to begin from the 
greatest of the numbers in question, and descend as many places 
as there are units in the smallest, and we shall come to the name 
given to the diflference required. Ihus, in descending four 
places below the number nine we come to jivt^ which expresses 
the number that must be added to 4 to make 9, or which shows 
how much 9 is greater than 4. 

In this last point of view, 5 is the excess of 9 above 4. If we 
only wished to show the inequality of the members 9 and 4, with- 
out fixing our attention on the order of their values, we should 
say that their difference was 5. Lastly, if we were to go through 
the operation of taking 4 from 9, we should say that the re^ 
tnainder is 5. Thus we see that, although the words, excess^ 
remainder^ and difference^ are synonymous, each answers to a 
particular manner of considering the separation of the number 9 
into the parts 4 and 5, which operation is always designated by 
the name suhtraction. 
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14. When the numbers are large, the subtraction is perform' 
ed, part at a time, by taking successively from the units of each 
order in the greater number, the corresponding units in the 
least. That this may be done conveniently, the numbers are 
placed as 9587 and 345 in the following example ; 

9587 
345 

Remainder 9242 

and under each column is placed the excess of the upper number, 
in that column, over the lower, thus ; 

5, taken from 7, leaves 3, 
4, taken from 8, leaves 4, 
3, taken from 5, leaves 2, 

and writing afterwards the figure 9, from which there is nothing 
tp be taken ; the remainder, 9242, shows how much 9587 is 
greater than 345. 

That the process here pursued gives a true result is indisputa- 
ble, because in taking from the greater of the two numbers all 
td^ parts of the least, we evidently take from it the whole of the 
least. 

1 5. The application of this process requires particular atten- 
tion, when some of the orders of units in the upper number are 
greater than the corresponding orders in the lower* 

If, for instance, 397 is to be taken from 524. 

624 
397 



Remainder 127 

In performing this question we cannot at first take the units 
in the lower number from those in the upper ; but the number 
524, here represented by 4 units, 2 tens, and 5 hundreds, can be 
expresssed in a different manner by decomposing some of its col- 
lections of units, and uniting a part with the units of a lower 
order. Instead of the 2 tens and 4 units which terminate it, we 
can substitute in our minds 1 ten and 14 units; then taking from 
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diese units the 7 of the lower number, we get the remainder 7. 
Bj this decomposition, the upper number now has but one ten, 
from which we cannot take the 9 of the lower number, but from 
the 5 hundred of the upper number we can take 1, to join with 
the ten that is left, and we shall then have 4 hundreds and 1 1 
tens ; taking from these tens the tens of the lower number, 2 will 
remain. Lastly, taking from 'the 4 hundreds, that are left in 
the upper number, the three hundreds of the lower, we obtain 
the remainder 1, and thus get 127 as the result of the operation. 
This manner of working consists, aa we see, in borrowing, 
from the next higher order, an unit, and joining it according to 
its value to those of the order, on which we are employed, ob- 
serving to count the upper figure of the order from which it was 
borrowed one unit less, when we shall have come to it. 

16. When any orders of units are wanting in the upper num- 
ber, that is, when there are ciphers between its figures, it is 
necessary to go to the first figure on the left, to borrow the 10 
that is wanted. • See an example. 

7002 

3495 



Remainder 3507 

As we cannot take the 5 units of the lower number from the 2 
of the upper, we borrow 10 units from the 7000, denoted by the 
figure 7, which leaves 6990 ; joining the 10 we borrowed to the 
figure 2, the upper number is now decomposed into 6990 and 
12 ; taking from 12 the 5 units of the lower number, we obtain 
7 for the units of the remainder. 

This first operation has left in the upper number 6990 units or 
699 tens instead of the 700, expressed by the three last figure^ 
on the left ; thus the places of the two ciphers are occupied by 
9s, and the significant figure on the left is diminished by unity. 
Continuing the subtraction in the other columns in the same 
manner, no difficulty occurs, and we find the remainder, as put 
down in the example. 

1 7. Recapitulating the remarks made in the two preceding arti- 
cles, the rule to be observed in performing subtraction may be 
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given thus. Place the less number under At greater^ so thai Adr 
units of the same order may he in the same column^ and draw a 
line under them; beginning at the rights take siiccessively each 
fgure of the lower number from the one in the same column of the 
upper ; if this cannot he done^ increase the upper figure by ten units^ 
counting the next significant figure^ in the upper number^ less bjf 
unity y and if ciphers come between^ regard them as 9s. 

18. For greater convenience, when it is necessary to decrease 
the upper figure by unity, we can suffer it to retain its value, and 
add this unit to the corresponding lower figure, which, thus 
increased, gives, as is wanted, a result one less than would arise 
from the written figures. In the first of the following examples, 
after having taken 6 units from 1 4, we count the next figure of 
the lower number 8, as 9, and so in the others. 

Examples* 



16844 


10378 


103034 


49812002 


9786 

• 


2437 


69845 


18924983 


7058 


33189 




1 734^5 


8037142 


2123724 


39742107 


67632 


5067310 


1123467 


25378421 



Method of proving Addition and Subtraction. 

19. In performing an operation, according to a process, the 
correctness of which is established upon fixed principles, we may 
nevertheless sometimes commit errors in the partial additions 
and subtractions, the results of which we seek in the memory. 
To prevent any mistake of this kind, we have recourse to a 
method, the reverse of the first operation, by which we ascertain 
whether the results are right ; this is called proving the operation. 

The proof of addition consists in subtracting successively from 
the sum of the numbers added, all the parts of these numbers, 
and if the work has been correctly performed, there will be no 
remainder. We will now show by the example given in article 
11, how to perform all these subtractions at once. 
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527 

2519 

9812 

73 

8 



Sum 12939 
1120 



We first add the numbers in the left hand column, which here 
contains thousands, and subtract the sum 11. from 12, which 
begins the preceding result, and write underneath the difference 
1, produced by what was reserved from the column of hundreds, 
in performing the addition. The sum of the column of hun- 
dreds, taken by itself, amounts to but 18 ; if we take this from 
the 9 of the first result, increased by borrowing the one thou- 
sand, considered as ten hundred, that remains from the column 
preceding it on the left, the remamder 1, written beneath, will 
show what was reserved from the colupin of tens. The «um of 
the last, 11, taken from 13, leaves for its remainder 2 tens, the 
number reserved from the column of units. Joining these 2 tens 
with the 9 units of the answer, we form the number 29, which 
ought to be exactly the sum of the column of units, as this 
column is not affected by any of the others ; adding again the 
numbers in this column, we ought to come to the same result, 
and consequently to have no remainder. This is actually the 
case, as is denoted by the written under the column. The pro- 
cess, just explained, may be given thus; To prove addiiian^hegin' 
ning on the left^ add again each of the several ^cohmns^ subtract the 
sums respectively from the sums written cibove them and write down 
the remainders which must be joined, eath as so many tens to the 
sum of the next column on the right ; if the work be correct there will 
be no remainder under the last column. 

20. The proof of subtraction is, that the remainder, added to 
the less number, exactly gives the greater. Thus to ascertain the 
exactness of the following subtraction. 
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297 



227 



524 

Tee add the remainder to the smaller number, and find the sum, 
in reality, equal to the greater. 



Multiplication. 

21. When the numbers to be added are equal to each other, 
addition takes the name of multiplication, because in this case the 
sum is composed of one of the numbers repeated as many times 
as there are numbers to be added. Reciprocally, if we wish to 
repeat a number several times, we may do it, by adding the 
number to itself as many times, wanting one, as it is to be re> 
peated. For instance, by the following addition, 

16 
16 
16 
16 

64 
the number 16 is repeated four times, and added to itself three 
times. 

To repeat a number twice is to dwAle it ; 3 times, to iripk it ; 
4 times, to quadruple it ; and so on. 

22. Multiplication implies three numbers, namely, that which 
is to be repeated, and which is called the multiplicand ; the num- 
ber which shows how many times it is to be repeated, which is 
called the multiplier ; and, lastly, the result of the operation, 
which is called the product. The multiplu:and and multiplier^ 
considered as concurring to form the product, are called factors 
of the product. In the example given above, 16 is the multipli- 
eand, 4 the multiplier, and 64 the product ; and we see that 4 and 
1 6 are the factors of 64. 
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!23. When the multiplicand and multiplier are large numbers, 
the formation of the product, by the repeated addition of the 
multiplicand, would be very tedious. In consequence of this, 
means have been sought of abridging it, by separating it into a 
certain number of partial operations, easily performed by mem- 
ory. For instance, the number 16 would be repeated 4 times, 
by taking separately, the same number of times, the six units and 
the ten, that compose it. It is sufficient, then, to know the pro- 
ducts arising from the multiplication of the units of each order 
in the multiplicand by the multiplier, when the multiplier consists 
of a single figure, and this amounts, for all cases that can occur, 
to finding the products of each one of the 9 first numbers by every 
other of these numbers. 

24. These products are contained in the following table, attri- 
buted to Pythagoras. 

TABLE OV FTtHAGORAS. 



1 


2 


3 
6 


4 
8 

12 
16 


§ 


6 


7 


8 


9 


2 


4 


10 
15 


12 


14 


16 


18 


3 


6 
8 


9 
12 


18 


21 


24 


27 


4 


20 


24 


28 


32 


36 


5 


10 

12 
14 


15 


20 


25 


30 


35 


40 


45 


6 


18 


24 
28 


30 


36 


42 
49 


48 


54 


7 


21 


35 


42 


56 


63 


8 


16 
18 


24 
27 


32 


40 


48 


56 


64 


72 


9 


36 


45 1 


54 


63 


72 


81 



25. To form this table, the numbers 1, 2, 3; 4, 5, 6, 7, 8, 9, 
are written first on the same line. Each one of these numbers 
is then added to itself and the sum written in the second line, 
which thus contains each number of the first doubled, or th^ 
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product of each number by S. Each number of the second line 
is then added to the number over it in the first, and their sums 
are written in the third line, which thus contains the triple of 
each number in the first, or their products by 3. By adding the 
numbers of the third line to those of the first, a fourth is formed, 
containing the quadruple of each number of the first, or their 
products by 4 ; and so on to the ninth line, which contains the 
products of each number of the first line by 9. 

It may not be amiss to remark, that the different products of 
any number whatever by the numbers 3, S, 4, 5, &c. are called 
muUiplea of that number ; thus, 6, 9, 12, 15, &c. are multiples of 3., 

26. When the formation of this table is well understood, the 
mode of using it may be easily conceived. If, for instance, th<i 
product of 7 by 5 were required } looking to the fifth line, which 
contains the different products of the 9 first numbers by 5, we 
should take the one directly under the 7, which is 35 ; the same 
method should be pursued in every other instance, and the pro- 
duct will always be found in the line of the multiplier and under 
the tnult^licand, 

27. If we seek in the table of Pythagoras the product of 5 by 
7, we shall find, as before, 35, although in this case 5 is the mul- 
tiplicand, and 7 the multiplier. This remark is applicable to each 
product in the table, and it is possible, in any multiplication, to 
reverse the order of the factors ; that is, to make the multiplicand 
the multiplier, and the multiplier the multiplicand. 

As the table of Pythagoras contains but a limited number of 
products, it would not be sufficient to verify the above conclu- 
sion by this table ; for a doubt might arise respecting it in the 
case of greater products, the number of which is unlimited; 
there is but one method independent of the particular value of 
the multiplicand and multiplier of showing that there is no ex- 
ception to this remark. This is one well calculated for the pur- 
pose, as it gives a good illustration of the manner, in which the 
product of two numbers is formed. To make it more easily un- 
derstood, we will apply it first to the factors 5 and 3. 

If we write the figure 1 five times on one line, and place two 
similar lines underneath the first, in this manner, 



1, 1, 1, 1, 1, 
1, 1, 1, 1, 1, 
1, 1, I, 1, 1, 

((he whole number of Is will consist of as many times 5 as there 
lines, that is, 3 times 5 ; but, by the disposition of these4ines, the 
figures are ranged in columns, containing 3 each. Counting them 
in this manner, we find as many times 3 units as there are col- 
umns, or 5 times 3 units, and as the product does not depend on 
the manner of counting, it follows that 3 times 5 and 5 times 3 
give the same product. It is easy to extend this reasoning to 
any numbers, if we conceive each line to contain as many units 
as there are in the multiplicand, and the number of lines, placed 
one ynder the other, to be equal to the multiplier. In counting 
the product by Ibes, it arises froQ the multiplicand repeated as 
many times as there are units. in the multiplier; but the assem- 
t)lage of figures written presents as many columns as there are 
units in a line, and each column contains as many units as 
as there are lines ; if, then, we choose to count by columns, the 
* number of lines, or the multiplier, will be repeated as many 
times as there are units in a tine, that is, in the multiplicand. We 
may therefore, in finding the product of any two numbers, take 
^either of them at pleasure, for the multiplier. 

28. The reasoning, just given -to prove the truth of the pre- 
ceding proposition, is the demonstration of it, and it may be 
remarked, that the essential distinction of pure mathematics is, 
that no proposition, or process, is admitted, which is not the 
necessary consequence of the primary notions on which it is 
founded, or the truth of which is not generally established by 
reasoning independent of particular examples, which can never 
-constitute a proof, but serve only to facilitate the reader's under- 
standing the reasoning, or the practice of the rule^^ 

29. Knowing all the products given by the nine first numbers, 
combined with each other, we can, according to the remark in 
article 23, multiply any nundier by a number consisting of a 
single figure, by forming successively the product of each order 
of units in the multiplicand, by the multiplier ; the work is as 
follows ; 
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526 



3682 

The product of the units of the multiplicand, 6, by the multp 
plier, 7, being 42, we write down onlj the 2 units, reserving the 
4 tens to be joined with those that will be found in the next 
higher place. 

The product of the tens of the multiplicand, 2, by the multi- 
plier, 7, is 14, and adding the 4 tens we reserved, we make them 
1 8, of which number we write only the units, and reserve the ten 
for the next operation. 

The product of the hundreds of the multiplicand, 5, by the 
multiplier, 7, is 35 ; when increased by the 1 we reserved, it 
becomes 36, the whole of which is written, because there are 
no more figures in the multiplicand. 

30. This process may be given thus ; To multiply a number 
of several figures by a single figure^ place the multiplier under the 
units of the multiplicand^ and draw a line beneath^ to separate them * 
from the product. Beginning at the right^ multiply successirely^ by 
the multiplier, the units of each order in the multiplicand^ and write 
the whole product of each^ when it does not exceed 9 ; fcu/, if it conr 
tains tens, reserve them to be added to the next product. Continue 
thus to the last figure of the multiplicand, on the left, the whole resuU 
of which must be written down. 

Examples. 243 by 6. Jlns. 1458. 8943 by 9. Ans. 80487. 

It is evident that, when the multiplicand is terminated by Os, 
the operation can commence only with its first significant figure; 
but to give the product its proper value, it is necessary to put, 
on the right of it, as many Os as there are in the multiplicand. 
As for the Os which may occur between the figures of the mul- 
tiplicand, they give no product, and a must be written down 
when no number has been reserved from the preceding product, 
as is shown by the following examples : 

956 8200 7012 80970 

6 9 5 4 
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, Mulliply 

730 by 3. Ans. 2190. 8104 by 4. Ans. 32416. 

20508 by 5. Ans. 102540. 360500 by 9. Ans. 2163000. 
297000 by 7. Ans. 2079000. 9097030 by 9. Ans. 81873270. 

31. The most simple number, expressed by several figures, 
being 10, 100, 1000, &c., it seems necessary to inquire how we 
can multiply any number by one of these. Now if we recollect 
the principle mentioned in article 6, by which the same figure is 
increased in value 10 times, by every remove towards the left, 
we shall soon perceive, that to multiply any number by 10, we 
must make each of its orders of units ten times greater ; that is, 
we must change its units into tens, its tens into hundreds, and 
so on, and that this is effected by placing a on the right of the 
number proposed, because then all its significant figures will be 
advanced one place towards the left. 

For the same reason, to multiply any number by 100, we 
should place two ciphers on the right ; for, since it becomes ten 
times greater by the first cipher, the second will make it ten 
times greater still, and consequently it will be 10 times 10, or 
100 times, greater than it was at first. 

Continuing this reasoning, it will be perceived that, according 
to our system of numeration, a number is multiplied by 10, 100, 
1000, &c. by "writing on the right of the multiplicand as many 
ciphers as there are on the right of the unit in the multiplier. 

32. When the significant figure of the multiplier differs from 
unity, as, for instance, when it is required to multiply by 30, or 
300, or 3000, which are only 10 times 3, or 100 times 3, or 1000 
times 3, &c. the operation is made to consist of two parts ; we at 
first multiply by the significant figure, 3, according to the rule 
in article 30, and then multiply the product by 10, 100, or 1000, 
&c. (as was stated in the preceding article) by writing one, two, 
three, &c., ciphers on the right of this product. 

Let it be required, for instance, to multiply 764 by 300. 

764 
300 



229200 
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The four significant figures of this product result from the 
multiplication of 764 by 3, and are placed two places towards 
the left to admit the two ciphers, which terminate the multiplier. 

In general, when the mult^litr is terminated by a number of 
ciphers^ first multiply the multiplicand by the significant figure of 
the multiplier^ and place^ after the product, as many ciphers as thtre 
are tit the multiplier. 

Examples. 

Multiply 
35012 by 100. Ans. 3501200. 638427 by 500.^iw. 319213500. 
2107900 by lO.Ans. 147553000. 91 20400 by 90. ^rw. 820836000. 

« 

33. The preceding rules apply Uy the case, in which the mul- 
tiplier is any number whatever, by considering separately each 
of the collections of units of which it is composed. To multiplyi, 
for instance, 793 by 345, or, which is the same thine;, to repeat 
"793, 345 times, is to take 793, 5 times, added to 40 times, added 
to 300 times, and the operation to be performed is resolved into 
3 others, in each of which the multipliers, 5, 40, and 300, have 
but one significant figure. 

To add the result of these three operations easily, the calcuta- 
tion is disposed thus ; 

793 

345 



3965 

31720 

^37906 

273585 

The multiplicand is multiplied successively by the units, tens, 
hundreds, &c. of the multiplier, observing to place a cipher on 
the right of the partial product, given by the tens in the multi- 
plier, and two on the right of the product given by hundreds, 
which advances the first of these products one place towards the 
left, and the second, two. The three partial products are thes 
added together, to obtain the total product of the given numbers. 
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As the ciphers placed at the end of these partial products, are 
of no value in the addition, we may dispense with writing them, 
provided we lake care to put in its proper place the first figure 
of the product given by each significant figure of the multiplier ; 
that is, to put in the place of tens the first figure of the product 
given bj the tens in the multiplier ; in the place of hundreds the 
first figure of the product given bj the hundreds in the multiplier, 
and so on. 

34. According to what has been said, the rule is as follows. 
To multiply any two numbers, one by the other, form successively 
{according to the rule in article 30,) the products of the multipli- 
cand, by the different orders of units in the multiplier ; observing to 
place the first figure of each partial product under the units of the 
same order loith the figure of the multiplier, by which the product is 
given ; and then add together all IKe partial products* 

35. When the multiplicand is terminated by ciphers, they may 
at first be neglected,* and all the partial multiplications begia 
with the first significant figure of the multiplicand ; but after- 
wards, to put in their proper rank the figures of the total product, 
as many ciphers, as there are in the multiplicand, must be writ- 
ten on the right of this product. 

If the multiplier is terminated by ciphers, we may, according 
to the remark in article 31, neglect these also, provided we write 
an equal number on the right of the product. 

Hence it results that, when both multiplicand and multiplier are 
tenninated by ciphers, these ciphers may at first be neglected, and 
after the other J^res of the product are obtained, the same number 
may be written on the right of the product* 

When there are ciphers between the significant figures of the 
multiplier, as they give no product, they may be passed over, 
observing to put in its proper place the unit of the product, given 
by the figure on the left of these ciphers. 
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I 

i 

Examples. 

300 526 Multiply 9648 by 5137. Ans. 49561776. 
40 307 7854 by 350. Ans. 27489000. 

17204774 by 125. Ans. 2150596750. 

12000 3682 62500 by 520. Ans. 32500000. 

157800 25980762 by 40. Am. 1039230480. 

161482. 
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36. The product of two numbers being formed by repeating 
one of these ntimbers as many times as there are units in the 
other, we can, from the produci? find one of the factors, by ascer- 
taining how many times it contains the other ; subtraction alone 
is necessary for this. Thus, if it be required to ascertain the 
number of times 64 contains 16, we need only subtract 16 from 
64 as many times as it can be done ; and since, after 4 subtrac- 
tions, nothing is left, we conclude, that 1 6 is contained 4 times in 
64. This manner of decomposing one number by another, in 
order to know how many times the last is contained in the first, 
is called division^ because it serves to divide, or portion out, a 
given number into equal parts, of which the number or value is 
given. 

If, for instance, it were required to divide 64 into 4 equal 
parts ; to find the value of these parts, it would be necessary to 
ascertain the number, that is contained 4 times in 64, and conse- 
quently to regard 64 as a product, having for its factors 4 and 
one of the required parts, which is here 16. 

If it were asked how many parts, of 16ieach, 64 is composed 
of, it would be necessary, in order to ascertain the number of 
these parts, to find how many times 64 contains 16, and conse- 
quently, 64 must l)e regarded as a product, of which one of the 
factors is 16, and the other the number sought, which is 4. 

Whatever then may be the object in view, division consists in 
finding one of the factors of a given product^ when the other is known. 
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37. The number to be divided is called the dhidend ; the fac- 
tor, that is known, and by which we must divide, is called the 
divisor ; the factor found by the division is called the qttotienij 
and always shows how many times the divisor is contained in 
the dividend. 

It follows then, from what has been said, that the divisor mul" 
tiplied by the quotient must r^roduce the dividend* 

38. When the dividend can contain the divisor a great many 
times, it would be inconvenient in practice to make use of repeated 
subtraction for finding the quotient ; it then becomes necessary 
to have recourse to an abbreviation analogous to that which is 
given for multiplication. If the dividend is not ten times larger 
than the divisor, which may be easily perceived by the inspec- 
tion of the numbers, and if the divisor consists of only one figure, 
the quotient may be found by the table of Pythagoras, since that 
contains all the products of factors that consist of only one 
figure each. If it were asked, for instance, how many times 8 is 
contained in 56, it would be necessary to go down the 8th column, 
to the line in which 56 is found ; the figure 7, at the beginning 
of this line, shows the second factor of the number 56, or how 
many times 8 is contained in this number. 

We see by the same table, that there are numbers, which can- 
not be exactly divided by others. For instance, as the seventh 
line, which contains all the multiples of 7, has not 40 in it, it 
follows that 40 is not divisible by 7 ; but as it comes between 35 
and 42, we see that the greatest multiple of 7, it can contain, is 
35, the factors of which are 5 and 7. By means of this ele- 
mentary information, and the considerations which will now be 
offered, any division whatever may be performed. 

39. Let it be required, for example, to divide 1656 by 3 ; this 
question may be changed into another form, namely ; To find 
such a number, that multiplyir^ its units^ tens, hundreds^ 4^c. by 3, 
the product of these units, tens, hundreds, ^c. may be the dividend, 
1656. 

It is plain, that this number will not have units of a higher 
order than thousands, for, if it had tens of thousands, there 
would be tens of thousands in the product, which is not the case. 
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Neither can it have units of as high an order as thousands, for if 
it had but one of this order, the product would contain at least 3, 
which is not the case. It appears then, that the thousand in the 
dividend is a number reserved, when the hundreds of the quo- 
tient were multiplied by 3, the divisor. 

This premised, the figure occupying the place of hundreds, in 
the required quotient, ought to be such, that, when multiplied by 
3, its product may be 16, or the greatest multiple of 3 less than 
16. This restriction is necessary, on account of the reserved 
numbers, which the other figures of the quotient may furnish, 
when multiplied by the divisor, and which should be united to 
the product of the hundreds. 

The number, which fulfils this condition, is 5 ; but 5 hundreds, 
multiplied by 3, gives 15 hundreds, and the dividend, 1656, con- 
tains 16 hundreds; the difference, 1 hundred, must have come 
then from the reserved number, arising from the multiplication of 
the other figures of the quotient by the divisor. If we now sub- 
tract the partial product, 15 hundreds, or 1500, from the total 
product, 1656, the remainder, 156, will contain the product of 
the units and tens of the quotient by the divisor, and the question 
will be reduced to finding a number, which, multiplied by 3, gives 
156, a question similar to that which presented itself above. 
Thus when the first figure of the quotient shall have been found 
in this last question, as it was in the first, let it be multiplied by 
the divisor ; then subtracting this partial product from the whole 
product, the result will be a ncw.dividend, which may be treated 
in the same manner as the preceding, and so on, until the origi- 
nal dividend is exhausted. 

40. The operation just described is disposed of thus ; 

dividend 1656 I 3 divisor 

15 I 552 quotient , 

15 
15 

06 
6 
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The dividend and divisor are separated by a line, and another 
line is drawn under the divisor, to mark the place of the quotient. 
This being done, we take on the left of the dividend the part 16| 
capable of containing the divisor, 3, and dividing it by this num* 
ber, we get 5 for the first figure of the quotient on the left ; then 
taking the product of the divisor by the number just found, and 
subtracting it from 16, the partial dividend, we write, under- 
neath, the remainder, 1, by the side of which we bring down the 
5 tens of the dividend. Considering the number, as it now 
stands, a second partial dividend, we divide it also by the divi- 
sor, 3, and obtain 5 for the second figure of the quotient ; we 
then take the product of this number by the divisor, and subtract- 
jng it from the partial dividend, get for the remainder. We 
then bring down the last figure of the dividend, 6, and divide 
this third partial dividend by the divisor, 3, and get 2 for the 
last figure of the quotient. 

41. It is manifest that, if we find a partial dividend which can* 
not contain the divisor, it must be because the quotient has no 
units of the order of that dividend, and that those which it con- 
tains arise from the products of the divisor by the units of the 
lower orders in the quotient; it is necessary, therefore, when- 
ever this is the case, to put a in the quotient, to occupy the 
place of the order of units that is wanting. 

For instance, let 1535 be divided by 5. 



1535 


5 


15 


307 


035 
35 





00 

The division of the 15 hundreds of the dividend, by the divi- 
sor, leaving no remainder, the 3 tens, which form the second par- 
tial dividend, do not contain the divisor. Hence it appeals, that 
the quotient ought to have no tens ; consequently this place must 
be filled with a cipher, in order to give to the first figure of the 
quotient the value it ought to have, compared with the others ; 
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then bringing down the last figure of the dividend, we term a 
third partial dividend, which, divided bj 5, gives 7 for tbe uitks 
of the quotient, the whole of which is now 307. 

42. The considerations, presented in article 40, apply equaHy 
to the case, in which the divisor consists of any number of 
figures. 

If, for instance, it were required to divide ^57981 by 251, it 
would easily be seen, that the quotient can have no figures of a 
higher order than hundreds, because, if it had thousands, the divi- 
dend would contain hundreds of thousands, which is not the case ; 
further, the number of hundreds should be such, that, multiplied 
by 251, the product would be 579, or the multiple of 251 next 
less than 579 ; this restriction is necessary on account of the 
reserved numbers which may have been furnished by the multi- 
plication of the other figures of the quotient by the divisor. The 
number, which answers to this condition, is 2 ; but 2 hundreds, 
multiplied by 251, give 502 hundreds, and the divisor contains 
579 ; the difierence, 77 hundreds, arises then from the reserved 
numb^s resulting from the multiplication of the units and tens of 
the quotient, by the divisor. 

If we now subtract the partial product, 502 hundreds, or 
50200, from the total product, 57981, the remainder, 7781, win 
contain the products of the units and tens of the quotient by the 
divisor, and the operation will be reduced to finding a number, 
which, multiplied by 251, will give for a product 7781. 

Thus, when the first figure of the quotient shaH have been de- 
termined, it must be multiplied by the divisor ; the product being 
subtracted from the whole dividend, a new dividend will be the 
result, which must be operated upon like the preceding ; and so 
on, till the whole dividend is exhausted. 

It is always necessary, for obtaining the first figure of the 
quotient, to separate, on the left of the dividend, so many figures, 
as, considered as simple units, will contain the divisor, and admit 
of this partial division. 

43. Disposing of the operation as before, the calculation, just 
explained, is performed in the following order ; 



S9 



57981 


251 


503 


231 


778 
753 




251 
251 





000 

Tke 3 &&t figures, on the left of the dividend, are taken to 
farm the partial dividend ; they are divided by the divisor, and 
the number 2, thence resulting, is written in the quotient ; the 
divisor is then multiplied by this number, and tiie product, 502, 
is written under the partial dividend, 579. Subtraction being 
performed, the 8 tens ai the dividend are brought down to the 
side of the remainder, 77; this new partial dividend is then 
divided by the divisor, and 3 is obtained for the second %ure of 
the quotient ; the divisor is multiplied by this, the product sub- 
tracted firom the corresponding partial dividend, and to the re- 
mainder, 25, is brought down the last figure of the dividend, 1 ; 
this last partial dividend, 251, being equal to the divisor, gives 1 
for the units of the quotient. 

44. When the diraor contauis many figures, some difficnlty 
may be foimd in ascertaining how many times it is contained in 
the partial dividends. The following example is designed to 
show bow it may be known. 



423405 


485 


3880 


87S 


S540 
S395 


- 


1455 
1455 





0000 
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I 

It is necessary at first to take four figures on the left of the 
dividend, to form a number which will contain the divisor ; and 
then it cannot be immediately perceived how many times 485 is 
contained in 4234. To aid us in this inquiry, we shall observe, 
that this divisor is between 400 and 500 ; and if it were exactly 
one or the other of these numbers, the question would be reduced 
to finding how many times 4 hundred or 5 hundred is contained 
in the 42 hundreds of the number 4234, or, which amounts to the 
same thing, how many times 4 or 5 is contained in 42. For the 
first of these numbers we get 10. and for the second 8 ; the quo- 
tient must now be sought between these two. We see at first 
that we cannot employ 10, because this would imply, that the 
order of units in the dividend above hundreds contained the 
divisor, which is not the case. It only remains, then, to try 
which of the two numbers 9 or 8, used as the multiplier of 485, 
gives a product that can be subtracted from 4234, and 8 is found 
to be the one. Subtracting from the partial dividend the pro- 
duct of the divisor multiplied by 8, we get, for the remainder, 
354 ; bringing down then the tens in the dividend, we form a 
second partial dividend, on which we operate as on the preced- 
ing ; and so with the others. 

45. The recapitulation of the preceding article gives us this 
rule. To divide one number by another^ place the divisor on the 
right of the dividend^ separate them by a line, and draw another 
line under the divisor, to make the place for the quotient. Take, on 
the left of the dividend, as many figures as are necessary to contain 
the divisor ; find how many times the number expressed by the first 
figure of the divisor, is contained in that, rqtresented by the first figure 
or two first figures of the partial dividend; multiply this quotient, 
which is only an aj^roximation, by the divisor, and, if the product 
is greater than the partial dividend, take units from the quotient 
continually, till it will give a product that can be subtracted from 
the partial dividend ; subtract this product, and if the remainder 
be greater than the divisor, it will be a proof that the quotient has 
been too much diminished ; and, conse^pAcntly^ it must be increased* 
By the side of the remainder bring down the next figure of the 
dividend, and find, as before^ how many times this partial dividend 
contains the divisor ; continue thus, until all the figures of the given 
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dividend are brought down. When a partial dividend occurs^ which 
does not contain the divisor^ it is necessary,^ before bringing down 
another figure of the dividend, to put a cipher in the quotient. 

46. The operations required in division may be made to oc- 
cupy a less space, by performing mentally the subtraction of the 
products given by the divisor and each figure of the quotient, as 
is exhibited in the foUowmg example ; 



1755 

195 
000 



39 



45 



After having found that the first partial dividend contains 4 
times the divisor, 39, we multiply at first the 9 units by 4, which 
gives 36 ; and, in order to subtract this product from the partial 
dividend, we add to the 5 units in the dividend 4 tens, making 
their sum 45, from which taking 36, 9 remains. We then re- 
serve 4 tens to join them, in the mind, to 12, the product of the 
quotient by the tens in the divisor, making the sum 16 ; in taking 
this sum from 17, we take away the 4 tens, with which we had 
augmented the units of the dividend, in order to perform the 
preceding subtraction. We then operate in the same manner on 
the second partial dividend, 195, saying; 9 times 5 make 45, 
taken from 45, nought remains ; then 5 times 3 make 15, and 4 
tens, reserved, make 19, taken from 19, nought remains. 

We see suflSciently by this in what manner we are to perform 
any other example, however complicated. 

47. Division is also abbreviated when the dividend and divisor 
are terminated by ciphers, because we can strike out, from the 
end of each, as many ciphers as are contained in the one that 
has the least number. 

If, for instance, 84000 were to be divided by 400, these num- 
bers may be reduced to 840 and 4, and the quotient would not 
be altered ; for we should only have to change the name of the 
units, since, instead of 84000, or . 840 hundreds, and 400, or 4 
hundreds, we should have 840 units and 4 units, and the quotient 
of the numbers 840 and 4 is always the same, whatever may be 
the denomination of their units. 



32 
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It may also be remarked that, id striking out two ciphers at 
the end of the given numbers, they have been, at the same time, 
both of them divided by 100; for it follows from article 31, that 
in striking out 1, 2, or 3 ciphers on the right of any number, the 
number is divided by 10, or 100, or 1000, &c. 
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144 
34 
00 



48 



16512 
2752 
0000 



344 
48 



3049164 
53956 
37644 
00000 



6274 
486 



Divide 4956 1 776 by 5 1 37. 
27489000 by 350. 
2150596750 by 125. 
32500000 by 520. 
10392304800 by 20. 



Ans» 9648. 
Ans. 7854. 
Ans. 17204774. 
Ans. 62500. 
Ans. 25980762. 



48. Division and multiplication mutually prove each other, 
like subtraction and addition : for, according to the definition of 
division (36), we ought, by dividing the product by one of the 
factors, to find the other, and multiplying the divisor by the 
quotient, we ought to reproduce the dividend (37). 
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49. DiYisiON cannot always be performed, so as not to leave 
a remainder, because every number of units is not exactly com- 
posed of any other number whatever of units, taken a certain 
number of times. Examples of this have already been seen in 
the table of Pythagoras, which contains only the product of the 
9 first numbers multiplied two and two, but does not contain all 
the numbers between 1 and 81, the first and last numbers in it. 
The method hitherto given shows, then, only how to find the 
greatest multiple of the divisor, that can be contained in the 
dividend. 

If we divide 239 by 8, according to the rule in article 46, 
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^39 

79 

7 



8 



29 



we have for the last partial dividend, the number 79, which does 
not cont?iin 8 exactly, but which, falling between the two numbers, 
72 and i>a, one of which contains the divisor, 8, nine times, and 
the other ten, shows us that the last part of the quotient is greater 
than 9, and less than 10, and consequently, that the whole quo- 
tient is between 29 and 30. If we multiply the unit figure of 
the quotient, 9, by the divisor, 8, and subtract the product from 
the last partial dividend, 79, the remainder, 7, will evidently be 
the excess of the dividend, 239, above the product of the factors, 
29 and 8. Indeed, having, by the different parts of the operation, 
subtracted successively from the dividend, 239, the product of 
each figure of the quotient by the divisor, we have evidently sub- 
tracted the product of the whole quotient by the divisor, or 232 ; 
and the remainder, 7, less than the divisor, proves, that 232 is 
the greatest multiple of 8, that can be contained in 239. 

50. It must be perceived, after what has been said, that to 
reproduce any dividend, we mtist add to the product of the divi- 
sor by the quotient, the sum which remains when the division 
cannot be performed exactly. 

51. If we wished to divide into eight equal parts a sum of 
whatever nature, consisting of 239 units, we could not do it with- 
out using parts of units or fractions. Thus, when we have taken 
from the number 239 the 8 times 29 units contained in it, there 
will remain 7 units, to be divided into 8 parts; to do this, we 
may divide each of these units, one after the other, into 8 parts, 
and then take one part out of each unit, which will give 7 parts 
to be joined to the 29 whole units, to form the eighth part of 239, 
or the exact quotient of this number, by 8. 

The same reasoning may be applied to every other example 
of division in which there is a remainder, and in this case the 
quotient is composed of two parts ; one, consisting of whole units, 
while the other cannot be obtained until the concrete or material 
units of the remainder have been actually divided into the num- 
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ber of parts denoted by the divisor ; without this it can only 
be indicated by supposing, a unit of the dividend to he divided 
into as many parts as there are units in the divisor^ and so many of 
these parts, as there are units in the remainder, taken to complete the 
qux>tient required* 

52, In general, when we have occasion to consider quantities 
less than unity, we suppose unity divided into a certain number 
of parts sufficiently small to be contained a certain number of 
times in these quantities, or to measure them. In the idea thus 
formed of their magnitude there are two elements, namely, the 
number of times the measuring part is contained in unity, and 
the number of these parts found in the quantities. 
' A nomenclature has been made for fractions, which answers 
to this manner of conceiving and representing them* 

That which results from the' division of unity 

into 2 parts is called a moiety or half . 

into 3 parts a third, 

into 4 parts a quarter or fourth, 

into 5 parts ti fifth, 

into 6 parts a sixth, 

and so on, adding after the two first, the termination th to the 
number, which denotes how many parts are supposed to be in 
unity. 

Every fraction then is expressed by two numbers ; the first, 
which shows how many parts it is composed of, is called the 
numerator, and the other, which shows how many of these parts 
are necessary to form an unit, is called the denominator, because 
the denomination of the fraction is deduced from it. Five sixths 
of an unit is a fraction, the numerator of which is five, and the 
denominator six* 

The numerator and the denominator together are called the two 
terms of the fraction. 

Figures are used to shorten the expression of fractions, the 
denominator being written under the numerator, and separated 
from it by a line, 

one third is written •}, 
five sixths |-. 
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53. According to the meaning attached to the words, numer(i' 
tor and denominator^ it is plain, that a fraction is increased, by 
increasing its numerator zoithout changing its denominator ; for 
this last, as it shows into how many parts unity is divided, deter- 
mines the magnitude of these parts, which continues the same, 
while the denominator remains unchanged ; and by augmenting 
the numerator, the number of these parts is augmented, and con- 
sequently the fraction increased. It is thus, for instance, that \ 
exceeds ^, and that ^^ exceeds \^. 

It follows evidently from this, tliat by repeating the numerator 
9, 3, or any number of titnes, without altering the denominator, we 
repeat, a like nuirther of times, the quantity expressed by the fraction, 
or in other words multiply it by this number ; for we make 2, 3, or 
any number of times, as many parts, as it had b^re, and these 
parts have remained each of the same value. 

The fraction |, then, is the triple of \ and W the double of /^ • 
A fraction is diminished by diminishing its numerator, without 
changing its denominator, sinc^ it is made to consist of a less 
number of parts than it contained before, and these parts retain 
the same value* Whence, if the numerator be divided by 2, 3, or 
any number, without the denominator being altered, the fraction ia 
made a like number of times smaller, or is divided by that number ^ 
for it is made to contain 2, 3, or any number of times less parts 
than it contained before, and these parts remain of the same 
value. Thus | is a third of | and /^ is half of ||^ 

54. On the contrary, a fraction is diminished, when its de« 
nominator is increased without changing its numerator ; for then 
more parts are supposed in an unit, and consequently they must 
be smaller, but, as only the same number of them are taken to 
form the fraction, the amount in this case must be a less quan^ 
tity than in the first. Thus f is less than f , and -^ than f . 

Hence it follows, that if the denominator of a fraction be m«W- 
plied by 2, S, or any number, without the numerator being chatted, 
the fraction becomes a like number of times smaller, or is JUvided by 
that number, for it is composed of the same number of parts as 
before, but each of them has becomes 2, 3, or a certain number 
of times less. The fraction ^ is half of |, and ^ the third of !• 
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A fraction is increased when its denominator is diminished mth* 
tiff the numerator being changed ; because, as unity is supposed tp 
be divided into fewer parts, each one becomes greater, and their 
amount is therefore greater. 

Whence, if the denominator of a f reaction be divided by 2, 3^ or 
any other number^ the fraction will be made a like number of times 
greater^ or will be multiplied by thai number ; for the number of 
parts remains the same, and each one becomes 2, 3, or a certain 
number of times greater than it was before. According to this, 
I is triple of -j^ and f the quadruple of /;. 

It maj be remarked, that to suppress the denominator of a 
fraction is the same as to multiply the fraction by that number. 
For instance, to suppress the denominator 3 in the fraction 4 is to 
change it into 2 whole ones, or to multiply it by 3. 

55. The preceding propositions may be recapitulated as fol* 
lows ; 

B J rldTng '"^ \ »^« «»""»erator, the fraction fa | ^^^^f' 
By rld'Sg '"^ I '^« denominator, the fraction is | SpUcd. 

56. The first consequence to be drawn from this table is, that 
the operations performed on the denominator produce effects of 
an inverse or contrary nature with respect to the value of the 
fraction. Hence it results, that^ ifboih the numerator and denom* 
inator of a fraction be multiplied at the same (ime, by the same 
number^ the value of the fraction will not be altered ; for if, on the 
one hand, multiplying the numerator makes the fraction 2, 3, &c. 
times greater, so on the other, by the second operation, the half 
or third part, &c. of it is taken ; in other words, it is divided by 
the same number, by which it had at first been multiplied. 
Thus ^ is equal to ^'j, and -^j is equal to ^$. 

57. It is also manifest that, if both the numerator and denomi- 
nator of a fraction be divided^ at the same time, by the same nv^t* 
A«r, the value of the fraction will not be altered ; for if, on the one 
hand, by dividing the numerator the fraction is made 2, 3, &c« 
times smaller ; on the other, by the second operation, the doublej 
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triple, &c« is taken ; in short it is muUipIied by the same num- 
ber, by which it was at first divided.^ Thu3 th^ fraction f is 
«qual to ^, and ^ is equal to -}• 

58. It is not wilh fractions as with whole numbers, in which a 
magnitude, so long as it is considered with relation to the same 
unit, is susceptible of but one expression. In fractions on the 
contrary, the same magnitude can be expressed in an infinite 
number of ways. For instance, the fractions 

» fi ¥1 T? TV 1¥» TT' '^^* 

in each of which the denominator is twice as great as the nume^ 
rator, express, under difierent forms the hdlf of an unit. 1 he 
fractions 

T' ¥5 T5 TJ» 1T9 TTi 1T5 ^^' 

of which the denominator is three times as great as the numera- 
tor, represent each the third part of an unit. Among all the 
forms, which the given fraction assumes, in each instance, the 
first is the most remarkable, as being the most simple ; and, con* 
sequcntly, it is well to know how to find it from any of the others* 
It is obtained by dividing the two terms of the others by the 
same number, which, as has already been shown, does not alter 
their value. Thus if we divide by 7 the two terms of the frac- 
tion -Y7, we come back to \ ; and, performing the same opera- 
lion on ^\, we get •}. 

69. It is by following this process, that a fraction is reduced 
to its most simple terms ; it cannot, however, be applied, except to 
fractions, of which the numerator and denominator are divisible 
by the same number ; in all other cases the given fraction is the 
most simple of all those, that can represent the quantity it ex- 
presses. Thus the fractions f, -j?^,, -Jf^ the terms of whioh can- 
not be divided by the same number, or have no common divisor^ 
are irreducible^ and, consequently, cannot express, in a more sim- 
ple manner, the magnitudes which they represent. 

60. Hence it follows, that to simplify a fraction, we must 
endeavour to divide its two terms by some one of the numberS| 
S, 3, &c. ; but by this uncertain mode of proceeding it will not 
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be always possible to come at the most simpk terms of the given 
fraction, or at least, it will often be necessary to perform a great 
number of operations. 

If, for instance, the fraction |J were given, it may be seen at 
once, that each of its terms is a multiple of 2, and dividing them 
by this number, we obtain ^f ; dividing these last also by 2, we 
obtain -^j* Although much more simple now than at first, this 
fraction is still susceptible of reduction, for its two terms can be 
divided by 3, and it then becomes ^. 

If we observe, that to divide a number by 2, then the quotient 
by 2, and then the second quotient by 3, is the same thing as to 
divide the original number by the product of the numbers, 2, 2, 
and 3, which amounts to 12, we shall see that the three above 
operations can be performed at once by dividing the two terms 
of the given fraction by 12, and we shall again have 4* 

The numbers 2, 3, 4, and 12, each dividing the two numbers 
24 and 84 at the same time, are the common divisors of these 
numbers; but 12 is the most worthy of attention, because it is 
the greatest, and it is by employing the greatest common divisor 
of the two terms of the given fraction, that it is reduced at once 
to its most simple terms. We have then this important problem 
to solve, two numbers being given^ to find their greatest common 
divisor^ 

61. We arrive at the knowledge of the common divisor of two 
numbers by a sort of trial easily made, and which has this re- 
commendation, that each step . brings us nearer and nearer to 
the number sought. To explain it clearly, I will take an ex- 
ample. 

Let the two numbers be 637 and 143. It is plain, that the 
greatest common divisor of these two numbers cannot exceed the 
smallest of them; it is proper then to try if the number 143, 
which divides itself and gives 1 for the quotient, will also divide 
the number 637, in which case it will be the greatest common 
divisor sought. In the given example this is not the case ; we 
obtain a quotient 4, and a remainder 65. 

t What is here called the greatest common divisor^ is sometimes 
Galled the greatut common measure. 
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Now it is plain, that every common divisor of the two num- 
bers, 143 and 637, ought also to divide 65, the remainder result- 
ing from their division ; for the greater, 637, is equal to the less^ 
143, multiplied by 4, plus the remainder, 65, (50); now in 
dividing 637 by the common divisor sought, we shall have an 
exact quotient ; it follows then, that we must obtain a like quo- 
tient, by dividing the assemblage of parts, of which 637 is com- 
posed, by the same divisor; but the product of 143 by 4 must 
necessarily be divisible by the common divisor, which is a factor 
of 143, and consequently the other part, 65, must also be divisi' 
ble by the same divisor ; otherwise the quotient would be a whole 
number accompanied by a fraction, and consequently could not 
be equal to the whole number, resulting from the division of 637 
by the common divisor. By the same reasoning, it may be 
proved in general, <^/ every common divisor of two numbers must 
also divide the remainder resulting from the division of the greater 
of the two by the less. 

According to this principle, we see, that the common divisor 
of the numbers 637 and 143, must also be the common divisor 
of the numbers 143 and 65 ; but as the last cannot be divided by 
a number greater than itself, it is necessary to try 65 first. 
Dividing 143 by 65, we find a quotient 2, and a remainder 13; 
65 then is not the divisor sought. By a course of reasoning, 
similar to that pursued with regard to the numbers, 637, 143, 
and the remainder, resulting from their division, 65, it will be seen 
that every common divisor of 143 and 65 must also divide the 
numbers 65 and 13 ; now the greatest common divisor of these 
two last cannot exceed 13; we must therefore try, if 13 will 
divide 65, which is the case, and the quotient is 5; then 13 is 
the greatest common divisor sought. 

We can make ourselves certain of its possessing this property 
by resuming the operations in an inverse order, as follows ; 

As 13 divides 65 and 13, it will divide 143, which consists of 
twice 65 added to 13; as it divides 65 and 143, it will divide 
637, which consists of 4 times 143 added to 65 ; 13 then is the 
common divisor of the two given numbers. It is also evident, 
by the very mode of finding it, that there can be no common 
divisor greater than 13, since 13 must be divided by it. 
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It is convenient in practice, to phtce the successive divisions 
one after the other, and to dispose of the operation, as may be 
seen in the following example ; 



637 
572 


143 
4 130 


65 
2 65 


5 


65 


13 








13 



the quotients, 4, 2, 5, being separated from the other figures. 

,The reasoning, employed in the preceding example, may be 
applied to any numbers, and thus conduct us to this general rule. 
The greatest common divisor of two numbers will be found, by d> 
viding the greater by the less ; then the less by the remainder of the 
first division ; then this remainder, by the remainder of the second 
division ; then this second remainder by the third, or that of the 
third division : and so on, till we arrive at an exact quotient / the 
last divisor will be the common divisor sot^ht. 



62. See two examples of the operation. 



9024 
7520 


3760 
2 300^ 


1504 
2 1504 


1504 


752 


00 



_ 1504 I 

2 1 1504 T| 



752 



752 then is the greatest common divisor of 9024 and 3760. 



937 

47 


47 
19 44 


44 
1 [3 


3 

14^2 


2 



467 
42. 


3 


14 
12 

2 


1 


44 



By this last operation we see that the greatest common divi- 
sor of 937 and 47, is 1 only, that is, these two numbers, properly 
speaking, have no common divisor, since all whole numbers, 
like them, are divisible by 1. 

We may easily satisfy ourselves, that the rule of the preceding 
article roust necessarily lead to this result, whenever the given 
numbers have no common divisor; for the remainders, each 
being less than the corresponding divisor, become less and less 
every operation, and it is plain, that the division will continue 
as long as there is a divisor greater than unity. 

63. After these calculations, the fraction ||| and |||t9 can 
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be at once reduced to their most simple terms, by dividing the 
terms of the first by their common divisor, 13, and the terms of 
the second, by their common divisor, 752 ; we thus obtain \^ 
and y'f. As to the fraction, -i^y, it is altogether irreducible, 
^ince its terms have no common divisor but unity. 

64. It is not always necessary to find the greatest common 
divisor of the given fraction ; there are, as has before been re- 
marked, reductions, which present themselves without this pre- 
paratory step* 

Every number terminated by one of the figures, 0, 2, 4, 6, S, 
is necessarily divisible by 2 ; for in dividing any number by 2, 
only 1 can remain from the tens ; the last partial division can 
be performed on the numbers 0, 2, 4, 6, 8, if the tens leave no 
remainder, and on the numbers 10, 12, 14, 16, 18, if they do, 
^d all these numbers are divisible by 2. 

The numbers divisible by 2 are called even numbers, because 
they can be divided into two equal parts. 

Also, every number terminated on the right by a cipher, or 
by 5, is divisible by 5, for when the division of the tens by 5 has 
been performed, the remainder, if there be one, must necessarily 
be either 1, 2, 3, or 4, the remaining part of the operation will be 
performed on the numbers 0, 5, 10, 15, 20, 25, 30, 35, 40, or 45, 
all of which are divisible by 5. 

The numbers, 10, 100, 1000, &c. expressed by unity followed 
by a number of ciphers, can be resolved into 9 added to 1, 99 
added to 1, 999 added to 1, and so on ; and the numbers 9, 99, 
999, he. being divisible by 3, and by 9, it follows that, if num^ 
bers of the form 10, 100, 1000, &c. be divided by 3 or 9, the 
remainder of the division will be 1. 

Now every number which, like 20, 300, or 5000, is expressed 
by a single significant figure, followed on the right by a number 
of ciphers, can be resolved into several numbers expressed by 
unity, followed on the right by a number of ciphers ; 20 is equal 
to 10 added to 10 ; 300, to 100 added to 100 added to 100 ; 5000 
to 1000 added i% 1000 added to 1000 added to 1000 added to 
1000 ; and so with others. Hence it follows, that if 20, or 10 
added to 10, be divided by 3 or 9, the remainder will be 1 added 
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to 1, or 9; if 300, or 100 added to 100 added to 100, be divid- 
ed by 3 or 9, the remainder will be 1 added to 1 added to 1, or 3* 

In general, if we resolve in the same manner a number ex- 
pressed by one significant figure, followed, on the right, by a 
number of ciphers, in order to divide it by 3 or 9 ; the remain- 
der of this division will be equal to as many times 1, as there are 
units in the significant figure, that is, it wiH be equal to the signi- 
ficant figure itself. Now any number being resolved into units, 
tens, hundreds, &c. is formed by the union of several numbers 
expressed by a single significant figure ; and, if each of these last 
be divided by 3 or 9, the remainder will be equal-to one of the 
"significant figures of the given number; for instance, the division 
of hundreds will give, for a remainder, the figure occupying the 
place of hundreds ; that of tens, the figure occupying the place 
of tens ; and so of the others. If then, the sum of all these re- 
mainders be divisible by 3 or 9, the division of the given num- 
ber by 3 or 9 can be performed exactly ; whence it follows, that 
if the sum of the figures, constituting any number, be divisible by 
3 or 9, the number itself is divisible by 3 or 9. 

Thus the numbers, 423, 42M, 1534?, are divisible by 3, be- 
cause the sum of the significant figures is 9 in the first, 12 m the 
second, and 15 in the third^ 

Also, 621, 8280, 934218, are divisible by 9, because the sum 
of the significant figures is 9 in the first, 18 in the second, and 
27 in the third. 

It must be observed, that every number divisible by 9 is also 
divisible by 3, although every number divisible by 3 is not also 
divisible by 9. 

Observations might be made on several other numbers analo- 
gous to those just given on 2, 3, 5, and 9 ; but this would lead 
me too far from the subject. 

The numbers 1, 3, 5, 7, 1 1, 13, 17, &c. which can be divided 
only by themselves, and by unity, are called prime numbers ; two 
numbers, as 12 and 35, having, each of them, divisors, but 
neither of them any one, that is common to it with the other, are 
called prime to each other. # 

Consequently, the numerator and denominator of an irreduci- 
ble fraction are prime to each other. 
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Exangfles for practice under Article Gl« 

What is the greatest common divisor of 34 and 36 1 Ans. 13. 
What is the greatest common divisor of 35 and 100 ? Ans» 5« 
What is the greatest common divisor of 312 and304? Am. 24. 

a 

Examples for practice under articles 57, 58, and 60* 

Reduce f 4 to its most simple terms. Ans. ^. 

Reduce I'^jj to its most simple terms. Ans* |. 

Reduce j^^\ to its most simple terms. Ans* •}>. 

Reduce ^It to its most simple terms. Ans* |^. 

Reduce -^tt ^^ ^^^ most simple terms. Ans. ^. 

Reduce |||^ to its most simple terms. Ans. 4-|. 

65. After this digression we will resume the examination of 
the table in article 55^ 

By Svid'Sg "* } "" denominalop, the fraclion is J ^^'^^^ 

that we may deduce from it some new inferences. 

We see at once, by an inspection of this table, that a fractioB 
can be multiplied in two ways, namely, by multiplying its nu- 
merator, or dividing its denominator, and that it can also be 
divided in two ways, namely, by dividing its numerator, or mul- 
tiplying its denominator; hence it follows, that muItiplicatioR 
alone, according as it is performed on the numerator or denomi- 
nator, is sufficient for the multiplication and division of fractions 
by whole numbers. Thus y^, multiplied by 7 units, makes f} i 
<}, divided by 3, ma^es j^j* 



Exctmples for practice. 



Multiply I by 5. Ans. y . Divide | by 3. ' 

Multiply -^^ by 4. Ans. ^f . Divide ^^ by 6. 

Multiply ^^ by 6. Ans. |. Divide | by 10. 

Multiply f by 30. Ans. *|<». Divide \ by 8. Jins. fj 

Multiply ,V by 5. Ans. J. Divide } j by 4. Ans. \. 

Multiply ^ by 9. Ans. |. Divide f f by 4. Ans. |. 



Ans. \. 
Ans. -^j. 
Ans. -^j. 
Ans. ^. 
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66. The doctrine of fractions enables us to generalize the 
definition of mulliplication given in article 21. When the multi- 
plier is a whole number, it shows how many times the multipli- 
cand is to be repeated ; but the term multiplication, extended to 
fractional expressions^ does not always imply augmentation, as 
in the case of whole numbers. To comprehend in one state- 
ment every possible case, it may be said, thai to multiply one 
number by another tf, to form a number by means of the firsts in the^ 
same manner as the second is formed^ by means (ff unity* In real- 
ity, when it is required to multiply by 3, by 3, &c. the product 
consists of twice, three times, &c« the multiplicand, in the same 
way as the multiplier consists of two, three, &c» units ; and to 
multiply any number by a fraction, | for example, is to take the 
fifth part of it, because the multiplier | being the fifth part of 
unity, shows that the product ought to be the fifth part of the 
multiplicand.* 

Also, to multiply any number by ^ is to take out of this num- 
ber or the multiplicand, a part, which shall be four fifths of it, or 
equal to four times one fifth. 

Hence it follows, that the object in multiplying by a fraction^ 
tohatever may be the multiplicand^ is, to take out of the multiplicand 
a part, denoted by the multiplying fraction ; and that this opera- 
tion is composed of two others, namely, a division and a multi- 
plication, in which the divisor and multiplier are whole numbers. 

Thus, for instance, to take { of any number, it is first neces^ 
sary to find the fifth part, by dividing the number by 5, and to 
repeat this fifth part four times, by multiplying it by 4* 

We see, in general, that the multiplicand must be divided by the 
denominator of the multiplying fraction, and the quotient be multi- 
plied by its numerator* 

The multiplier being less than unity, the product will be 
smaller than the multiplicand, to which it would be only equal, 
if the multiplier were 1. 

* We are led to this statement, by a question which often presents 
itself; namely, where the price of any quantity of a Aing is requir- 
"•d, the price of the unity of the thing being known. The question 
evidently remains the same, whether the given quaBllty be greater 
er less than this unity. 



Fractions. 45 

67. If the multiplicand be a whole number divisible by 5, for 
instance, 35, the fifth part will be 7 ; this resuh, multiplied by 4, 
will give 28 for the f of 35, or for the product of 35 by ^. If 
the. multiplicand, always a whole number, be not exactly divisi- 
ble by 5, as, for instance, if it were 32, the division by 5 will 
give for a quotient 6f ; this quotient repeated 4 times will give 

This result presents a fraction in which the numerator exceeds 
the denominator, but this may be easily explained. The ex- 
pression |, in reality denoting 8 parts, of which 5, taken to- 
gether, make unity, it follows, that 4 is equivalent to unity added 
to three fifths of unity, or 1 1 ; adding this part to the 24 units, 
we have 25| for the value of | of 32. 

■ 

68. It is evident, from the preceding example, that the frac- 
tion I contains unity, or a whole one, and 4, and the reasoning, 
which led to this conclusion, shows also, that every fractional 
expression, of which the numerator exceeds the denominator, 
contains one or more units, or whole ones, and that these whole 
ones may be extracted by dividing the numerator by the denomina* 
tor ; the quotient is the number of units contained in the fraction, 
and the remainder, written as a fraction, is that which must accom- 
pany the whole ones. 

The expression y/, for instance, denoting 307 parts, of which 
53 make unity, there are, in the quantity represented by this 
expression, as many whole ones, as the number of times 53 is 
contained in 307 ; if the division be performed, we shall obtain 
5 for the quotient, and 42 for the remainder ; these 42 are fifty- 
third parts of unity ; thus, instead of VV, may be written 5||. 

Examples for practice. 

Reduce the fraction | to its equivalent whole number. 

Ans.2. 
Reduce 4 to its equivalent whole or mixed number. Ans. 3|. 

Reduce y to its equivalent whole or mixed number. 

Ans. 3|. 
Reduce W ^ '^^ equivalent whole or mixed number. 

Ans. 24/^ 
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Reduce V ^o ^^ equivalent whole or mixed number. 

Ans. Hi. 
Reduce 'yV ^o its equivalent whole or mixed number. 

Ans. lO^'y. 

69. The expression 5J|, in which the whole number is given, 
being composed of two different pails, we have often occasion 
to convert it into the original expression V/, ISrhich is called, 
reduci$ig a whole number to a fraction. 

To do this, the whole nunAer is to be multiplied by the difnami^ 
nator of the accompanying fraction^ the numerator to be added to the 
product, and the denominator of the same fraction to be given to the 
sum. 

In this case, the 6 whole ones must be converted into fifty- 
thirds, which is done by multiplying 53 by 5, because each unit 
must contain 53 parts ; the result will be y^^ ; joining this part 
with the second, ||, the answer will be Y/. 

Examples for practice. 

Reduce 12^ to a fraction* Ans. y. 

Reduce 6f to a fraction. ^ , Ans, V. 

Reduce 3ly\ to a fraction. Ans. V/» 

Reduce 45yyy to a fraction. Ans. VfV» 

70. We now proceed to the multiplication of one fraction by 
another. 

If, for instance, | were to be multiplied by J ; according to 
article 66, the operation would consist in dividing f by 5, and 
muhiplying the result by 4 ; according to the table in article 65, 
the first operation is performed by multiplying 3, the denomina- 
tor of the multiplicand, by 5 ; and the second, by multiplying 2, 
the numerator of the multiplicand, by 4 ; and the required pro- 
duct is thus found to be y'j. 

It will be the same with every other example, and it must con- 
sequently be concluded from what precedes, that to o&tot'n the 
product of two fractions^ the two numerators must be multiplied^ 
one by the other^ and under the product must be placed the product 
of the denominators. 
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Examples. 

Multiply } by J. Ans. 3^. Multiply j\ by |. ^f«. |. 
Multiply^ by f. ^?w. ^V- Multiply |f by ||. ^ns. |f. 
Multiply i by |. Ans. jV- Multiply |^ by H- jJn^. |Ji. 

71. It may sometimes happen that two mixed numbers, or 
ivhole numbers joined with fractions, are to be multiplied, one by 
the other, as, for instance, 3^ by 4f • The most simple mode of 
obtaining the product is, to reduce the whole numbers to frac- 
tions by the process in article 69 ; the two factors will then be 
expressed by y and V, and their product, by >^ J* or 18 jf, by 
«xtracting the whole ones (68). 

72. The name fractions of fractions is sometimes given to the 
product of several fractions ; in this sense we say, | of {. Thi* 
expression denotes | of the quantity represented by f of the- 
original unit, and taken in its stead for unity. These two frac- 
tions are reduced to one by multiplication (70), and the result, 
/p, expresses the value of the quantity required, with relatioa 
to the original unit ; that is, | of the quantity represented by } 
of unity is equivalent to yV of unity. If it were required to take 
I of this result, it would amount to taking f of | of }, and these 
fractions, reduced to one, would give yY? ^^^ ^^^ value of the 
quantity sought, with relation to the original unit. 

73. The word contain^ in its strict sense, is not more proper in 
the different cases presented by division, than the word repeat in 
those presented by multiplication ; for it cannot be said that the 
dividend contains the divisor, when it is less than the latter ; the 
expression is generally used, but only by analogy and extension. 

To generalize division, the dividend must be considered as hav' 
ing the same relation to the quotient, that the divisor has to unity^ 
because the divisor and quotient are the two factors of the divi- 
dend (36). This consideration is conformable to every case 
that division can present. When, for instance, the divisor is 6, 
the dividend is equal to 5 times the quotient, and, consequently, 
this last is the fifth part of the dividend. If the divisor be a 
fraction, ^ for instance, the dividend cannot be but half of th<^ 
quptient, or the latter must be the double of the former. 
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The definition, just given, easily suggests the mode of pro- 
ceeding, when the divisor is a fraction. Let us lake, for ex- 
ample, J. In this case the dividend ought to be only J of the 
quotient ; but \ being J of J, we shall have } of the quotient, by 
taking ^ of the dividend, or dividing it by 4. Thus knowing | 
of the quotient, we have only to take it 5 times, or multiply it 
by 5, to obtain the quotient. In this operation the dividend is 
divided by 4 and multiplied by 5, which is the same as taking 
f of the dividend, or multiplying it by f , which fraction is no 
other than the divisor inverted. 

This example shows, that, in general, to divide any number bg 
a fraction^ it must be multiplied by the fraction inverted* 

For instance, let it be required to divide 9 by | ; this will be 
done by multiplying it by |, and the quotient will be found to be 
V or 12. Also 13 divided by f will be the same as 13 multi- 
plied by J or V* The required quotient will be 18^, by ex- 
tracting the whole ones (68). 

It is evident that, whenever the numerator of the divisor is 
less than the denominator, the quotient will exceed the dividend, 
because the divisor in that case, being less than unity, must be 
contained ip the dividend a greater number of times, than unity 
is, which, taken for a divisor, always gives a quotient exactly 
the same as the dividend. 

74. When the dividend is a fraction^ the operation amounts to 
multiplying the dividend by the divisor inverted (70). 

Let it be required to divide | by | ; according to the preced- 
ing article, | must be multiplied by f , which gives \\. 

It is evident, that the above operation may be enunciated thus ; 
To divide one fraction by another^ the numerator of the first must 
he multiplied by the denominator of the second^ and the denominator 
of the firsts by the numerator of the second* 

If there be whole numbers joined to the given fractions, they 
must be reduced to fractions, and the above rule applied to the 
results. 
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Examples. 



Divide 9 hj f. Ans. V* Divide 7| hj }• ^n^. V* 

Divide 18 by f .diw. 15. Divide 2f by 3|. Ans. ||. 

Divide | by ). Ans. /^ . Divide V by ^j. ^n^. 49. 

Divide |f by /y. ^iw. H- Divide || by H» •^'w. 1. 

75. It is important to observe, that any division, whether it 
can be performed in whole numbers or not, may be indicated by 
a fractional expression; y, for instance, expresses evidently 
the quotient of 36 by 3, as well as 13, for | being contained three 
times in unity, y will be contained 3 tinDss in 36 units, as the 
quotient of 36 by 3 must be. 

4 

76. It may seem preposterous to treat erf* the multiplication and 
division of fractions before having said any thing of the manner 
of adding and subtracting them ; but this order has been follow* 
ed, because miultiplication and division follow as the immediate 
consequences of the remark given in the table of article 55, but 
addition and subtraction require some previous preparation. It 
is, besides, by no means surprising, that it should be more easy 
lo multiply and divide fractions, than to add and subtract them, 
since they are derived from division, which is so nearly related 
to multiplication* There will be many opportunities, in what 
follows, of becoming convinced of this truth; that operations 
to be performed on quantities are so much the more easy, as 
they approach nearer to the origin of these quantities. We wi]} 
DOW proceed to the addition and subtraction of fractions. 

77. When the fractions on which these operations are to be 
performed have the same denominator, as they contain none but 
parts of the same denomination, and consequently of the same 
magnitude or value, they can be added or subtracted in the 
same manner as whole numbers, care bemg taken to mark, in the 
result, the denomination of the parts, of whk:b it is composed. 

It i& indeed very plam, that /t and ^t make /|-, as 3 quan- 
tities and 3 quantities of the same kind make 5 of that kind^ 
whatever it may be. 
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Also, the difference between f and | is f, as the difference be- 
tween 3 quantities and 8 quantities, of the same kind, is 5 of that 
kind, whatever it may be. Hence it must be concluded, that, to 
add or siibtract fractions, having the same denominator, the sufn or 
difference of their numerators must be taken^ aud Ae common denom- 
tor written under the result. 

78. When the given fractions have different denominators, it 
is impossible to add together, or subtract, one from the other, 
the parts of which they are composed, because these parts are 
of different magnitudes ; but to obviate this difficulty, the frac- 
tions are made to undergo a change, which brings them to parts 
of the same magnitude, by giving them a common denominator. 

For instance, let the fractions be | and | ; if each term of the 
first be multiplied by 5, the denominator of the second, the first 
will be changed into f | ; and if each term of the second be mul- 
tiplied by 3, the denominator of the first, the second will be 
changed into |f ; thus two new expressions will be formed, hav- 
ing the same value as the given fractions (56). 

This operation, necessary for comparing the respective mag- 
nitudes of two fractions, consists simply in finding, to express 
them, parts of an unit sufficiently small to be contained exactly 
in each of those which form the given fractions. It is plain, in 
the above example, that the fifteenth part of an unit will exactly 
measure \ and ^ of this unit, because \ contains five 15*^, and 
I contains three 15^. The process, applied to the fractions | 
and I, will admit of being applied to any others. 

In general, to reduce any two fractions to the same denominator, 
the two terms of each of them must be multiplied by the denominator 
of the other. 

79. Any number of fractions are reduced to a common denominO' 
for, by multiplying the two terms of each by the product of the dtnomr 
inators of all the others ; for it is plain that the new denominators 
are all the same, since each one is the product of all the original 
denominators, and that the new fractions have the same value as 
the former ones, smce nothing has been done except multiplying 
each term of these by the same number (56). 
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Examples. 

Reduce { and | to a common denominator. Ans. |f , ||. 
Reduce j\ and ^ to a common denominator. Ans. f}, ^|. 
Reduce |, |, and } to a common denominator. Ans. f f , ^f , jj. 
Reduce /yi j) 4) ^^^^ f to a common denominator. 

Jinjt S30 1*1<» 1B1<^ 17S9 
/frw. JTTT1 ITT T> iriT? ?TTlf 

The preceding rule conducts \xs^ in all cases, to the proposed 
end ; but when the denominators of the fractions in question are 
Aot prime to each other, there is a common denominator more 
simple than that which is thus obtained, and which may be 
shown to result from considerations analogous to those given in 
the preceding articles. If, for instance, the fractions were |, |, 
^, I, as nothing more, is required, for reducing them to a com- 
mon denominator, than to divide unity into parts, which shall be 
exactly contained in those of which these fractions consist, it will 
be sufficient to find the smallest number, which can be exactly 
divided by each of their denominators, 3, 4, 6, 8 ; and this will 
be discovered by trying to divide the multiples of 3 by 4, 6, 8 ; 
which does not succeed until we come to 24, when we have only 
to change the given fractions into 24^ of an unit. 

To perform this operation we must ascertain successively how 
many times the denominators, 3, 4, 6, and 8, are contained in 
34, and the quotients will be the numbers, by which each term 
of the respective fractions must be multiplied, to be reduced to 
the common denominator, 24. It will thus be found, that each 
term of | must be multiplied by 8, each term of f by 6, each 
term of f by 4, and each term of | by 3 ; the fractions will then 

become ill iMMJ' 
Algebra will furnish the means of facilitating the application 

of this process. 

80. By reducing fractions to the same denominator, they may 
be added and subtracted as in article 77. 

81. When there are at the same time both whole numbers and 
fractions, the whole numbers, if they stand alone, must be con- 
verted into fractions of the same denomination as those which 
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are to be added to them, or subtracted from them ; and if the 
whole numbers are accompanied with fractions, they must be 
reduced to the same denominator with these fractions. 

It is thus, that the addition of four units and J changes itself 
into the addition of y and |, and gives for the result y . 

To add 3^ to 5|, the whole numbers must be reduced to frac- 
tions, of the same denomination as those which accompany them, 
which reduction gives y and y ; with these results the sum is 
found to be '^y? or ^ih I^i l^s^Ij^ i ^^^^ ^^ be subtracted from 
3^, the operation would be reduced to taking | from y, and the 
remainder would be ^}. 

Examplts in oddiHcn of fractions. 

Add I to }. Am. |f , or 1. 

Add \ to \%. Am. \\. 

Add ^ to f . Am. \\. 

Add 4i i) and | together. Ans. S^j. 

Add 3^, 4|, and 5^ together. Am. 1 3rV 

Add I, 14, and 6| together. Am. 8 j. 

Exampks in wbtraction of fractions. 

From I take \. Am. |» From 5| take 2^. Am. 2|. 
From I take f . Am. ^. From 8| take 4^. Am. 4^j. 
From \i take j\. Am. |. From 3} take 2|f . Am. ||. 

82. The rule given for the reduction of fractions to a common 
denominator supposes, that a product resulting from the succes- 
sive multiplications of several numbers into each other, docs not 
Tary, in whatever order these multiplications may be performed ; 
this truth, though almost always considered as self-evident, needs 
to be proved. 

We shall begin with showbg> that to multiply one number by 
the product of two others, is the same thing as to multiply it at 
first by one of them, and then to multiply that product by the 
other. For instance, instead of multiplying 3 by 35, the pro- 
duct of 7 and 5, it will be the same thing if we multiply 3 by 5, 
and then that product by 7. The proposition will be evident, if, 
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instead of 2^ we take an unit; for 1, multiplied by 5, gives 5, 
and the product of 5 b j 7 is 35, as well as the product of 1 hy 
35 ; but 3, or any other number, being only an assemblage of 
several units, the same property will belong to it, as to each of 
the units of which it consists ; that is, the product of 3 by 5 and 
by 7, obtained in either way, being the triple of the result given 
by unity, when multiplied by 5 and 7, must necessarily be the 
same. It may be proved in the same manner, that were it re- 
quired to multiply 3 by the product of 5, 7, and 9, it^vould 
consist in multiplying 3 by 5, then this product by 7, and the 
result by 9, and so on, whatever might be the number of factors* 

To represent in a shorter manner several successive multipli- 
cations, as of the numbers 3, 5, and 7, into each oiher, we shall 
write 3 by 5 by 7. 

This being laid down, in the product 3 by 5, the order of the 
factors, 3 and 5 (27), may be changed, and the same product 
obtained. Hence it directly follows, that 5 by 3 by 7 is the 
same as 3 by 5 by 7. 

The order of the factors 3 and 7, in the product 5 by 3 by 7, 
may also be changed, because this product is equivalent to 5, 
multiplied by the product of the numbers 3 and 7 ; thus we have 
in the expression 5 by 7 by 3, the same product as the preceding* 

By bringing together the three arrangements, 

3 by 5 by 7 
5 by 3 by 7 
5 by 7 by 3, 

we see that the factor 3 is found successively, the first, the 
second, and the third, and that the same may take place with 
respect to either of the others* From this example, in which the 
particular value of each number has not been considered, it must 
be evident, that a product of three factors does not vary, what- 
ever may be the order in which they are multiplied* 

If the question were concerning the" product of four factors, 
such as 3 by 5 by 7 by 9, we flight, according to what has been 
said, arrange, as we pleased, the three first or the three last, and 
thus make any one of the factors pass through all the places* 
Considering then one of the new arrangements, for instance this^ 



S by 7 by 3 by 9, we might invert tlie order of the two last fac- 
tors, which woulil give 5 by 7 by 9 by 3, and would put 3 in the 
last place. This reasoning may be extended without difficulty 
to any number of factors whatever. 
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83. Although we can, by the preceding rules, apply to frac- 
tions, in all cases, the four fundamental operations of arithmetic, 
yet it must have been long since perceived, that, if the different 
subdivisions of a unit, employed for measuring quantities smaller 
than this unit, had been subjected to a common law of decrease, 
the calculus of fractions, would have been much more conven- 
ient, on account of the facility with which wc might convert one 
into another. By making this law of decrease conform to the 
basis of our system of numeration, we have given to the calculus 
the greatest degree of simplicity, of which it is capable. 

We have seen in article 5, that each of the collections of units 
contained in a number, is composed of ten units of the preceding 
order, as the ten consists of simple units; but there is nothing 
to prevent our regarding this simple unit, as containing ten parts, 
of which each one shall he a tenth ; the tenth as containing ten 
parts, of which each one shall be a hundredth of unity, the hun- 
dridth as contain'ng ten pans, of which each one shall be a 
thousandth of unity, and so on. 

Proceeding thus, we may form quantities as small as we please, 
by means of wliich it will be possible lo measure any quantities, 
however miimte. These fractions, which are called decimd/s, 
because they are composed of parts of unity, that become con- 
tinually ten times smaller, as they depart further from unity, 
may be converted, one into the other, in the same manner as 
tau, hundreds, thousands^ Slc, are converted into units ; thus, 
the unit being equivalent to 10 tenths, 
the tenth 10 hundredths, 

the hundredth 10 thousandths, 

it follows, that the tenth is equivalent lo 10 limes 10 thousandths, 
or 100 (bousandthe. 
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For instanee, 2 tenths, 3 hundredths, and 4 thousandths will 
be equivalent to 234 thousandths, as 3 hundreds, 3 tens, and 4 
units make 234 units; and what is here said maybe applied 
universally, since the subordination of the pans of unity is like 
that of the different orders of units* 

84. According to this remark, we can, by means of figures, 
write decimal fractions in the same manner as whole numbers, 
since by the nature of our numeration, which makes the value of 
a figure, placed on the right of another, ten times smaller, tenth9 
naturally take their place on the right of units, then hundredlhs 
on the right of tenths, and so on : but, that the figures express- 
ing decimal parts may not be confounded with those expressing 
whole units, a commat is placed on the right of units. To ex- 
press, for instance,' 34 units and 27 hundredths, we write 34,27. 
If there be no units, their place is supplied by a cipher, and the 
same is done for all the decimal parts, which may be wanting 
between those enunciated in the given number- 
Thus 19 hundredths arc written 0,19, 

304 thousandths 0,304, 

3 thousandths 0,003. 

85. If the expressions for the above decimal fractions be com- 
pared with the following, ^Vin ttVtt? tWti drawn from the gen- 
eral manner of representing a fraction, it will be seen, that to 
represent in an entire form a decimal fraction^ written us a vulgar 
fraction, the numerator of the fraction mitst be taken tis it is, and 
placed after the comma in such a manner, that it may ha-de as many 
figures as there are ciphers after the unit injhe denominator. 

Reciprocally, to reduce a decimal fraction^ given in the form of 
a whole number, to that of a vulgar fraction, the figures that it con- 
tains, must receive, for a denominator, an unit followed by as many 
ciphers, as there are figures after the comma. 

t In English books on mathematics, and in those that have been 
written in the United States, decimals are usually denoted by a 
point, thus 0.19 ; but the comma is on the whole in the most general 
use ; it is accordingly adopted in this and the subsequent treatises 
published at Cambridge. 



56 ArithmeticB 

Thus the fractions, 0,56, 0,036, are changed into '/fy and 

86. An txpressum^ in figures, of numbers containing decimal 
parts^ is read by enunciating^ fi^^^y ^he figures placed on the left of 
the pointy then those on the right, adding to the last figure of thi 
latter the denomination of the parts, which it represents* 

The number 26,736 is read 26 and 736 thousandths ; 
the number 0,0673 is read 673 ten-thousandths, 
and 0,0000673 is read 673 ten-millionths. 

87. As decimal figures take their value entirely from their 
position relative to the comma, it is of no consequence whether 
we write or omit any number of ciphers on their right. For 
instaifce, 0,5 is the same as 0,50; and 0,784 is the same a« 
0,78400; for, in the first instance, the number, which expresses 
the decimal fraction, becomes by the addition of a ten times 
greater, but the parts become hundredths, and consequently on 
this account are ten times less than before ; in the second in- 
stance, the number, which expresses the fraction, becomes a 
hundred times greater than before, but the parts become hun- 
t]red-thousandths, and, consequently, are a hundred times smaller 
than before* This transformation, then, becomes the same as 
that which takes place with respect to a vulgar fraction, when 
«ach of its terms is multiplied by the same number; and if the 
ciphers be suppressed, it is the same as dividing them by the 
same number. 

88. The addition of decimal fractions and numbers accompa- 
nying them, needs no other rule than that given for the whole 
numbers, since the decimal parts are made up one from the other, 
ascending from right to left, in the same manner as whole units* 

For instance, let there be the numbers 0,56, 0,003,0,958; 
disposing them as follows, 

0,56 
' 0,003 
0,958 



Sum 1,521 
we find, by the rule of article 13, that their suoi is 1,521. 



Decimal Fractiona. 57 

Again, let there be the numbers 19,35, 0^3, 48,5, and 110,03, 
which contain also whole units ; they will be disposed thus \ 

1 9,35 
0,3 
48,5 
110,02 

^ Sum 178,17 

and their sum will be 178,17, 

In general, the addition of decimal numbers is performed like 
that of whole numbers^ care bcin^ taken to place the comma in the 
5tim, directly junder the commas in the numbers to be added. 

Examples for practice. 

Add 4,003, 54,9, 3,21, 6,7203. Ans. 68,8333. 

• Add 409,903, 107,7842, 6,1043, 10,2074. ^rw. 533,9989. 
Add 427, 603,04, 210,15, 3,364, ,021. Afis. 1243,575. 

89. The rules prescribed for the subtraction of whole num- 
bers apply also, as will be seen, to .decimals. For instance, let 
0,3697 be taken from 0,62 ; it must first be observed, that the 
second number, which contains only hundredths, while the other 
contains ten-thousandths, can be converted into ten-thousandths 
by placing two ciphers on its right (87), which changes it into 
0,6200. 

The operation will then be arranged thus ; 

0,6200 
0,3697 



Difference' 0,2503 

and, according to the rule of article 17, the difference will be 
0,2503. 

Again, let 7,364 be taken from 9,1457; the operation being 
disposed thus ; 

9,1457 

7,3640 



Difference 1,7817 
A nth. 8 
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the above difierence is found. It would have been just as well 
if no cipher had been placed at the end of the number to be sub- 
tracted, provided its different figures had been placed under the 
corresponding orders of units or parts, in the upper line. 

In general, the subtraction of decimal numbers is performed like 
that of whole numbers^ provided that the number of decimal figures, 
in the two given numbers, be made alike, by writing iyi the right of 
that which has the least, as many ciphers as are tucessary ; and that 
the comma in the difference be put directly under tlSlse of the givm 
numbers* 

Examples for practice* 

From 304,567 take 158,632. Ans. 145,935. 

From 215,003 take 1,1034. Ans. 213,8996. 

From 1 take ,9993. Ans. 0,0007. 

From 68,8333 take ,00042. Ans. 68,83288. 

The methods of proving addition and subtraction of decimals 
are the same as those for the addition and subtraction of whole 
numbers. 

90. As the comma separates the collections of entire units 
from the decimal parts, by altering its place, we necessarily 
change the value of the whole. By moving it towards the right, 
figures, which were contained in the fr^fctional part, are made to 
pass into that of whole numbers, and consequently the value of 
the given number is increased. On the contrary, by moving the 
comma towards the left, figures which were contained in the part 
of whole numbers, are made to pass into that of fractions, and 
consequently the value of the given number is diminished. 

The first change makes the given number, ten, a hundred, a 
thousand, &c. times greater than before, according as the combia 
is removed one, two, three, &c. places towards the right, because 
for each place that the comma is thus removed, all the figures 
advance with respect to this comma one place towards the left, 
and consequently assume a value ten times greater than they had 
before. 

If, for example, in the number 134,28, the point be placed 
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bstween the 3 and the 8, we shall have 1342,8, the hundreds 
will have become thousands, the tens hundreds, the units tens, 
.the tenths units, and the hundredths tenths. Every part of the 
number having thus become ten times greater, the result is tire 
same as if it had been multiplied by ten. 

The second change makes the given number ten, a hundred, a 
thousand, &c. times smaller than it was before, according as the 
comma is removed one, two, three, &c. places towards the left ; 
because for each place that the comma is thus removed, all the 
^gures recede, with respect to this comma, one place further to 
the right, and consequently have a value ten times less than they 
had before. 

If, in the number 134,28, the point be placed between the 3 
and 4, wc shall have 13,428; the hundreds will become tens, 
the tens units, the units tenths, the tenths hundredths, and the 
hundredths thousandths; every part of the number having thus 
become ten times smaller, the result is the same as if a tenth 
part of it had been taken, or as if it had been divided by ten. 

91. From what has been said, it will be easy to perceive the 
advantage, which decimal fractions have over vulgar fractions ; 
all the multiplications and divisions, which are performed by 
the denominator of the latter^^are performed with respect to the 
former, by the addition or suppression of a number of ciphers, 
or by simply changing the place of the comma. By adapting 
these modifications to the theory of vulgar fractions, we thence 
immediately deduce that of decimals, and the manner of perform- 
ing the multiplication and division of them ; but we can also 
arrive at this theory directly by the following considerations. 

Let us first suppose only the multiplicand to have decimal 
figures. If the comma be taken away, it will become ten, a 
hundred, a thousand, &c. times 'greater, according to the number 
of decimal figures ; and in this case the product given, by multi- 
plication will be a like number of times greater than the one 
required; the. latter will then be obtained by dividing the former 
by ten, a hundred, a thousand, &c. which may be done by sep- 
arating on the right (90) as many decimal figures, as there are 
b the multiplicand. ^ 
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If, for instance, 34,137 were to be multiplied by 9, we must 
first find the product of 34137 by 9, which will be 307233 • and 
8U|je taking away the comma renders the multiplicand a thou- 
sand times greater, we must divide this product by a thousand, 
or separate by a comma its three last figures on the right ; we 
shall thus have 307,233. 

In general, to multiply, hy a whole number^f a number accompa- 
nied by decimals, the comma must be taken away from the multipli' 
cand, and as many figures separated for decimals^ on the right of 
the product, as are contained in the multiplicand* 

m 

i 

Examples for practice. 

Multiply 231,415 by 8. Ans. 1851,320. 

Multiply 32,1509 by 15. Ans. 482,2635. 

Multiply ,840 by 840. Ans. 705,600. 

Multiply 1,236 by 13. Ans. 16,068. 

92. When the multiplier contains decimal figures, by sup- 
pressing the comma, it is made ten, a hundred, a thousand, &c. 
times greater according to the number of decimal figures. If 
used in this state, it will evidently give a product, ten, a hun- 
dred, a thousand, &c. times greate^ than that which is required, 
and consequently the true product will be obtained by dividing 
by one of these num->ers, that is, by separating, on the right of 
it, as many decimal figures as there are in the multiplier, or by 
removing the comma a like number of placed towards the left 
(90), in case it previously existed in the product on account of 
decimals in the multiplicand. For instance, let 172,84 be multi- 
plied by 36,003 ; taking away the comma in the multiplier only, 
we shall have, according to the preceding article, the product 
6222758,52 ; but, the multiplier being rendered a thousand times 
too great, we must divide this product by a thousand, or remove 
the comma three places towards the left, and the required pro- 
duct will then be 62^2,7^852, in which there must necessarily 
be as many decimal figures as there are in both multiplicand and 
multiplier. 

In general, to multiply, on(%y the other, two numbers accompa- 
nied by decimals, the comma must be taken away from both, and as 
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tnany fig^f^s sq^araitd for decimals^ on the right of the product, as 
there are in both the factors. 

In some cases it is necessary to put one or more ciphers on 
the left of the product, to give the number of decimal figures re- 
quired by the above rule. If, for example, 0,624 be multiplied 
by 0,003 ; in forming at first the product of 624 by 3, we shall 
have the number 1873, containing but 4 figures, and as 6 figures 
must be separated for decimals, it cannot be done except by 
placing on the left three ciphers, one of which must occupy the 
place of units, which will make 0,001872. 

Examples for practice. 

Multiply 223,86 by 2,500. Ans. 559,65000. 

Multiply 35.640 by 26.18. Ans. 933.05520. 

Multiply 8.4960 by 2.618. Ans. 22,2425^^80. 

Multiply ,5236 by ,2808. Ans. 0,14702683. 

Multiply ,11785 by ,27. Ans. 0,0318195. 

93. h is evident (36), that the quotient of two numbers does 
not depend on the absolute magnitude of their units, provided 
that this be the same in each ; if then, it be required to divide 
451,49 by 13, we should observe that the former amounts to 
45149 hundredths, and the latter to 1300 hundredths, and that 
these last numbers ought to give the same quotient, as if they 
expressed units. We shall thus be led to suppress the point in 
the first number, and to put two ciphers at the end of the second, 
and then we shall only have to divide 45149 by 1300, the quo- 
tient of which division will be 34yW7- 

Hence we conclude, that to divide^ by a whole number, a numr 
ber accompanied by decimal figures, the comma in the dividend must 
be taken away, and as many ciphers placed at the end of the divisor, 
as the dividend contains decimal figures, and no alteration in the 
quotient mil be necessary. 

94. When both dividend and divisor are accompanied by de- 
' cimal figures, we must, before taking away the comma, reduce 

them to decimals of the same order, by placing at the end of that 
Bumber, which has thf; fewest decimal figures, as many ciphers 



u will make il termiaate at the same place of decinuls as the 
other, because then the suppression of the comma renders both 
the sajne number of times greater. 

For instance, let 31 5,433 be divided bj 23,4, this last must be 
changed into 23,400, and then 315433 must be divided by 
23400; the quotient will be 13HHJ- 

Thus, to divide, one by the o/Aer, ttDo numbers accompanied btf 
decimal figurta, the number of dedmai figures in the divitor and 
divider^ must be made equal, 5y annexing to the one that has the 
least, as many ciphers as are necessary ; the point must then be sup- 
pressed in each, and the quotient will require no alteration. 

95. As we have recourse to decimals only to avoid the neces- 
sity of employing vulgar fractions, it is natural to make use of 
decimals for approximating quotients that cannot be obtained 
exactly, which is done by converting the remainder into tenths, 
hundredths, thousandths, &.c. so that it may contain the divisor ^ 
as may be seen in the following example ; 

45149 I 1300 

3900 34,73 





6149 




5300 


Remainder 


949 


tenths 


9490 




9100 


hundredths 


3900 




3900 



When we come to the remainder 949, we annex a cipher in 
oi-der to multiply it by ten, or to convert it into tenths ; thus 
forming a new partial dividend, which contains 9490 tenths and 
gives for a quotient 7 tenths, which we put on the right of the 
units, after a comma. There still remains 390 tenths, which we 
reduce to hundredllis by the addition of another cipher, and 
tnrm a second dividend, which contains 3900 hundredths, and 
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ea 



gives a quotient, 3 hundredths, which we place after the tenths. 
Here the operation terminates, and we have for the exact result 
34,73 hundredths. If a third remainder had been left, we might 
have continued the operation, by converting this remainder into 
thousandths, and so on, in the same manner, until we came to an 
exact quotient, or to a remainder composed of parts so small, 
that we might have considered them of no importance. • 

It is evident, that we must always put a comma, as in the 
above example, after the whole units in the quotient, to distin- 
guish them from the decimal figures, the number of which must 
be equal to that of the ciphers successively written after the 
remainders.* 



Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 



6345,925 

5673,21 

84329907 

27845,96 

200,5 

10,0 

513,2. 

7,25406 

0,00078759 

14 



Examples for practice. 

by 54,23. 
by 23,0. 
by 627,1. 
by 9,3732. 
by 331. 
by 563,0. 
by 0,057. 
by 957 
by 0,525. 
by 365. 



Ans. 117,018 &c. 
Ans. 246,660 &:c* 
Ans. 134476,01 &c, 
Ans. 2820,3581 &.c. 
Ans. 0,0867 &c. 
Ans. 0,00177 &c. 
Ans. 9003,50 &c. 
Ans. 0,00758 
Ans. 0,00150 &c. 
Ans. 0,038356 &c. 



96. The numerator jof a fraction, being converted into decimal 
parts, can be divided by the denominator as in the preceding 
examples, and by this means the fraction will be converted into 
decimals. Let the fraction, for example, be |, the operation is 
performed thus ; 



* The problem above performed with respect to decimals, is only 
a particular case of the following more general one ; To find the 
value of the quotient of a division^ in fractions of a given denomina- 
tion ; to do* this we convert the dividend into a fraction of the same 
denomination by multiply icg it by the given denominator. Thus, in 
order to find in fifteenths the value of the quotient of 7 by 3, we 
should multiply 7 by 15, and divide the product, 105, by 3, wh^ch 
gives thirty-five fifteenths, or ff , for the quotient required. 
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1 


8 


10 


0,125 


8 




20 


16 





40 
40 



Again^, let the fraction be i^f i^ ; the numerator must be con- 
verted into thousandths before the division can begin. 

4 I 797 * 



4000 0,005018 &c. 
3985 



1500 
797 



7030 
6376 

654 



Examples for practke. 



Reduce | to a decimal fraction. 
Reduce ^ to a decimal fraction. 
Reduce ^'^ to a decimal fraction. 
Reduce yf^ to a decimal fraction. 
Reduce ^ to a decimal fraction. 



Am. 0,75. 

Ans. 0,5. 

Ans. 0,0714285 &c. 

Ans. 0,05. 

Ans. 0,333 &c. 



* It may also be proposed to convert a given fraction into a frac- 
tion of another denomination, but smaller than the first, for instance, 
J into seventeenths, which will be done by multiplying 3 by 17 and 
dividing the product by 4. In this manner we find ^ seventeenths, 
or 1^ and f of a seventeenth ; but f of -jiy is equivalent to ^. The 
result then, j^, is equal to f , wanting ^g. 

This operation and that of the preceding note depend on the same 
principle, as the corresponding operation for decimal fractions. 
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97. However far we may continue the second division, exhib- 
ited above, we shall never obtain an exact quotient, because the 
fraction Tf^j cannot, like |, be exactly expressed by decimals. 

The difference in the two cases arises from this, that the de- 
nominator of a fraction, ^which does not divide its numerator, 
cannot give an. exact quotient, except it will divide one of the 
numbers 10, 100, 1000, &c. by which its numerator is succes- 
sively multiplied ; because it is a principle, which will be found 
demonstrated in Algebra, that no number will divide a product 
except its factors will divide those of the product ; now the num- 
bers 10, 100, 1000, &c. being all formed from 10, the factors 
of which are 2 and 6, they cannot be divided except by numbers 
formed from these same factors ; 8 is among these, being the 
product of 2 by 2 by 2. ^ 

Fractions, the value of which cannot be exactly found by de- 
cimals, present in their approximate expression, when it has 
been carried suflSciently far, a character which serves to denote 
them ; this is the periodical return of the same figures. 

If we convert the fraction j^ into decimals, we shall find it 

, 0,324324 , and the figures S, 2, 4, will always return in 

the same order, without the operation ever coming to an end. 

Indeed, as there can be no remainder in these successive 
divisions, except one of the scries of whole numbers, 1, 2, 3, &c. 
up to the divisor, it necessarily happens, that, when the number 
of divisions exceeds that of this series, we must fall again upon 
some one of the preceding remainders, and consequently the 
partial dividends will return in the same order. In the above 
example three divisions are sufficient to cause the return of the 
same figures ; but six are necessary for the fraction 4, because 
in this case we find, for remainders, the six numbers which are 
below 7, and the result is 0,1428571 . • . The fraction \ leads 
only to 0,3333 

98. The fractions, which have for a denominator any number 
of 9s, have no significant figure in their periods except 1 ; 

i gives 0,11111 ... 

Vt 0,010101 

7^7 0,001001001 

£rith. 9 



• • 



6& Ariihmeiic. 

and so with the others, because each partial division of the num- 
bers 10, 100, 1000, &c. always leaves unity for the remainder. 

Availing ourselves of this remark, we pass easily from a peri- 
odical decifioal, to the vulgar fraction from which it b derived. 

We see, for example, that 0,33333 amounts to the same 

as 0,11111 multiplied by 3, and as this last decimal is 

the development of ^, or | reduced to a decimal, we conclude, 
that the former is the development of ^ multiplied by 3, or |, or 
lastly, \. 

When the period of the fraction under consideration consists 
of two figures, we compare it with the development of «,Vi ^^ 
with that of ^^y, when the period contains three figures, and 
so on. 

If we had,, for example, 0,324324, it is plain that this fraction. 

may be formed by multiplying 0,001001 by 324 ; if we 

multiply then j^j^ of which 0,001001 is the development^ 

by 324, we obtain |f|, and dividing each term of this result by 
27, we come back again to the fraction |f • 

In general, the vulgar fraction^ from which a decimal fraction 
arises^ is formed by writings as a denominator^ under the number^ 
rohich expresses one period, as many 9^, as there art figures in the 
period. 

If the period of the fraction does not commence with the first 
decimal figure, we can for a moment change the place of the pointy 
and put it immediately before the first figure of the period and 
beginning with this figure, find the value of the fraction, as if 
those figures on the left were units ; nothing then will be neces- 
sary except to divide the result by 10, 100, 1000, &c. according 
to the number of places the point was moved towards the right. 

For instance, the fraction 0,324,141 • . • • , is first to be written 
32,4 1 4 1 . • • • ; the part 0,4 1 4 1 •••• being equivalent to |^, we shall 
have 32^1, which is to be divided by 100, because the point was 
moved two places towards the left ; it will consequently become 
j^^ and ^iizt or by reducing the two parts to the same denomi- 
nator, and adding them, Hff 9 ^ fraction which will reproduce 
the given expression. 
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Examples for practice.* 

Reduce 0,18 to the form of a vulgar fraction. Ans. /y. 
Reduce 0,72 to the form of a vulgar fraction. Ans. -fj. 
Reduce 0,83 to the form of a vulgar fraction. Ans. |. 
Reduce 0,2418 to the form of a vulgar fraction. Ans. ^Hl* 
Reduce 0,275463 to the form of a vulgar fraction. 

Jlnv 19 9 5 3 

Reduce 0,916 to the form of a vulgar fraction. Ans. {^}. 

To form a correct idea of the nature of these fractions it is 
tsufficieht to consider the fraction 0,999 ..... In trying to discover 
its original value we find that it answers to 9 divided hy 9, that is, 
to unity ; nevertheless, at whatever number of figures we stop in 
its expression, it will never make an unit. If we stop at the first 
figure, it wants r\ of an unit; if at the second, it wants j\^ ; if 
at the third, it wants ttV»9 ^^^ so on ; so that we can arrive as 
near to unity as we please, but can never reach it. Unity then 
in this case is nothing but a limits to which 0,999 con- 
tinually approaches the nearer the more figures it has.t 

99. The preceding part of this work contains all the rules 
absolutely essential to the arithmetic of abstract numbers, but to 
apply them to the uses of society it is necessary to know the 
different kinds of units, which are used to compare together, or 
ascertain the value of quantities, under whatever form they may 
present themselves. These units, which are the measures in use, 
have varied with times and places, and their connexion has been 
formed only by degrees, accordingly as necessity and the pro- 
gress of the arts and sciences have required greater exactness in 
the valuation of substances, and the construction of instruments. 



* Iq these examples, the better to distinguish the period, a point 
is placed over it, if it be a single figure, and over the first and last 
figure, if it consist of more than one. 

t See note on continQed fractions at the end of this treatise. 
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Mills 


- 


10 Mills make 


1 Cent 


10 Cents 


1 Dime 


10 Dimes 


1 Dollar 


10 Dollars 


1 Eagle 



Tables of Coin^ Weighty and Measure. 

Denominations of Federal money^ as established by act of 
Congress, April 2, 1792.t 

marked m 

c 
d 

$ 
E 

t The act above referred to provides, that the money of account 
of the United States shall be expressed in dollars or units, and dimes 
or tenths of a dollar, cents or hundredths of a dollar, and mills or 
thousandths of a dollar. 

The coins of gold, silver, and copper, shall be of the following 
denominations, namely ; 

1. Gold — eagle^ half-eagle^ quarter^ eagle. 

2. Silver-~-<ioZ/ar, half-dollar^ quarter-dollar^ dime, half-dime, 

3. Copper — ctnt^ half-cent 

The standard for all gold coin shall be eleven parts of pure gold 
and one part alloy la twelve parts of the coin. The alloy is to be 
of silver and copper, the silver not exceeding one half in the alloy. 

The eagle shall contain 247^ grains of pure gold, or 270 grains of 
standard gold. In the other gold coins the weight of pure or stand- 
ard gold shall be in proportion to their values. 

The standard for all silver coins shall be 1 485 parts of pure silver 
to 179 parts of alloy; and the alloy shall be pure copper. 

The dollar shall contain 371^ grains of pure silver, or 416 grains 
of standard silver. In the other silver coins the weight shall be in 
proportion to their respective values. 

The copper coins shall be pure copper. The cent shall contain 
1 1 pennyweights of copper ; and the half-cent half this weight of 
copper. 

In practical treatises on arithmetic, may be found rules for reduc- 
ing the Federal Coin, the currencies of the several United States, 
and those of foreign countries, each to the par of all the others. It 
may be sufficient here to observe respecting the currencies of the 
several states, that a dollar is considered as 6i. in New England and 
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English Money. 






2 Farthings = 1 Halfpenny ^ 


qrs d 




4 Farthings = 1 Penny d 


4= 1 


s 


12 Pence 


= 1 Shilling s 


48= 12 = 


= 1 £ 


20 Shillings 


= 1 Pound £ 


960 = 240 = 


= 20=1 


Pence Table. | 


Shillingi 


r Toifc. 


d 


s d 


s 


d 


30 is 


1 8 


1 is 


12 


30 


2 6 


2 


24 


40 


3 4 


3 


36 


50 


4 2 


4 


48 


60 


5 


5 


60 


70 • 


5 10 


6 


72 


80 


6 8 


7 


84 


90 


7 6 


8 


96 


100 


8 4 


9 


108 


110 


9 2 


10 


120 


120 


10 


11 


132 




Troy Weight. 




Grains 


marked §fr 


g^ 


dwt 


24 Grains make 1 Pennyweight dwt 


24 = 


1 oz 


20 Pennyweights 1 Ounce oz 


480 = 


20= 1 lb 


12 Ounces 


1 Pound Ih 


5760 = 


240 = 12 = 1 


By this we 


ight are weighed gold, silver, and jewels. 




Apothecaries'^ Weight. 






Grains - marked gr. 






20 Grains make 1 Scruple sc or 9 






3 Scruples 1 Dram dr or 5 






8 Drams 1 Ounce oz or g 






12 Ounces 1 Pound /6 or lb 


. 




gr sc 






20 = 1 dr 






60 = 3=1 oz 






480 = 24 = 8 = 1 tt 






5760= 288 = 96 = 12= 1 





Virginia ; Bs. in New York and North Carolina ; Is. Qd. in New 
Jersey, Pennsylvania, Delaware, and Maryland ; and 4s. Qd, In South 
Carolina and Georgia ; the denomination of shilling varying its value 
accordingly. 
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This is the same as Troy weight, only having some different 
divisions. Apothecaries make use of this weight in compound- 
ing their medicines ; but they buy and sell their drugs by Avoir- 
dupois weight. 



Avoirdupois Weight. 




Drams - - - 


marked dr 


IS Drams make 1 Ounce 


oz 


16 Ounces 1 Pound 


Ih 


28 Pounds 1 Quarter 


V 


4 Quarters 1 Hundred 


weight cwt 


20 Hundred weight 1 Ton 


ton 


dr oz 




16= 1 lb 




356 = 16 = 1 qr 




7168= 448= 28= 1 


cwt 


23672= 1792= 112= 4 = 


1 tan 



673440 = 35840 = 2240 = 80 = 20 = 1 

By this weight are weighed all things of a coarse or drossy 
nature, as corn, bread, butter, cheese, flesh, grocery wares, and 
•some liquids ; also all metals, except silver and gold. 

oz dwt gr 
JVofe, that 1/6 Avoirdupois =14 11 15^ Troy. 

loz = 18 5| 

Idr =01 3^ 

Hence it appears that the pound Avoirdupois contains 6999^ 
grains, and the pound Troy 5760; the former of which aug- 
mented by half a grain becomes 7000, and its ratio to the latter 
is therefore very nearly as 700 to 576, that is, as 175 to 144 ; 
consequently 144 pounds Avoirdupois are very nearly equal to 
175 pounds Troy; and hence we infer that the ounce Avoirdu- 
pois is to the ounce Troy as 175 to 192. 
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Long Measure. 
3 Barleycorns make 1 Inch 



12 Inches 

3 Feet 

6 Feet 

5 Yards and a half 
40 Poles 

8 Furlongs 

3 Miles 
60} Miles nearly 



In 
Ft 
Yd 

Flk 



1 Foot 
1 Yard 
1 Fathom 
1 Pole or Rod PI 
1 Furlong Fur 
1 Mile Mile 

1 League Lta 
1 Degree Deg or 



In 

12 = 

36 = 

198 = 

7920 = 



Ft 

1 

3 = 
16} = 
660= 220 = 



Yd 
1 
5} = 



PI 

1 Fur 
40 = 1 Mile 



63260 = 5280 = 1760 = 320 = 8 = 1 

Cloth Measure. 



2 Inches and a quarter make 
4 Nails 

3 Quarters 

4 Quarters 
6 Quarters 

4 Quarters 1| Inch 



1 Nail m 

1 Quarter of a Yard Qr 
1 Ell Flemish E F 

1 Yard Yd 

1 Ell English E E 

1 Ell Scotch £ S 



Square Measure* 

144 Square Inches make 1 Sq. Foot 

1 Sq. Yard 
1 Sq. Pole 
1 Rood ' 
1 Acre 

SqFut 

1 

9 = 
272} = 



9 Square Feet 
30} Square Yards 
40 Square Poles 
4 Roods 

Sq Inc 

144 = 

1296 = 

39204 = 



Ft 

Yd 

PoU 

Rd 

Act 



SqYd 

1 SqPl 

30} = 1 Rd 



1568160 = 10890 =1210 = 40=1 Acr 
6272640 = 43560 = 4840 = 160 = 4 = 1 
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By this measure, land, and husbandmen and gardeners^ work 
are measured ; also artificers' work, such as board, glass, pave- 
ments, plaistering, wainscoting, tiling, flooring, and every dimen- 
sion of length and breadth only. 

When three dimensions are concerned, namely, length, breadth, 
and depth or thickness, it is called cubic or solid measure,' which 
is used to measure timber, stone, &c. 

The cubic or solid foot, which is 12 inches in length and 
breadth and thickness, contains 1728 cubic or solid inches, and 
27 solid feet make one solid yard. 

Dry^ or Com Measure* 

2 Pints make 1 Quart Qt 

2 QuarU ! Pottle Pot ' 

2 Pottles 1 Gallon Gal 

2 Gallons 1 Peck Pec 

4 Pecks 1 Bushel Bu 
8 Bushels 1 Quarter Qr 

5 Quarters 1 Wey, load, or ton Wey 
2 Weys 1 Last Last 

Pts Gal 
8 = 1 Pec 
16= 2= 1 Bu 
64 = 8 = 4=1 Qr 
512= 64= 32= 8= 1 Wey 
2560 = 320 = 160 = 40 = 5 = 1 Last 
5120 = 640 = 320 = 80 = 10 = 2 = 1 

By this are measured all dry wares, as corn, seeds, roots, fruit, 
salt, coals, sand, oysters, &c. 

The standard gallon, dry measure, contains 268} cubic or 
solid inches, and the corn or Winchester bushel 2l50f cubic 
inches; for the dimensions of the Winchester bushel, by the 
statute, are 8 inches deep, and 18^ inches wide or in diameter. 
But the coal bushel must be 19^ inches in diameter; and 36 
bushels, heaped up, make a London chaldron of coals, the 
weight of which is 3156 lb Avoirdupois. 
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Ale and Beer Measure. 



2 Pints make 
4 Quarts 
36 Gallons 

1 Barrel and a half 

2 Barrels 

2 Hogsheads 
2 Butts 



1 Quart 
1 Gallon 
1 Barrel 
1 Hogshead 
1 Puncheon 
1 Butt 
1 Tun 



Gal 

Bar 

Hhd 

Pun 

Butt 

Tun 



Pis Qt 

2 = 1 

8 = 4 = 

288 = 144 = 

432 = 216 = 

864 = 432 = 



Gal 

1 Bar 
36 = 1 



Hhd 



54 =: 1^= 1 Butt 
108 = 3 =2=1 



^ote. The ale gallon contains 282 cubic or solid inches.* 



Wine Measure* 



2 Pints make 

4 Quarts 

42 Gallons 

63 Gallons or 1 ^ Tierces 

2 Tierces 

2 Hogsheads 

2 Pipes or 4 Hhds 



1 Quart 

1 Gallon 

1 Tierce 

1 Hogshead 

1 Puncheon 

1 Pipe or Butt 
^n 



1 Pip< 
1 'rtr 



Qt 
Gal 

Tier 

Hhd 

Pun 

Pi 

Tun 



Pis 
2 = 

8 = 

336 = 

604 = 

672 = 

1008 = 



Qi 
1 

4 = 

168 = 

262 = 

336 = 



Gal 

1 Tier 
42 = 1 Hhd 
63 = li = 1 
84 = 2 



604 = 126 = 3 



2016 = 1008 = 262 = 6 



= 2 
= 4 



Pun 
= 1 

= H 
= 3 



Pi 
= 1 Tun 
= 2=1 



J^ote. By this are measured all wines, spirits, strong-waters, 
cider, mead, perry, vinegar, oil, honey, Slc. 

The wine gallon contains 231 cubic or solid inches.* And it is 

* The ale and wine gallons in Engiand have lately been reduced 
to one of 277 cubic inches. 
Arith. 10 
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remarkable, that the wine and ale gallons have the same propQiv 
tion to each other, as the troy and avoirdupois pounds have ; 
that is, as one pound troy is to one pound avoirdupois, so is one 
wine gallon to one ale gallon. 



/ 



Of Time. 

60 Seconds or 6€f' make 
60 Minutes 
24 Hours 

7 Days 

4 Weeks 

13 Months 1 Day 6 Hours, > 
or 365 Days 6 Hours ) 



1 Minute 
1 Hour 
1 Day 
1 Week 
1 Month 



JIfor' 
Hr 

Day 

Wk 

Mo 



1 Julian Year Yr 



Sec 

60 = 

3600 = 

36400 = 

604800 = 

2419200 = 



Min 

1 
60 = 
1440 = 



Hr 
1 

24 = 
168 = 



Day 
1 Wk 
7=1 Mo 

28 =4=1 - 

1 Year 



10080 = 

40320 = 672 = 
31657600 = 525960 = 8766 = 365| = 

Wk Da Hr Mo Da Hr 
Or 52 1 6 = 13 1 6 = 1 Julian Year 
Da Hr M Sec 
But 365 5 48 48 = 1 Solar Year. 

100. It is evident, that if the several denominations of money, 
weight, and measure proceeded in a decimal ratio, the funda- 
mental operations might be performed upon these, as upon 
abstract numbers. This may be shown by a few examples in 
Federal Money. If it were required to find the sum of ^46,85 
and {256,371, we should place the numbers of the same denom- 
ination in the same column, and add them together as in whole 
numbers; thus, 

4685 
256371 



303221 

and the answer may be read off in either or all the denomina- 
tions; we may say 30 eagles 3 dollars 22 cents 1 mill, or 
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303 dollars 221 thousandths, or 30322 cents and 1 tenth, or 
303221 mills. It is usual to consider the dollars as whole num- 
bers, and the following denominations as decimals. The opera- 
tion then becomes the same as for decimals. 



Add (34,123 

1,178 

78,001 

61,789 



Sum $176,091 



ExampUsi 



Add $456,78 
49,83 
0,22 
7854,394 



Sum $8361,224 



From $542,76 
Subtract 239,481 



Rem, 303,279 



From $527,839 
Subtract 22,94 



Rem. 



504,899 



Multiply $6,347 by $4,532. 

Divide $28,764604 by $4,532. 
Divide $20 by $2000. 



Ans. $28,764604. 
Ans: $6,347. 
Ans. $0,01. 



Reduction. 

101. When the different denominations do not proceed in a 
decimal ratio, they may all be reduced to one denomination, and 
then the fundamental operations may be performed upon this, as 
upon an abstract number. If, for example, the sum to be oper- 
ated upon were £4. 15s. 9d. this may easily be expressed in 
pence. As 1 pound is 20 shillings, 4 pounds will be 4 times 20, 
or 80 shillings. If to this we add the 15s. we shall have 95s. 9d. 
equivalent to the above. But as 1 shilling is equal to 12 pence, 
95s. will be equal to 95 times 12, or 1140 pence. Adding 9 to 
this, we shall have 1149 pence as an equivalent expression for 
£4. 15s. 9d. We may now make use of this number as if it had 
no relation to money or any thing else ; and the result obtained 
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may be converted again into the different denominations by re- 
versing the process above pursued. If it were proposed to mul- 
tiply this sum by another number, 37 for instance, we should 
find the product of these two numbers in the usual way ; thus, 

1149 
37 

8043 
3447 

42513 

42513 is, therefore, equal to 37 times £4. 15s. 9d. expressed in 
pence:' to find the number of pounds and shillings contained in 
this, we first obtain the number of shillings by dividing it by 12, 
which gives 3542, and then the number of pounds by dividing 
this last by 20 ; thus, 



42513 


12 


354,2 
15 


20 


65 


3542 


177 


51 




14 




33 




2 


, 


9 









42513 pence then is equal to 3542 shillings and 9 pence, or to 177 
pounds 2 shillings and 9 pence. Whence 37 times £A* 15s. 9d. is 
equal to £l77. 2s. 9d. 

It may be remarked, that shillings are converted into pounds by 
separating the right hand Jigure and dividing those on the lefthy% 
preiGxing the remainder, if there be one, to the figure separated 
for the entire shillings, that remain. This amounts to dividing, 
first, by 10 (90), and then that quotient by 2. If 10 shillings 
made a pound, dividing by 10 would give the number of pounds, 
but as 10 shillings are only half a pound, half this number will 
be the number of pounds. 

By a method similar to that above given, we reduce other de- 
nominations of money and the different denominations of the 
several weights and measures to the lowest respectively. If it 
were required to find how many grains there are in 2lb. 4oz. 
1 7dwt. 5grs. Troy, we should proceed thus, 
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lb. 


o^ 


dwt< 


f» 


2 


4 


17 


5 


13 









24 
4 



28 
20 



560 

17 

•^— ^"^ 

577 
24 

2308 
1154 

13848 
5 

jj7i5« 13853 

By dividing 13853 by 24, and the quotient thence arising by 
20, and this second quotient by 12, we shall evidently obtain the 
number of pounds, ounces, pennyweights, and grains in 13853 
grains. The operation may be seen below. 



13853 


[ 24 


• 


120 






577 
40 


20 


185 
168 


28 
24 


177 
160 


173 
168 


4»^ 


4 



12 



17 



lb. 

2 



0£. 

4 



dwt. 
17 



gn. 
5 



Result 

These examples will be sufficient to establish the following 
general rules, namely ; 



78 Jlriihnutic* 

To reduce u compinind number to the lowest denomination contain" 
ed in t/, multiply the highest by so many as one of this denomination 
makes of the next lower^ and to the product add the number belong" 
ing to the next lower ; proceed with each succeeding denominatmi in a 
similar manner^ and the last sum will be the number required. 

' To reduce a number from a lower denomination to a higher^ 
divide by so many as it takes of this lower denomination to make 
one of the higher^ and the quotient will be the number of the higher ; 
which may be further reduced in the same manner if there are still 
higher denominations^ and the last quotient together with the several 
-remainders will be equivalent to the number to be reduced. 

Examples for practice* 

In 59lb. 13dwt. 5gr. how many grains? Ans. 340157. 

In 8012131 grains how maAj pounds, &c. ? 

^ns. 13901b. lloz. 18dwt. 19gr. 

In 121/. Os. 9^d. how many half pence? Ans. 58099. 

In 58099 half pence how many pounds &c. ? 

Ans. 121/. Os. 9^d. 

In 48 guineas at 28s. each how many 4| pence ? 

Ans» 3584* 

In one year of 365d. 5h. 48' 48^ how many seconds ? 

Ans. 31556928. 

» * 

102. When we have occasion to make use of a number con- 
sisting of several denominations as an abstract number, instead of 
reducing the several parts to the lowest denomination contain- 
ed in it, we may reduce all the lower denominations to a frac- 
tion of the highest. Taking the sum before used, namely, 41. 
15s. 9d. we reduce the lower denominations to the higher, as 
in the last article by division. The number of pence 9, or f , is di- 
vided by 12, by multiplying the denominator by this number (64), 
we have thus, y^s. \yhich being added to 15s. or VV s. the whole 
number being reduced to the form of a fraction of the same 
^ denominator, we have W and tVj which being added, make 
VV- This is further reduced to pounds by dividing it by 20, 
that is, by- multiplying the denominator by 20 (54), which 
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gives iff. Whence f 4. 16s. 9d. is equal to £4i|f, or JEVtV- 
This may now be used like any other fraction, and the value of 
the result found in the different denominations. If we multiply it 
by 37, we shall have £*|f r, or £177^^^ ; and £^Vo, reduced 
to shillings by multiplying the numerator by 20, or dividing the 
denominator by this number, gives f |s. or 2t\s. or 2s. 9d. 

From the above example we may deduce the following general 
rules, namely, 

To reduce the several parts of a compound number to a fraction 
of the highest denomination contained in t/, make the lowest term 
the numerator of a fraction^ having for its denominator the number 
which it takes of this denomination to make one of the next higher^ 
and add to this the next term reduced to a fraction of the same* 
denomination, then multiply the denominaiar of this sum by so many 
as make one of the next denonination, and so on through all the 
terms, and the last sum will be the fraction required.^ 

To find the value of a fraction of a higher denomination in terms of 
a lower, multiply the numerator of the fraction by so many as make 
one of the lower denomination, and divide the product by the denom- 
inator, and the quotient will be the entire number of this denomi- 
nation, the fractional part of which may be still further reduced in 
the same manner* 

To reduce 2w. Id. 6h. to the fraction of a month. 

6h. is 7V of ^ d^J) ^^^ being added to one day, or ||d. giv€8 
||d. the denominator of which being multiplied by 7, it becomes 
xVt^* 2tnd being added to 2 weeks or twice |||w. gives f {|w. 
If we now multiply the denominator of this by 4, we shall 
have 141 of a month, as an equivalent expression for 2w. id« 6lu 

t It will often be found more convenient to reduce the several 
parts of the compound number to the lowest denomination, as by the 
preceding article for a numerator, and to take for the denominator 
so many of this denomination as it takes to make one of that, tp 
which the expression is to be reduced ; thus Al, 15s. 9d. being 1 149d. 
is equal to V^^« because Id. is -^l. 
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To find the value of f of a mile in furlongs, poles, &c« 

5 
8 



40 
35 



7^ 



5 
40 



200 


7 


14 


28 


60 




56 




4 




5* 




22 


7 


21 


«• 1 



_ i 3+ 



Ans. 5fur. 28pls. 3| yds. 

Reduce ISs. 6d. 2q. to the fraction of a pound. 

Ans. £tn, or £f f . 
Reduce 6fur. 26pls. 3jds. 2ft. to the fraction of a mile. 

^n8. Iin, or |. 
Reduce 7oz. 4pift. to the fraction of a pounds Troy. Ans. f . 
What part of a mile is 6fur. 1 6pls. ? 
What part of a hogshead is 9 gallons? 
What part of a day is j\ of a month ? 
What part of a penny is ^^t of a pound ? 
What part of a cwt. is 4 of a pound, Avoirdupois ? 
What part of a pound is | of a farthing ? 
What is the value of | of a pound, Troy ? Ans. 7oz. 4dwt. 

What is the value of 4 of a pound, Avoirdupois t 

Ans. 9oz. 2f dr. 
What is the value of | of a cwt. ? Ans. 3qrs. 3lb. loz. 12}dr. 
What is the value of jt of a mile ? 

Ans. Ifur. 16pl5. 2yds. 1ft. 9y\ in. 



Ans. 1^. 

Ans. \, 

Ans. f ^. 

Ans. V* 

Ans. ji^. 

Ans. xtVt- 
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What is the value of tV of a day ? Ans. 12h. 55' 23 yV''- 

The several parts of a compound number may also be re- 
duced to the form of a decimal fraction of the highest denomi- 
nation contained in it, by first finding the value of the expres- 
sion in a vulgar fraction, as in the last article, and then reducing 
this to a decimal, or more conveniently by changing the terms 
to, be reduced into decimal parts, and dividing the numerator 
instead of multiplying the denominator by the numbers succes- 
sively employed in raising them to the required denomination. 
If we take the sum already used, namely, £4. 15s. 9d. the 
pence, 9, may be written |J, or f ||, the numerator of which 
admits of being divided by 1 2 without a remainder. It is thus 
reduced to shillings and becomes yVyS- or 0,75s. which added to 
the 15s. makes 15,75s. or reducing the 15 to the same denomi- 
nation, YtV or YoVtV f ^^^ tl^is is reduced to pounds, by 
dividing it by 20, the result of which is rVirVin or 0,7875. 
4/. 15s. 9d. therefore may be expressed in one denomination, 
thus, 4,7875/. and in this state it may be used like any other 
number consisting of an entire and fractional part. If it be 
multiplied by 37, we shall have for the product 177,1375/. This 
decimal of a pound may be reduced to shillings and pence, by 
reversing the above process, or by multiplying successively by 
30 and then by 12. 

0,1375 
20 



2,7500 
12 

9,0000 

The product therefore of 4/. 15s. 9d. by 37 is 177/. 2s. 9d. as 
before obtained. 

The operation, just explained, admits of a more convenient 
disposition, as in the following example. 

To reduce 19s. 3d. 3q. to the decimal of a pound. 



4 
12 
20 



3,00 
3,75000 
19,312500 



0,965625 



11 
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Proceeding as before, we reduce the fertfaings, 8, considered 
as f ^{q. to hundredths of a penny by dividing by the figure on the 
left, 4, and place the quotient, 76, as a decimal on the right of the 
pence ; we then take this sum, considered as Htd* or f Hi<l* ^^^^ 
is, annexing as many ciphers as may be necessary, and divide it by 
12, which brings it into decimals of a shilling. Lastly, the shil- 
lings and parts of a shilling, 19,3135s. considered as VVtVbW^* 
are reduced to decimals of a pound by dividing by 20, which 
gives the result above found. 

We may proceed in a similar manner with other denomina- 
tions of money and with those of the several weights and meas- 
ures. One example in these will suffice as an illustration of the 
method. 

To reduce 1 7pls. 1ft. 6in. to the decimal of a mile. 



12 


6 


16,5 


1,5 


330 


17,09 



0,00531531 &e. 

The decimal in this, as in many other cases, becomes period- 
ical. (97). 

From what has been said, the followmg rules are sufficiently 
evident. To redtue a number from o lower denomination to the 
decimal of a higher^ we first change t<, or svppose it to he changed 
into a fraction^ having 10, or some multiple of lO^for its denominor 
tor^ and divide the numerator by so many as make one of this 
higher denomination, and the quotient is the required decimal; which, 
together with the wivole number of this denomination, may again be 
converted into a fraction, having \0 or a multiple of 10 for its de- 
nominator, and thus by division be reduced to a still higher name, 
and so on. 

Also, to redtu:e a decimal of a higher denomination to a lower, 
we multiply it by so many as one makes of this lower, and those 
figures which remain on the left of the comma, when the proper 
number is separated for decimals (91), will constitute the wliole 
number of this denomination, the decimcd part of which may be still 
further reduced, if there be lower denominations, by multiplying it 
by the number which one makes of the nca.t clcnofnination, and so en* 



Iteduction* 89 

It may be proper to add in this place, that shillings, pence, and 
farthings may readily be converted into the fraction of a pound, 
and the fraction of a pound reduced to shillings, pence, and fai^ 
things, without having recourse to the above rules. As shillings 
are so many twentieths of a pound, by dividing any giving num- 
ber of shillings by 2, we convert them into decimals of a pound, 
thus, 15s. which may be written i|/. or |f $/• being divided 
by 2, give 75 hundredths, or 0,75 of a pound. Also, as farthings 
are so many 960ths of a pound, one pound being equal to 960 
farthings, the pence converted into farthings and united with 
those of this denomination, may be written as so many 960ths of 
a pound. ]f now we increase the numerator and denominator 
one twenty fourth part, we shall convert the denominator into 
thousandths, and the numerator will become a decimal. 

Whence, to convert shillings^ pence^ and farthings^ into the decimal 
of a pounds divide the shillings by 2, adding a cipher when neces' 
sary^ and let the quotient occupy the first place^ or first and second^ 
if there be two figures, and let the farthings, contained in the pence 
and farthings, be considered as so many thousandths, increasing the 
number by ont, when the number is nearer 24 than 0, and by 2, when 
it is nearer 48 than 24, and so on* 

Thus, to reduce Ids. 9d. to the decimal of a pound, we have, 

0,75 
37 



0,787 

This result, it will be remarked, is not exactly the same as that 
obtained by the other method ; the reason is, that we have increas- 
ed the number of farthings, 36, by only one, whereas allowing 
one for every 24, we ought to have increased it one and a half. 
Adding, therefore, a half, or 5 units of the next lower order, we 
shall have 0,7875, as before. 

On the other hand, the decimal of a pound is converted into the 
hwer denominations, or its value is found in shillings, pence, and 
farthings, by doubling the first figure for shillings, increasing it by 
one, when the second figure is 5, or more than 5, and considering 
what remains in the second and third places, as farthings, after 
havir^ diminished them one for every 24. 
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In addition to the rules that have been given, it may be observ* 
ed, that in those cases, where it is required to reduce a number 
from one denomination to another, when the two denominatioQ& 
are not commensurable or when one will not exactly divide the 
other, it will be found most convenient, as a general rule, to re* 
duce the one, or both, when it is necessary, to parts so small, that 
a certain number of the one will exactly make a unit of the 
other. If it were required, for instance, to reduce pounds to 
dollars, as a pound does not contain an exact number of dollars 
without a fraction, we first convert the pounds into shillings, and 
then, as a certain number of shillings make a dollar, by divid- 
ing the shillings by this number, we shall find the number of 
dollars required. A similar method may be pursued in other 
cases of a like nature, as may be seen in the following examples. 

In 1 78 guineas at 28s. each, how many crowns at 6s. 8d. ? 



6s. 8d. 
12 


178 
28 


5980,8 
48 


.80 
747 


80d. 


1424 
356 






4984 
13 





59808 
Ans» 747 crowns and 4 shillingsf. 

In this case, I reduce both the guineas and the crown to pence, 
and then divide the former result by the latter. In dividing by 80, 
I first separate one figure on the right of the dividend for a deci- 
mal, which is the same as dividing it by 10, and then divide the 
figures on the left, or the quotient, by 8 (47), joining what re- 
mains as tens to the figures separated, to form the entire remain- 
der, which is reduced back to the original denomination. 



t Quest ioDS of this kind may often be conveniently performed by 
fractions ; thus, 178 guineas, or 4984s. divided by 6s. 8d. or 6fs. or, 
reducing the whole number to the form of a fraction, ^s. becomes 
*V* multiplied by ^ (74), or i*^«, or i*f*'«, which is equal to 
747^ ; and, 4}, or j, of 6s. 8d. is 3 times } of 80d. or 48d. or 48. 
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M 



To reduce 137 five franc pieces to pounds, shillings, &c. the 
franc being valued at ^,1866. 

76,6926 90 



38,3463 
20 

6,926 
12 

11,112 
4 

448 



0,1866 
5 

0j9330 
137 

6531 
2799 
933 

127,821 
6 

766,926 

Jns. 38/. 6s. lid. O^q. nearly. 

Examples for practice* 

Reduce 7s. 9Jd. (o the decimal of a pound. Ansm 0,390625. 

Reduce 3qrs. ^nu • to the decimal of a yard. Arts. 0,875. 

Find the value of 0,85251/. in shillings, pence, &c. 

^ri5. .17s. Od. 2iq. nearly. 

Reduce 241/. 18s 9d. to federal money. Ans. J806,4583 &c. 

Find the value of 0,42857 of a month. 

Ans. Iw. 4d. 23h. 59' 56\ 

Required the circumference of the earth in English statute 
miles, a degree being estimated at 57008 toisest* 

Ans. 24855,488. 

We have given ni les for reducing a compound number from 
one denomination to another, as we shall have frequent occasion 
in what follows for making these reductions. They are not, 
howevpr, necessary, except in particular cases, previously to per- 
forming the fundamental operations. The several denomina- 
tions of a compound number may be regarded like the different 
orders of units in a simple one, that is, the number or numbers of 



t A toise or French U thom is equal to 6 French feet, and a French 
foot 18 equal to 12,7893 English inches. 
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each denomination may be made the subject of a distinct opera- 
tion, the result of which, being reduced when necessaiy, may be 
united to the next, and so on through all the denominations. 



Addition of Compound Numbers. 

103. The addition of compound numbers depends on the same 
principles as th.t of simple numbers, the object being simply 
to unite parts of the same denomination, and when a num- 
ber of these are found, sufficient to form one, or more than one 
of a higher, these last are retained to be united to others of the 
same denomination in the given numbers ; as in simple addition 
the tens are earned from one column to the next column on the 
left. We rntLSt^ tlun^ place the compound numbers^ that are to bt 
added^ in siLch a manner^ that their units^ or parts of the same 
name^ may stand under each other ; we must then find sqnirateb/ 
Ae sum of each column, always recollecting how many parts of 
§ach denomination it takes to make one of the next h^her» See the 
following example in pounds, shillings, and pence. 



£ 


s. 


d. 


984 


12 


8 


38 


6 


9 


1413 


14 


10 


319 


18 


2 


2766 


12 


5 



First, adding together the pence, because they are the parts of 
the least value, and taking together both the units and tens of 
this denomination, we find 29; but as 12 pence make a shil- 
ling, this sum amounts to 2 shillings and 5 pence; we then 
write down only the 6 pence, and retain th^ shillings in order to 
unite them to the column to which they belong. 

Next, we add separately the units and the tens of the next de- 
nomination ; the first give, by joining to them the 2 shillings re- 
served from the pence, 22 ; we write down only the two units and 
retain the two tens for the next column, the sum of which, by this 
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means, amounts to 5 tens, but as the pound, made up of 30 shil- 
lings, contains 2 tens, we obtain the number of pounds result- 
ing from the shillings, by dividing the tens of these last by 3 ; 
the quotient is 2, and the remainder 1, which last is written 
under the column to which it belongs, while the pounds are re- 
served for the next column on the left ; as this column is the last 
the operation is performed as in simple numbers, and the whole 
sum is found to be 2756/. 12$. 5d. 

The method of proving the addition of compound numbers is 
derived from the same principles, as that for simple numbers, 
and is performed in the same manner,' care being taken in passing 
from one denomination to another, to substitute instead of the 
decimal ratio, the value of each part in the terms of that, which 
follows it on the right. Let there be, for example, 

£ s. d. 

984 12 8 

38 6 9 

1413 14 10 

319 18 2 



2756 1 2 



1122 22 

The operation on the pounds is performed according to the 
rule of article 19 ; then we change the two pounds into tens of 
shillings, and obtain 4 of these tens, which, joined to that written 
under the column, makes 5, from which we subtract the 3 units 
of this column, and place the remainder, 2, underneath, counting 
it as tens with regard to the next column. There still remain 
3 shillings, which must be reduced to pence; adding the result, 
24 pence, to the 5 that are written, we have a total of 29, which 
must be again obtained by the addition of all the pence, as these 
are the parts of the lowest denomination in the question. This 
really happens, and proves the operation to be right. 
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Examples. 





£ s. d. 


£ s. 


d. 


£ 


8. 


d. 






17 13 4 


84 17 


H 


176 


10 


10 






13 10 3 


76 13 


H 


lOI 


.13 


Hf 






10 17 3 


61 17 


81 


89 


18 


10 






8 8 7 


20 10 10^ 


75 


12 


2i 






3 3 4 


17 16 


4* 


3 


3 


3t 






8 8 


10 10 11 


1 




i 




Sum 64 1 4 


261 6 


8i 


462 

232 


19 
13 


2* 





Proof 24* 12 


26 2 20 




lb. 


01. dwt. gr. 


lb. OS. dwt. 


r- 


lb. 


oz. 


dwt 


P^- 


17 


3 16 11 


14 10 13 


20 


27 


10 


17 


18 


13 


2 13 13 


13 10 18 


21 


17 


10 


13 


13 


16 


3 14 14 


14 10 10 


10 


13 


11 


13 


1 


13 


10 


10 1 2 


3 


10 


1 




2 


12 


1 17 


1 4 4 


4 


4 


4 


3 


3 




• 13 14 


1 19 




2 
T. cwt. 




^ 


1 


cwt. 


qr. lb. OK. dr. 


T. cwt. qr. lb. os. 


dr. 


qr. lb. 


oz. 


dr. 


16 


2 16 16 16 


2 17 3 13 8 


7 


3 13 


2 IG 


1 7 


7 


13 


2 17 13 14 


2 13 3 14 8 


8 


2 14 


1 n 


' 6 


6 


12 


2 13 14 14 


1 16 10 


6 


4 17 


14 


6 


10 


1 17 15 


2 13 1 


7 


2 13 


12 7 


7 


12 


1 10 10 


1 14 1 1 2 


2 


3 13 


10 4 


4 


10 


1 12 1 7 


4 16 1 7 7 


5 


6 


2 12 8 


8 


Mis. 


fur. pol. yd^. in. 


Mis. fur pol. yd. ft. 


in. 


Mis. fur 


pol. yd. ft. 


ill. 


37 


3 14 2 1 6 


23 2 13 1 1 


4 


28 3 


7 


2 


7 


28 


4 17 3 2 10 


39 1 17 2 2 


10 


30 




1 


7 


17 


4 4 3 12 


28 1 14 2 2 




27 6 


30 


2 2 




10 


5 6 3 17 


48 1 17 2 2 


7 


7 6 


20 


2 1 




29 


2 2 2 3 


37 1 29 


3 


6 2 




2 


10 


30 


4 2 


2 20 2 


1 


7 


10 


2 


2 
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Subtraction of Compound Numbers. 

104. This operation is performed in the same way as thesub^ 
traction of simple numbers, except with regard to the number 
which it is necessary to borrow from the higher denominations, 
in order to perform the partial subtractions, when the lower 
number exceeds the upper. For instance, 





£ 


s. 


d. 


from 


795 


3 





take 


684 


17 


4 


Difference 


110 


5 


8 



Jn performing this example, it is necessary to borrow, from the 
column of shillings, 1 shilling or 12 pence, in order to effect the 
subtraction of the lower number, 4, and we have for a remainder 
8 pence. There now remain in the upper number of the column of 
shillings only 2 ; it is necessary therefore to borrow, from that of 
pounds, 1 pound or 20 shillings, we thus make it 22, of which, 
when the lower number, 1 7, is subtracted, 5 remain ; we must 
now proceed to the column of pounds, remembering to count the 
upper number less by unity, and finish the operation as in the 
case of simple numbers. 

The method of proving subtraction of compound numbers, like 
that for simple numbers, consists in adding the difference to the 
less of the two numbers. 



Examples for practice. 



£ 

275 
176 


s. 
13 
16 


d. 

4 

6 


£ 

454 
276 


s. 
14 
17 


d. 


£ 

274 
85 


s. 
14 
15 


d. 
2i 

7| 


Rem. 98 


16 


10 


177 


16 


9i 


188 
274 


18 
14 


6i 


Proof 275 


13 


4 
12 


454 


14 


n 


n 
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lb. OS. dwt. gr< lb. oz. dwt. gr. lb. oz. dwt. gr. 

7 3 14 U 27 2 10 STO 29 3 14 5 

3 7 15 20 20 3 5 21 20 7 15 7 



Rem. 
Proof 



cwt. qr. lb. oz. dr. cwt qr. lb. oz. dr. cwt. qr. lb. os. dr. 
5 17 5 9 22 2 13 4 8 2r 1 7 6 13 
3 3 21 1 7 20 1 17 6 6 13 8 8 14 



Rem* 
Proof 



Mis. fur. pol. yd. It io« Mia. far. pol. yd. ft. in. Mlf. fiir. pol. yd. ft. |0. 

14 3 17 1 2 1 70 7 13 1 1 2 70 3 10 7 

10 7 30 2 10 20 14 2 2 7 17 3 11 1 1 3 



Rem. 








- 


Proof 










m. w. d. h. ' 
17 2 5 17 26 
10 18 18 


m. w. 
37 1 
15 2 


d. 


. h. ' 
13 1 
15 14 


m* w. d* h« 
71 & 
17 5 5 7 


Rem. 










Proof 








t 



Multiplication of Compound Numbers. 

105. We have seen, that a number consisting of several denom- 
inations may be reduced to a single one, cither the lowest or the 
highest of those contained in it, in which state it admits of being 
used as an abstract number. But when it is required to find the 
product of two numbers, one of which only is compound) the sim- 
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plest method is, to consider the multiplication of each denomina- 
tion of the compound number by the simple factor, as a distinct 
question, and the several results, thus obtained, will be the total 
product sought. If it were proj)Osed, for example, to multiply 
7/. 14s. 7d. 3q. by 9, it may be done thus. 



£ 


s. 


d. 


q 


7 


14 


7 


3 


9 


9 


9 


9 



63 126 63 27 

and 63/. 126s. 63d. 27q. is evidently 9 times the proposed sum, 

because it is 9 times each of the parts, which compose this sum. 

But 27q« is equal to 6d. 3q. and adding the 6d. to the 63d. we 

have 69d. equal to 5s. 9d. adding the 5s. to the 126s. we obtain 

131s. equal to 6L lis. and lastly, adding the 6h to the 6SL we 

have 69/. lis. 9d. 3q. equal to the above result, and equal to the 

product of 

71. 14s. 7d. 3q. by 9. 

Instead of finding the several products first, and then reducing 
them, we may make the reductions after each multiplication, 
putting down what remains of this denomination, and carrying 
forward the quotient, thus obtained, to be united to the next 
higher product. 

Hence, to multiply two numbers together^ one of which is com- 
pound^ make the compound number the multiplicand and the simple 
number the multiplier^ and beginning with the lowest denomination 
mf the multiplicand^ multiply it by the multiplier^ and divide the pro* 
duct by the number which it takes to make one of the next superior 
denomination ; putting down the remainder^ add the quotient to the 
product of the next denomination by the multiplier^ reduce this sum, 
putting down the remainder and reserving the quotient^ as before, 
and proceed in this manner through all the denominations to the 
last, which is to be multiplied like a simple number. 

When the multiplier exceeds 12, that is, when it is so large 
that it is inconvenient to multiply by the whole at once, the 
shortest method is to resolve it, if it can be done, into two or 
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more factors, and to multiply fii*st by one and then that product 
by the other, and so on, as in the following example. Let the 
two numbers be £4 13s. 3d. and 18. 



£ 


s. 


d. 


4 


13 


3 
9 


41 . 


19 


3 
2 



83 18 6 

Here we first find 9 times the multiplicand, or dC41 19s. 3d. 
and then take twice this product, which will evidently be twice 
9 or 18 times the original multiplicand (82). Instead of multi- 
plying by 9, we might multiply first by 3 and then that product 
by 3, which would give the same result; also the multiplier 18 
might be resolved into 3 and 6, which would give the same pro* 
duct as the abpve. If we multiply £83 18s. 6d. by 7, 



£ 


s. 


d. 


83 


18 


6 
7 



587 9 6 

we shall have the product of the original multiplicand by 7 times 
18 or 126. 

If the multiplier were 105, it might be resolved into 7, 3, and^ 
5, and the product be found as above. 

But it frequently happens, that the multiplier cannot be re- 
solved in this way into factors. When this is the case, we may 
take th^ number nearest to it, which can be so resolved, and 
find the product of the multiplicand by this number, as already 
described, and then add or subtract so many times the multipli- 
cand, as this number falls short, or exceeds the given multiplier, 
and the result will be the product sought. Let there be £1 7s. 
8d. to be multiplied by 17. 



Multiplication of Compound Numbers. 93 



£ 


s. 


d. 


1 


7 


8 

4 


5 


10 


8 

4 


22 


2 


8 


1 


7 


8 



Product £23 10 4 

In the first place, I find the product of £l 7s. 8d. by 16, which 
is i£22 2s. 8d. and to this I add once the multiplicand and this 
sum £23 10s. 4d» is evidently equal to 17 times the multiplicand. 

106. It may be observed, that in those cases, where the decrease 
of value from one denomination to another is according to 
the same law throughout, that is, where it takes the same number 
of a lower denomination to make one of the next higher through 
all the denominations, the multiplication of one compound number 
by another may be performed in a manner similar to what takes 
place with regard to abstract numbers. 

This regular gradation is sometimes preserved in the denom- 
inations that succeed to feet, in long measure, 1 inch or prime 
being considered as equal to \2secondsy and 1 second to 12 thirds^ 
and so on, the several denominations after feet being distinguish- 
ed by one, two, &c. accents, thus, 

lOf. 4' 6" 10"'. 

If it were required to find the product of 2f. 4' by 3f. lO', we 
should proceed as below. 

2f. 4' 
3 10 



1 11 
7 



8 11 4" 
The 4 inches or primes may be considered with reference to 
the denomination of feet, as 4 twelfths, or yV> ^^^ the 10 inches 
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as }f , the product of which is yVy, or || of j\^ or 40^ which 
reduced gives 3' 4'' ; putting down the 4", we reserve the 3' to be 
added to the product of 2 feet by 10', or |.|, which product is f J 
of a foot, to which 3 being added, we have f|f. or If. and 11' ; 
next multiplying 4' or j*^ by 3, we have || or 1, which added to 
the product of 2 by 3 gives 7. Taking the sum of these results, 
we have 8f. 11' 4", for the product of 2f. 4" by 3f. 10 . The 
method here pursued may be extended to those cases, where 
there is a greater number of denominations. 

Whence, to multiply one number consisting of fuX^ primes^ 
seconds, ^c. by another of the same kind, having placed the several 
terms of the multiplier under the corresponding ones of the mulii-- 
plicand, multiply the whole multiplicand by the several terms of 
the multiplier successively according to the rule of the last article^ 
placing the first term of each of the partial products under its res' 
pective multiplier, and find the sum of the several columns, observing 
to carry one for every twelve in each part of the operation ; then the 
first number on the left will be feet, and the second primes^ and the 
ihird seconds, and so on regularly to the last.^ 

\ 

Examples for practice* 

Multiply £1 lis. 6d. 2q. by 6. Ans. £7 17s. 8d. 2q^ 

Multiply 7s, 4d. 3q. by 24. Ans. £8 17s. 6d. 

Multiply £1 17s. 6d. by 63. Ans. £118 2s. 6d. 

Multiply 17s. 9d. by 47. Ans. £41 14s. 3d. 

Multiply £1 2s. 3d. by 117. Alns. £130 3s. 3d. 

What is the value of 119 yards of cloth at £2 4s. 3d. per 
yard? Ans. £263 5s. 9d. 



f The above article relates to what is commonly called duodeci- 
mats. The operation is ordinarily performed by beginning with the 
highest denomination of the multiplier, and disposing of the several 
pr6ducts as in the first example below. The result Is evidently the 
same, whichever method is pursued, as may be seen by comparing 
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What is the value of 9cwt. of cheese at £1 lis. 5d. per cwt? 

Jns. £14 2s. 9d. 

What is the value of 96 quarters of rye at £1 3s. 4d. per 
quarter? jins. £112. 

What is the weight of 7hhds. of sugar, each weighing 9c wt. 
Sqrs. 12lb? Arts. 69cwt. 

In the Lunar circle of 19 years, of 365d. 5h. 48' 48" each, 
how pany days, &c. ? Am. 6939d. 14h. 27' 12". 

Multiply 14f. 9' by 4f. 6'. Ans. G6f. 4' 6". 

Multiply 4f. T 8" by 9f. 6'. Ans. 44f. 0' 10". 

Required the coi^ent of a floor 48f. 6' long and 24f. 3' broad. 

4ns. 1176f. r e\ 

What is the number of square feet &c. in a marble slab, 
whose length is 6f. T and breadth If. 10'? Ans. lOf. 2' 10". 



Division of Compound Numbers. 

107. A COMPOUND number may be divided by a simple num- 
ber, by regarding each of the terms of the former, as forming a 
distinct dividend. If we take the product found in article 105, 
namely, £63 126s. 63d. 27q. and divide it by the multiplier 9, 



this example with that of the same question on the right, performed 
according to the rule in the text. This last arrangement seems to 
be preferable, as it is more strictly conformable to what takes place 
in the multiplication of numbers accompanied by decimals. 
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Arithmetic* 



we shall evidently comeback to the multiplicand, £7 14s. 7d. 3q* 
We arrive at the same result also, by dividing the above sum re- 
duced, or £69 lis. 9d. 3q. for we obtain one 9th of each of the 
several parts that compose the number, the sum of which must be 
one 9th of the whole. But since, in this case, each term of the 
dividend is not exactly divisible by the divisor, instead of employ- 
ing a fraction, we reduce what remains, and add it to the next 
lower denomination, and then divide the sum thus formed, by the 
divisor. The operation may be seen below. 

£69 lis. 9d. 3q. 
63 



6 

50 

131 
9 

41 
36 

5 
12 

69 
63 

6 

4 

27 
27 



£7 14s. 7d. 3q. 



Whence, to divide a number consisting of different denominations 
by a simple number^ divide the highest term of the compound numr 
ber by the divisor^ reduce the remainder to the next lower denomi- 
nation^ adding to it the number of this denomination^ and divide the 
s^m by the divisor^ reducing the remainder, as before, and proceed in 
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this way through all the denominations to the last^ the remainder 
of whichf if there be one^ must have its quotient represented in the 
form of a fraction by placing the divisor under it. The sum of the 
several quotients^ thus obtained^ will be the whole quotient required. 
When the divisor is large and can be resolved into two or 
more simple factors, we may divide first by one of these factors, 
and then that quotient by another, and so on, and the last quo- 
tient will be the same as that which would have been obtained 
by using a whole divisor in a single operation. Taking the 
result of the example in the corresponding case of multiplication, 
we proceed thus, 

2 



£83 
8 

3 
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1 
20 

38 
2 

18 
18 


6 
6 





1 8s. 6d. 



£41 
36 

5 

20 

119 
9 

29 
27 

2 
12 

27 
27 



19s. 3d. 



£4 13s. 3d. 



By dividing £83 IBs. 6d. by 2, we obtain one half of this sum, 
which, being divided by 9, must give one 9th of one half, or one 
18th of the whole. The first operation may be considered as 
separating the dividend into two equal parts, and the second as 
distributing each of these into nine equal parts, the number of 
parts therefore will be 18, and being equal, one of them must be 
one 18th of the whole. 

But when the divisor cannot be thus resolved, the operatioo 
must be performed by dividing by the whole at once. If the 

13 
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quotient, wjiich we are seeking, were known, by adding it to, or 
subtracting from it, the dividend a certain number of times' 
increasmg or diminishing the divisor at the same time by at 
many units, we might change the question into one, whose divj.- 
sor would admit of being resolv^ into factors, which woqld 
give the same quotient; we should thus preserve the ano^gy 
which exists between the multiplication and division of compound 
pumhers* But this cannot be done, as it supposes tha^t to bf 
known, which is the object of the operation. 

•Multiplication and division, where compound numbers ai^ 
coucemed, mutually prove each other, as in the case of simple 
numbers* This may be seen by comparing the examples, which 
are given at length to illustrate these rules* 

Examples for practice. 

Divide £821 17s. 9|d. by 4. Ans. £205 9s. 5^d. 

Divide £28 2s. l|d. by 6. Ans. £4 13s. 8}d. 

Divide £57 3s. 7d. by 35. Ans. £1 12s. 8d. 

Divide £23 15s. 7id. by 37, Ans. 12s. lOJd. 

Divide lOGlcwt. 3qrs. by 28. Ans. 37cwt. 3qrs. 18lb. 

Divide 375mls. 2fur. 7pls. 2yds. 1ft. 2in. by 39. 

Ans. 9mls. 4fur. 39pls. 2ft. 8m. 
If 9 yards of cloth cost £4 3s. 7^d. what is it per yard ? 

Ans. 9s. 3d. 2q. 
If a hogshead of mne cost £33 12s. what is it per gallon ? 

Ans. 10s. 8d. 
If a dozen silver spoons weigh 3lb. 2oz. 13pwt. 12grs. what 
is the weight of each spoon? Ans. 3oz. 4pwt. llgrs. 

If a person^s income be £150 a year, what is it per day ? 

Ans. 8s. 2|d. nearly. 
A capital of £223 16s. 8d. being divided into 96 shares, 
what is the value of a ijhare? Ans. £2 68. 7^d. 

Proportion. 

108. We have shown in the preceding part of this work, the dif- 
ferent methods necessary for performing on all numbers, whether 
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whole or firactional, or consiatitig of difierent denominations, 
the four fundamental operations of arithmetic, namely, addition, 
yubtraction, multiplication, and division ; and all questions rela- 
tive to numbers ought to be regarded as solved, when, by an 
attentive examination of the manner in which they are stated, 
they can be reduced to some one of these operations. Conse- 
quently, we might here terminate all that is to be said on arith- 
metic, for what remains belongs, properly speaking, to the prov- 
ince of algebra. We shall, nevertheless, for the sake of exer- 
cising the learner, now resolve some questions which will prepare 
him for algebraic analysis, and make him acquainted with 
a very important theory, that of ratios and proportions, which 
is ordinarily comprehended in arithmetic. 

109. A piece of chtii 13 yards long was sold for 130 dollars ; 
what will he the price of a piect of the same cloth 18 yards long f 
It is plain, that if we knew the price of one yard of the cloth 
that was sold, we might repeat this price 18 times, and the 
result would be the price of the piece 18 yards long. Now 
since 13 yards cost 130 dollars, one yard must have cost the 
thirteenth part of 130 dollars, or W ; performing the division, 
we find for the result 10 dollars, and multiplying this number by 
18 we have 180 dollars for the answer; which is the true cost of 
the piece 1 8 yards long. 

A courier, who travels always at the same rate, havir^ gone 5 
leches in 3 hours, how many vnll he go in 1 1 hours f 

Reasoning as in the last example, we see, that the courier 
goes in one hour | of 5 leagues, or f , and consequently, in 1 1 
hours he will go 1 1 times as much, or f of a league multiplied 
by 11, or V, that is 18 leagues and 1 mile. 

In how n^any hours zoill the courier of the precedeng question go 
33 leagues ? 

We see, that if we knew the time he would occupy in going One 
league, we should have only to repeat this number 22 times, and 
the result would be the number of hours required. Now the 
courier, requiring 3 hours to go 5 leagues, will require only 
\ of the time, | of an hour, to go one league ; this number, 
multiplied by 23, gives V or 13 hours and \, that is, 13 hours 
and 13 minutes. 



100 Jlriihmetic^ 

1 1 0. Wc have discovered the unknown quantities by an analy- 
sis of each of the preceding statements, but the known numbers 
and those required depend upon each other in a manner, that it 
would be well to examine. 

To do this, let us resume the first question, in which it was re- 
quired to find the price of 18 yards of cloth, of which 13 cost 
130 dollars. 

It is plain, that the price of this piece would be double, if the 
number of yards it contained were double that of the first ; that 
if the number of yards were triple, the price would be triple also, 
and so on ; also that for the half or two thirds of the piece we 
should have to pay only one half or two thirds of the whole price. 

According to what is here said, which all those, who understand 
the meaning of the terms, will readily admit, we see that if there 
be two pieces of the same cloth, the price of the second ought to 
contain that of the first, as many times as the length of the 
second contains the length of the first; and this circumstance is 
stated in saying, that the prices are in proportion to the lengths 
or have the same relation to each other as the lengths. 

This example will serve to establish the meaning of several 
terms which frequently occur. 

111. The relation of the lengths is the number, whether whole 
or fractional, which denotes how many times one of the lengths 
contains the other. If the first piece had 4 yards and the second 
8, the relation, or ratio, of the former to the latter would be 2, 
because 8 contains 4 twice. In the above example, the first piece 
had 13 yards and the second 18 ; the ratio of the former to the 
latter is then ||, or 1 y\. In genaral, the rehtion or ratio of two 
numbers is the quotient arising from dividing one by the other. 

As the prices have the same relation to each other, that the 
lengths have, 180 divided by 130 must give |f for a quotient, 
which is the case ; for in reducing ||| to its most simple terms, 
we get If. 

The four numbers, 13, 13, 130, 180, written in this order, are 
then such that the second contains the first as many times as the 
fourth contains the third, and thus they form what is called a 
proportion. 

We see also, that a progi^tion is the combination of two eqwd 
ratws. 
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We may observe, in this connexion, that a relation is not 
changed by multiplying each of its terms by the same number ; 
and this is plain, because a relation, being nothing but the quo- 
tient of a division, may always be expressed in a fractional form. 
Thus the relation |f is the same as |f $. 

The same considerations apply also to the second example. 
The courier, who went 5 leagues in 3 hours, would ^p twice as 
for in double that time, three times as far in triple that time ; 
thus 1 1 hours, the time spent by the courier in going 1 8 leagues 
and I, or V of a league, ought to contain 3 hours, the time re- 
quired in going 5 leagues, as often as Y contains 5. 

The four numbers 5, V) ^9 ^1) ^^ ^^^^ ^^ proportion ; and in 
reality if we divide Y ^J ^i we get ff , a result equivalent to y . 
It will now be easy to recognise ail the cases, where there may 
be a proportion between the four numbers. * 

113. To denote that there is a proportion between the num- 
bers 13, 18, 130, and 180, they are written thus, 

13 : 18 : : 130: 180, 
which is read 13 t5 <o 18 o^ 130 t^ to 180 ; that is, 13 is the same 
part of 18 that 130 is of 180, or that 13 is contained in 18 as 
many times as 130 is in 180, or lastly that the relation of 18 to 
13 is the same as that of 180 to 130. 

The first term of a relation is called the avtecedmt^ and the 
second the consequenL In a proporion there are two antecedents 
and two consequents^ viz. the antecedent of the first relation and 
that of the second ; the consequent of the first relation and that 
of the second. In the proportion 13 : 18 :: 130 : 180, the ante- 
cedents are 13, 130 ; the consequents 18 and 180. 

We shall in future take the consequent for the numerator, and 
the antecedent for the denominator of the fraction which ex- 
presses the relation. 

113. To ascertain that there is a proportion between the four 
numbers 13, 18, 130, and 180, we must see if the fractions || 
and Iff be equal, and to do this, we reduce the second to its most 
simple terms ; but this verification may also be made by con- 
sidering, that if, as is supposed by the nature of proportion, the 
two fractions || and ||J be equal, it follows that, by reducing 
them to the same denominator, the numerator of the one will be- 
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come equal to ihat of the other, and th!at, c^Qsequentlj, 18 multi- 
plied by 130 will give the same product as 180 by 13. This ift 
actually the case, and the reasoning by which it is shown, beiQg 
independent of the particular values of the numbers^ proves, 
that, if four numbers be in proportion, the product of the fir$t and 
last^ or of the two extremes^ is equal to the product of the second and 
thirds or of the two means. 

We see at the same time, that, if the four given numbers were 
not in proportion, they would not have the abovementioned pro* 
perty ; for the fraction, which expresses the first ratio, not being 
equivalent to that which expresses the second, the numerator of 
the one will not be equal to that of the other, when they are re* 
duced to a common denominator. 

114. The first consequence, naturally drawn from what has 
been said, is, that the order of the terms of a proportion may b^ 
changed, provided they be so placed, that the product of the ex- 
tremes shall be equal to that of the means* In the proportion 
13 : 18 : : ISO : 180, the following arrangements may be made; 

13 : 18 : : 130 : 180 

13: 130:: 18: 180 
180:130:: 18: 13 
180: 18:: 130: 13 

18 : 13 : : 180: 130 

18: 180: : 13: ISO 
130: 13:: 180: 18 
130 : 180 : : 13 : 18 

for in each one of these, the product of the extremes is formed of 
the same factors, and the product of the means of the same fac- 
tors. The second arrangement, in which the means have chang- 
ed places with each other^ is one of those that most frequently 
occur.* 



* It may be observed, that the proportion 13:130::18:180 
might have been at once presented under this form, according to the 
solution of the question In article 109 ; for the value of a yard of 
cloth may be ascertained in two ways, namely, by dividing the price 
of the piece of 13 yards by 13, or by dividing the price of 18 yards 
by 18 ; it follows then that the price of the first must contain 13 as 
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115* This change shows that we may either multiply or divide 
the two antecedents, or the two consequents, by the same nam** 
1)er, i^ithout destroying the proportion. For this change makes 
the two antecedents to constitute the first relation, and the two 
consequents, the second. If, for instance, 55 : 21 :: 165 : 63, 
e^^^ing the places of the means we should have, 

55: 165:: 31 :63; 
1^^ injght pow divide the terms, which form the first relation, by 
$,(in) which would give 11 : 33 : : 31 : 63, changing again the 
places of the nieans, wc should have 1 1 : 21 : : 33 : 63, a propor- 
tion which is true in itself, and which does not differ from the 
given proportion, except in having had its two antecedents 
divided by 5. 

116. Since the product of the extremes is equal to that of 
the means, one product may be taken for the other, and, as in di- 
viding the product of the extremes, by one extreme, we must ne- 
cessarily find the other as the quotient, consequently^ in dividing 
by one extreme the product of the meant, we shall find the other 
extreme. For the same reason, if we divide the product of the ex- 
tremes by one of the means, we shall find the other mean* 

We can then find any one term of a proportion, when we know 
the other three, for the term sought must be either one of the 
extremes or one of the means. 

The question of article (109) may be resolved by one of these 
rules. Thus, when we have perceived that the prices of the 
two pieces are in the proportion of the number of yards contain- 
ed in each, we write the proportion in this manner, 

13 : 18 : r 130 : x. 



many times as the price of the second contains 18 ; we shall then 
have 13 : 130 : : 18 : 180. We may reason in the same manner 
with respect to the 2ocl question in the article above referred to, as 
well as with respect to all others of the like kind, and thence derive 
proportions ; but the method adopted in article 109 seemed preferable, 
because it leads us to compare together numbers of the same denom- 
ination, whilst by the others we compare prices, which are sums of 
money, with yards, which are measures of length ; and this canoot 
be done without reducing them both to abstract numbers. 
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putting the letter k iDStead of the required price of 1 8 yards ; 
and we find the price, which is one of the extremes, by multiply- 
ing together the two means, 18 and 130, which makes 2340, and 
dividing this product by the known extreme, 13, we obtain, for 
the result, 1 80. 

The operation, by which, when any three terms.of a propor- 
tion are given, we find the fourth, is called the Ruk of Tkrttd 
Writers on arithmetic have distinguished it into several kinds, 
but this is unnecessary, when the nature of proportion and 
the enunciation of the question are well understood ; as a few 
examples will sufficiently show. 

117. A person having travelled 217,5 miles in 9 days; it is 
asked, how long he will be in travelling 423,9 miles, he being 
supposed to travel at the same rate. 

In this question the unknown quantity is the number of days, 
which ought to .contain the 9 days spent in going 217,5 miles, 
as many times as 423,9 contains 217,5 ; we thu& get the following 
proportion ; 

dayi 

217,5 : 423,9 : : 9 : x, and we find for x, 17,54 nearly. 

118. All the difiiculty in these questions consists in the man- 
ner of stating the proportion. The following rules will be suffi- 
cient to guide the learner in all cases. 

Among the four numbers which constitute a proportion, there 
^e two of the same kind, and two others also of the same kind, 
but difierent from the first two. In the preceding example, two 
of the terms are miles, and the other two, days. 

First, then, it is necessary to distinguish the two terms of 
each kind, and when this is done, we shall necessarily have the 
quotient of the greatest term of the second kind by the smallest 
of the same kind, equal to the quotient of the greatest term of the 
first kipd by the smallest of the same kind, which will give us 
this proportion ; 
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the smaller term of the iSrst kind 

• 

xa 

to the larger of the same kind 

as 

the smaller term of the second kind 

is 

to the larger of this kind. 

In the preceding example this rule immediately gives 

217,5 : 423,9 : : 9 : x, 

for the unknown term ought to be greater than 9, since a greater 
number of days will be necessary to complete a longer journey. 

119. If it were required to find how many days it would take 
27 men to perform a piece of work, which 15 men, working at 
the same rate, would do in 18 days; we see that the days should 
be less in proportion as the number of men is greater, and recip- 
rocally. There is still a proportion in this case, but the order of 
the terms is inverted ; for, if the number of workmen in the 
second set were triple of that in the first, they would require 
only one third of the time. The first number of days then 
would contain the second as many times, as the second number 
of workmen would contain the first. This order of the terms 
being the reverse of that assigned to them by the enunciation of 
the question, we say, that the number of workmen is in the 
invtrst ratio of the number of days. If we compare the two first 
and the two last, in the order in which they present themselves, 
the ratio of the former will be 3, or f, and that of the latter |, 
which is the same as the preceding with the terms inverted. 

It is evident, indeed, that we invert a ratio by inverting the 
terms of the fraction, which expresses it, since we make the an- 
tecedent take the place of the consequent, and the consequent 
that of the antecedent. | or 2 : 3 is the inverse of | or 3 : 2. 

The mode of proceeding in such cases may be rendered very 
simple ; for we have only to take the numbers denoting the two 
sets of workmen, for the quantities of the first kind, and the num- 
bers denoting the days, for those of the second, and to place the 
one and the other in the order of their magnitude ; preceding 
thus we have the following proportion, 

AritK 14 
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15 : 97 : : X : 18, 

from which we immediately find x equal to 10. 

Recapitulating the remarks already given, we have the fol* 
lowing rule ; make the number which is of the same kind zoith 
the answer the third term, and the two remaining ones the first 
and second^ putting the greater or the less firstj according as the 
third is greater or less than the term sought ; then the fourth term 
will be found bj/ mulHplyif^ together the second and third, and 
dividing the product by the first* « 

120. 1st. A man placed 3575 dollars at interest at the rate of 
5 per cent yearly ; it is asked what will be the interest of this 
sum at the end of one year ? 

The expression, 5 per cent, interest, means, that for a sum'of 
one hundred dollars, 5 dollars is allowed at the end of a year ; 
if then we take the two principals for the quantities of the first 
kind, and the interest of those for the second, we shall have, 

100 : 3575 : : 5 : ap, 

a proportion which may be reduced to 30 : 3575 :: 1 :«, ac- 
cording to the observation in article 115 ; then dividing the two 
terms of the first relation by 5, we shall have 4 : 715 : : 1 : x, 
whence x is equal to '^i*, or |1 78,75 cts. 

We may also resolve this question by considering that 5 is /^ 
of 100, and that consequently we shall obtain the interest of any 
sum put out at this rate by taking the twentieth part of this sum. 
Now fV <>f (3575 is }1 78,75 ; a result which agrees with the one 
before found. 

3d. A merchant gives his note for |800,00 payable in a year; 
the note is sold to a broker, who advances the money for it 8 
moothfl before the time of payment ; how much ought the broker 
to give ? 

As the broker advances, from his own funds, a sum which is 
not to be replaced till the expiration of 8 months, it is proper 
that he should be allowed interest for his money during this 
time. 

Let the interest for a year be 6 per cent, the interest for 8 
iponths will be rV or |, of 6, or 4 ; a sum then of 100 doUan, 
lent for 8 months, must be entitled to 4 dollars interest; that is, 
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he who borrows it ought to return }104. By considering the 
{800, as a sum so returned for what is advanced by the broker, 
we shall have this proportion, 104 : 100 : : 800 : x, whence we 
get |769,2St for the value of x^ that is, for the sum the broker 
ought to give.* 



Questions for practice* 

What is the value of a cwt. of sugar at 5|d. per lb. ? 

^ru. 2/. lis. 4d. 
What is the value of a chaldron of coals at ll^d. per bushel? 

Ans, 11. 14s. 6d. 
What is the value of a pipe of wine at lOJd. per pint? 

Am. 44/. 2s. 
At 3/. 9s. per. cwt. what is the value of a pack of wool, 
weighing 2c wt. 2qrs. 13lb. Ans. 91. 6d. tVt* 

What b the value of l^cwt. of coffee at 5|d. per ounce? 

Ans. 61/. 125. 
Bought 3 casks of raisins, each weighing 2cwt. 2qrs. 25lb. 
what will they come to at 21. Is. 8d. per cwt. ?^ 

Ans. 1 7/. 4|d. yVi- 
What is the value of 2qrs. Inl. of velvet at 19s. 8^d. per 
English ell? Ans. 8s. lO^d. i^. 

Bought 12 pockets of hops, each weighing Icwt. 2qrs. 17lb. ; 
what do they come to at 4/. Is. 4d. per. cwt.? 

Ans. 601. 12s. l^d. WV 
What is the tax upon 745/. 14s. 8d. at 3s. 6d. in the pound? 

Ans. 130/. 10s. Ofd. ^W 



t A sum^thus advanced, is called the present vforth of the siim due 
at the expiration of the proposed time. 

* The operation by which we find what ought to be given for a 
sum of money, when the time of payment is anticipated, belongs to 
what is called Discount. There are several ways of calculating 
discount, but the above is the most exact, as it has regard merely to 
simple interest. 
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* 

If f of a yard of velvet cost 7s. 3d. how many yards can I 
buy for 13/. 15s. 6d. ? Ans. 2^ yards. 

If an ingot of gold, weighing 9lb. 9oz. 12dwt. be worth 41 1/. 
12s. what is that per grain? Ans. IJd. 

How many quarters of corn can I buy for 140 dollars at 4s. 
per bushel ? Ans. 26qrs. 2bu. 

Bought 4 bales of cloth, each containing 6 pieces, and each 
• piece 27 yards, at 16/. 4s. per piece , what is the value of the 
whole, and the rate per yard ? 

Ans. 388/. 16s. at 12s. per yard. 
If an ounce of silver be worth 5s. 6d. what is the price of a 
tankard, that weighs lib. lOoz. lOdwt. 4gr. 

Ans. el. 3s. D^d. j\%. 
What is the half year's rent of 547 acres of land at 15s. 6d. 
per acre? Ans. 211/. 19s. 3d. 

At $1,75 per week, how many months' board can I have for 
100/. ? Ans. 47m. 2w.tSV 

Bought 1000 Flemish ells of cloth for 90/. how must I sell it 
per ell in Boston to gain 10/. by the whole f Ans. 3s. 4d. 

If a gentleman's income is 1750 dollars a year, and he spends 
19s. 7d. per day, how much will he have save4 at the year's 
end.^ Ans. 167/. 12s. Id. 

\ What is the value of 172 pigs of lead, each weighing 3cwt. 
2qrs. 17ilb. at 8/. 17s. 6d. per fother of 19^cwi ? 

Ans. 286/. 4s. 4^d. 
The rents of a whole parish amount to 1750/. and a tax is 
granted of 32/. 16s. 6d. what is that in the pound ? 

Ans. 4^d. 7 ^0 0^6 '* 
If keeping of one horse be ll^d. per day, what will be that of 
11 horses for a yeari^ Ans. 192/. 7s. 8Yd. 

A person breaking owes in all 1490/. 5s. lOd. and has in 

money, goods, and recoverable debts, 784/. 17s. 4d. if these 

things be delivered to his creditors, what will they get on the 

pound ? Ans. 10s. 6id. liHf • 

J What must 40s. pay towards a tax, when 652/. 13s. 4d. is as- 

' sessed at 83/. 12s. 4d. ? Ans. 5s. l^d. iifH. 

Bought 3 tuns of oil for 151/. 14s. 85 gallons of which being 
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damaged, I desire to know how I may sell the remainder per 
gallon, so as neither to gain nor lose by the bargain ? 

Ans. 4s. e^d. ^. 

What quantity of water must I add to a pipe of mountain wine, 
valued at 33Z. to reduce the first cost to 4s. 6d. per gallon ? 

Ans, 20| gallons. 

If 15 ells of stuff, j; yard wide, cost 37s. 6d. what will 40 ells 
of the same stuff cost, being a yard wide f Arts. 61, 13. 4d. 

Shipped for Barbadoes 500 pairs of stockings at 3s. 6d. per 
pair, and 1650 yards of baize at Is. 3d. per yard, and have re- 
ceived in return 348 gallons of rum at 6s. 8d. per gallon, and 
7501b. of indigo at Is. 4d. per lb. what remains due upon my 
adventure? Ans, 241. 12s. 6d. 

If 100 workmen can finish a piece of work in 12 days, how 
many are sufficient to do the same in 3 days ? Ans* 400 men. 

How many yards of matting, 2rt. 6in. broad, will cover a floor^ 
that is 27ft. long, and 20ft. broad. Ans. 72 yards. 

How many yards of cloth, 3qrs. wide, are equal in measure to 
30 yards 5qrs. wide ? Ans. 50 yards. 

A borrowed of his friend B 250/. for 7 months, promising to 
do him the like kindness ; sometime after B had occasion for 
300/. how long may he keep it to receive full amends for the 

« 

favor f Ans. 5 months and 25 days. 

If, when the price of a bushel of wheat is 6s. 3d. the penny 
loaf weigh Ooz. what ought it to weigh when wheat is at 8s. 27d. 
per bushel f Ans, 6oz. 13dr. 

If 4^cwt. can be carried 36 miles for 35 shillings, how many 
pounds can be carried 20 miles for the same money ? 

Ans. 9071b. ^. 

How many yards of canvass, that is an ell wide, will line 20 
yards of say, that is 3qrs wide ? Ans. 12yds. 

If 30 men can perform a piece of work in 11 days, how many 
men will accomplish another piece of work, 4 times as large, in a 
fifth part of the time ? Ans. 600. 

A wall that is to be built to the height of 27 feet, was raised 9 
feet by 12 men in 6 days ; how many men must be employed to 
finish the wall in 4 days at the same rate of working ? 

» Ans, 36. 
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Tf foz. cost ^L what will loz. cost ? An$. ll. 5s. 8d. 

If -^ of a ship cost 273{. 3s. 6d. what is isnr of her wonh ? 

Ans. 221U 12s. Id. 

At 1^1. per cwt. what does 3^1b. come to ? Am. lOfd. 

If f of a gallon cost i/. what will |^ of a tun cost. Atu. 1402. 

A persoti having f of a coal mine, sells -f of his share for 
1712. what is the whole mine worth ? Arts* 3602. 

If, when the days are ISf hours long, a traveller perform his 
journey in 35^ days ; in how many days will he perform the 
same journey, when the days are 1 li^ hours long ? 

Ans. 40fi4 ^ays. 

A regiment of soldiers, consisting of 976 men, are to be new 
clothed, each coat to contain 2^ yards of cloth, that is Ifyd. 
wide, and to be lined with shalloon, l-yd. wide ; how many yards 
of shalloon will line them ? Ant. 4531yds< Iqr. 2fnl. 



Compound Proportion. 

131. Proportion is also applied to questions, in which the re- 
lation of the quantity required, to the given quantity of the same 
kind, depends upon several circumstances, combined together ; it 
is then called Compound Proportion^ or Double Rule of Thru, 
See some examples. 

It is required to ^nd ,how many leagues a person would go 
in 1 7 days, travelling 10 hours in a day, when he is known to have 
travelled 112 leagues, in 29 days, employing only 7 hours a day. 

This question may be resolved in two ways, we will first give 
the one that leads to Compound Proportion. 

In each case, the number of leagues passed over depends ujMn 
two circumstances, namely, the number of days the man travels, 
and the number of hours he travels in each day. 

We will not at first consider this latter circumstance, but sup- 
pose the number of hours be the same in each case ; the ques- 
tion then will be ; a person in 29 day^ travels 1 1 3 leagues, how 
many mil he travel in 17 days ? This will furnish the following 
proportion ; 

29: 17:: 112: a;. 
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The fourth term will be equal to 112 multiplied by 17 and di* 
vided by 29, or ^ H ^ leagues. 

Now, to take into coDsideration the number of hours, we must 
say, if a person travelling 7 hours a day, for a certain number of 
days, has travelled ^H^ leagues, how far will he go in the same 
time, if he travel 10 hours a day f This will lead to the follow- 
ing proportion, 

7 ; 10 : : -4^ : a?, 

which gives for the fourth term, or answer, 93,793 leagues 
nearly. 

The question may also be resolved by observing, that 29 days^ 
travelling at 7 hours a day, is equal to 203 hours^ travelling ; 
and that 17 days, at 10 hours a day, amounts to 170 hours; the 
problem then is reduced to this proportion, 

203 : 170 :: 112 z x, 

by which we find the distance he ought to travel in 170 hours^ 
according to what he performed in 203 hours. 

We see by the first mode of resolving the question, that 112 
leagues has to the fourth term or answer, the same proportion, 
that 29 days has to 17, and that 7 hours has to 10; stating this 
in the form of a proportion, we have 

by which it appears, that 112 is to be multiplied by both 17 and 
10, and to be divided by both 29 and 7 ; that is, 1 12 is to be mul- 
tiplied by the product of 17 by 10, and divided by the product 
of 29 by 7, which is the same as the second method of resolving 
the question. 

122. Again, if 9 labourers, working 8 hours a day, have 
spent 24 days in digging a ditch 65 yards long, 13 wide, and 5 
deep, how many days will it take 71 labourers of equal ability, 
working 11 hours a day, ta dig a ditch 327 yards long, 18 
broad, and 7 deep? 

Here is a question very complicated in appearance, but whicb 
may be resolved by proportion. 

If all the condition of tbefte two cases were alike^ except the 
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number of men and the number of days, the question would con- 
sist only in finding in how many days 71 men would perform the 
work, which 9 men have done in 24 days; we should have then, 

71 : 9 : : 24 : a:, 

but instead of calculating the number of days, we will only indi- 
cate as in article 82, the numbers to be multiplied together, and 
place as a denominator those by which they are to be divided ; 
we thus have for x days, 

24 by 9 

But as the first labourers worked only 8 hours a day, while the 
others worked 11, the number of days required by the latter will 
be less in proportion, which will give 

„ Q 24 by 9 

11 : 8 : : ^ — : x; 

71 ' 

whence we conclude that the number of days, in this case, is 

24 by 9 by 8 
71 by 11 

This number is that of the days necessary for 71 labourers, 
working 1 1 hours a day to dig the first ditch. 

The ditches being of unequal length, as many more days will 
be necessary, as the second is longer than the first, thus we shall 
have 

Air Qo^ 24 by 9 by 8 

65 : 327 : : ^^ — : x. 

71 by 11 ' 

and the number of days, this new circumstance being consider- 
ed, will be 

24 by 9 by 8 by 327 
71 by 11 by 66 

Taking into consideration the breadths, which are not alike, 
we have 

71 by 11 by 66 ' 

and, consequently, the number of days requu*ed changes to 

24 by 9 by 8 by 327 by 18 
71 by 11 by 66 by 13 * 
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IcAstly, the depths being difl^rent, we haye 
fi. 7., g4 by 9 by 8 by 327 by 18 

71by 11 by 65by 13 ' 

and the number of days, resulting from the concurrence of all 
these circumstances, is 

24 by 9 by 8 by 327 by 18 by 7 
71 by 11 by 65 by 13 by 6 * 
Performing the multiplications and divisions, we get the answei: 
required, 21 days |||^^|}. 

123. This number is equal to 24 multiplied by the fractional 
quantity 

9 by 8 by 327 by 18 by 7 
71 by 11 by 65 by 13 by 6' 
but this last quantity, which expresses the relation of the num- 
ber of days given, to the number of days required, is itself the 
product of the following fractions ; 

• t 3S 7 1 8 7 

Now going back to the denominations given to these numbers in 
the statement of the question, we see that these fractions are the 
ratios of the men and the hours, of the lengths, the breadths, and 
the depths of the two ditches ; hence it follows, that the ratio of 
the number of days given, to the number of days sought, is equal 
to the product of all the ratios, which result from a comparison 
of the terms relating to each circumstance of the question. 

This may be resolved in a simple manner by first finding the 
value of each, of these ratios; for, by multiplying together the 
fractions that express them, we form a fraction which represents 
the ratio of the quantity required to the given quantity of the 
same kind. 

This fraction, which will be the product of all the ratios in the 
question, will have for its numerator the product of all the ante- 
cedents, and for its denominator, that of all the consequents. A 
ratio resulting, in this manner, from the multiplication of sever- 
al others, is called a conq)oiind ratio. 

By means of the fractional expression 

9 by 8 by 327 by 18 by 7 
71 by 11 by 66 by 13 by 6' 
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and the given number of days, 24, we make the followingcjx'o- 
portion ; 

71 by 11 by 65 by 13 by 6 : 9 by 8by 327by 18 by7 :: 24:x, 
which may also be represented in this manner, as was the pre- 
ceding example ; 



24 :$:. 



71 ; 


: 9^ 


11 : 


8 


65 : 


i327 y 


13: 


: 18 


5^ 


7j 



Our remarks may be summed up in this rule; Make the number 
which is of the same kind with the required answer^ the third term ; 
and of the remaining numbers^ take any two that are of the same 
kind^ and place one for a first term and the- other for a second term 
according to the directions in simple proportion ; then any other two 
of the same krnd^ and so 07i, till all are %ised ; lastly^ muWply the 
third term by theprodiict of the second terms, and divide the result 
by the product of the first terms, and the qtiotient will be the fourth 
term, or answer required* 

Examples for practice* 

If 100/. in one year gain 51. interest, what will be the interest 
of 750/. for 7 years ? Ans. 262/. 10s. 

What principal will gain 262/. lOs. in 7 years, at 5/. per cent. 
per annum ? Ans. 750/. 

If a footman travel 130 miles in 3 days, when the days are 12 
hours long; in how many dayS) of 10 hours each, may he travel 
360 miles? ' Ans. d^f 

If 120 bushels of com can serve 14 horses 56 days ; how many 
days will 94 bushels serve 6 horses ? Ans. 102|{ days. 

If 7oz. 5dwU of bread be bought at 4|d. when corn is at 4s. 
2d. per bushel, what weight of it may be bought for Is. 2d. when 
the price per bushel is 5s. 6d.? Ans» lib. 4oz. 3^||dwt. 

If the transportation of 13cwt. Iqr. 72 miles be 2/. 10s. 6d. 
what will be the transportation of 7cwt. 3qr3. 112 miles? 

Ans. 2/. 6s. lid. lyYTq* 

A wall, to be built to the height of 27 feet, was raised to the 
height of 9 feet by 1 2 men in 6 days ; how many men must be 
employed to finish the wall in 4 days at the same rate of work- 
ing ? Ans. 36 men. 
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If a regiment of soldiers, consisting of 939 men, consume 351 
quarters of wheat in 7 months ; how many soldiers will consume 
1464 quarters in 5 months, at that rate? Am. 5483yV7* 

If 248 men, in 5 days of 11 hours each, dig a trench 230 
yards long, 3 wide, and 2 deep ; in how many days of 9 hours 
in length, will 24 men dig a trench of 420 yards long, 5 wide, 
and 3 deep? Am. 288/^%. 

Fellowship. 

124. The object of this rule is to divide a number into parts, 
which shall have a given relation to each other ; we shall see in 
the following example its origin, and whence it has its name. 

Three merchants formed a company for the purpose of trade ; 
the first advanced 25000 dollars, the second 18000, and the third 
42000 ; after some time they separated, and wished to divide the 
joint profit, which amounted to 57225 dollars ; how much ought 
each one to have ? 

To resolve this question we must consider, that each man's 
gain ought Ho have the same relation to the whole gain, as the 
money he advanced has to the whole sum advanced ; for he who 
furnishes a half or third of this sum, ought plainVy to have ^ 
half or third of the profit. In the present example, the whole 
sum being 85000 dollars, the particular sums will be respec* 
tively mih UUh mn ^f it ; and if we multiply these 
» fractions by the whole gain, 57225, we shall obtain the gain ber 
longing to each man. It is moreover evident, that the sum of 
the parts will be equal to the whole gain, because the sum of the 
above fractions, having its numerator equal to its denominator, 
is necessarily an unit. 

We have therefore these propositions ; 

$ $ $ 

85000 : 25000 : : 57225 : to the first man^s gain, 
85000 : 18000 : : 57225 : to the second man's gain, 
85000 : 42000 : : 57225 : to the third man's gain, 

which may be enunciated thus ; 

The whole sum advanced : to each man's particular sum : : the 

whole gain : to each man's particular gain. 
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By simplifying the first ratio of each of these pnoportioiia we 

have 

$ 
85 : 25 : : 57235 : to the gab of the V^ or j(16830}|, 

85 : 18 : : 57225 : to the gain of the 2<>* or j(121 ISf^, 

85 : 42 : : 57225 : to the gain of the 3^ or |28275||, 

If all the sums advanced had been equal, the operation wouM 
have been reduced to dividing the whole gain by the number of 
sums advanced; we may reduce the question to this in the 
present case by supposing the whole sum^ ^85000, divided into 
85 partial sums, or stocks of ^lOOO each ; the gain of each of 
these sums will evidently be the 85^ part of the whole gain ; and 
nothing remains to be done, except to multiply this part severally 
by 25, 18, and 42, considering the sums 25000, 18000, and 42000 
as the amounts of 25 shares, 18 shares, and 42 shares* 

In commercial language the money advanced is called the 
capital or stock, and the gain to be divided, the dividend* 

The following question is very similar to that just resolved. 

125. It is required to divide an estate of 67250 dollars among 
3 heirs, in such a manner, that the share of the second shall be 
I of that of the first, and the share of the third | of that of the 
second. 

It is plain that the share of the third, compared with that of the 
first, will be I of I of it, or /^ ; then ^ the three parts required 
will be to each other in the proportion of the numbers 1, f and 
Z^. Reducing these to a common denominator, we find them 
1 79 779 ^^^ tV) ^^^ ^^^^ ^^^ three numbers 20, 8, and 7, whicb 
are proportional to the first,; but as their sum is 35, it is plain, 
that if we take three parts expressed by the fractions |{, /,, 
and -^j, they will be in the required proportion. The question 
will then be resolved by taking ||, then 7'j,and then /p of 67250 
dollars, which will give the sums due to the heirs, according to 
the manner prescribed, namely ; 

}38428|f, $l5Sim, and (13450. 

126. Again, there are two fountains, the first of which will 
fill a certain reservoir in 2\ hours, and the i»econd will fill the 
same reservoir in 3f Jhours ; how much time will be required to 
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fill the reaenroir, by means of both fpuntaiDs running at the same 
time? 

We must first ascertain what part of the reservoir will be filled 
by the first fountain in any given time, an hour for instance. It 
is evident that, if we take the content of the reservoir for unity, 
we have only to divide 1 by 2|, or f , which gives us f for the 
part filled in one hour by the first fountain. In the same man- 
ner, dividing 1 by 3|, or y , we obtain W for the part of the 
reservoir filled in an hour by the second fountain ; consequently, 
the two fountains, flowing together for an hour, will fill f added 
^o tV» ^^ f l^f ^^^ reservoir. If we now divide 1, or the con- 
tent of the reservoir, by f|, we shall obtain the number of 
hours necessary lor filling it at this rate ; and shall find it to be 
II or an hour and an half, « * 

Authors who have written upon arithmetic, have multiplied and 
varied these questions in many ways, and have reduced to rules 
the processes which serve to resolve them; but this multiplica- 
tion of precepts is, at least, useless, because a question of the 
Jond we have been con^dering may always be solved with facil- 
ity by one who perceives what follows from the enunciation , 
especially when he can avail himself of the aid of algebra ; we 
shall therefore proceed to another subject. 

137« Besides the proportions composed of four numbers,one of 
the two first of which contains the other as many times as the 
correspoBdiog one of the two last contains the other ; it has been 
* usual to consider as such the assemblage of four numbers, such 
as 2, 7, 0, 14, of which one of the two first exceeds the other as 
much as the caireBpoDdiiig one of the twolast exceeds the other. 

These dMinbers, which may be criled tquidiffereni^ possess a 
remaikable property, analogoiis to that of proportion ; for the sum 
ef the extreme terms, 2 and 14, is equal to the sum of the means 
7 and 9.* 



* The ancients kept the theory of proportions very distinct from 
the operations of arithmetic. Euclid gives this theory in the fifth 
book of his elements, and as he applies the proportions to lines, it is 
apparent, that we thence derive the name o{ geometrical proportion ; 
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To show this propeily to be general, we must observe, that the 
second term is equal to the first increased by the difference, and 
(hat the fourth is equal to the thu*d increased by the difference ; 
hence it follows, that the sum of the extremes, composed of the 
first and fourth terms, must be equal to the first increased by the 
third increased by the difference. Also, that the sum of the 
means, composed of the second and third terms, must be equal 
to the first increased by the difference increased by .the third 
term ; these two sums, bebg composed of the same parts, must 
consequently be equal. > 

We have gone on the supposition, that the second and fourth 
terms were greater than the first and third ; but the con- 
trary may be the case, as in the four numbers 8, 5, 15, 13; the 
second term will be equal to the first decreased by the difference, 
and the fourth will be equal to the third decreased by the differ* 
ence. By changing the word increased into decreased, in the 
preceding reasoning, it will be proved that, in the present 
case, the sum of the extremes is equal to that of the means. 

We shall not pursue this theory of equidiffercnt numbers fur- 
ther, because, at present, it can be of no use. 

Questions for practice* 

A and B have gained by trading j(182. A put into stock 
jt300 and B ^400 ; what is each person's share of the profit ? 

Ans. A $7B and B |104. 

and that the name of arithmetical proportion was glyen to an assem- 
blage of equldifferent numbers, which were not treated of till a much 
later period. These names are very exceptionable ; the word propor- 
tion has a determinate meaning, which is not at all applicable to 
equldifferent numbers. Besides, the proportion called geometrical is 
not less arithmetical than that which exclusively possesses the lattei* 
name. M. Lagrange, in his Lectures at the Normal school, has pro- 
posed a more correct phraseology, and I have thought proper to 
follow hi3 example. 

Equidifference, or the assemblage of four equldifferent numbers, 
or arithmetical proportion, is written thus ; 2.7:9.14. 

Among English writers the following form is used ; 

2 . . 7 : : 9 . . 14. 
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Divide^l30 between three persons, so that their shares shall 
be to each other as 1,2, and 3, respectively. 

Ans. $20, $40, and 60. 

Three persons make a joint stock. A puts in }1 85,66, B 
|98,50, and C $76,85 ; they trade and gain $222 ; what is each 
person's share of the gain ? 

Ans. A $lU,njj\\j, B $60,57^VtVti and C 47,25HHf- 

Three merchants, A, B, and C, freight a ship with 340 tuns of 
wine; A loaded 110 tuns, B 97, and C the rest. In a storm the 
seamen were obliged to throw 85 tuns overboard ; ho^ much* 
must each sustain of the loss ? 

Ans. A 27^, B 24|, and C 33^. 

A ship worth $860 being entirely lost, of which | belonged to 
A, i to B, and the rest to C ; what loss will each sustain, sup- 
posing $500 of her to be insured ? 

Ans. A $45, B $90, and C $225. 

A bankrupt is indebted to A $277,33, to B $305,17, to C 
$152, and to D $105. His estate is worth only $677,50; how 
must it be divided ? Ans. A $223,8 lf|||, B $246,28/7V;9 

C $122,661111, and D $84,73|||{. 

A and B, venturing equal sums of money, clear by joint trade 
$154. By agreement A was to have 8 percent* because he 
spent his time in the execution of the project, and B was to have 
only 5 per cent. ; what was A allowed for his trouble ? 

Ans. 35,53f(. 

Three graziers hired a piece of land for $60,50. A put in 5 
sheep for 4^ months, B put in 8 for 5 months, and C put in 9 
for 6^ months ; how much must each pay of the rent ? 

Ans. A $11,25, B $20, and C $29,25. 

Two merchants enter into partnership for 18 months; A put 
into stock at first $200, and at the end of 8 months he put in 
$100 more; B put in at first $550, and at the end of 4 months 
took out $140. Now at the expiration of the time they find they 
have gained $526 ; what is each man's just share ? 

Ans. A's $192,95t}|t, B's $333,04 |H J- 

A, with a capital of $1000, began trade January 1, 1776, and 
meeting with success in business he took in B a partner, with a 
capital of $1500 on the first of March following. Three months 
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after that they admit C as a third partoer, who brought into 
the stock $2800 ; and after U*ading together till th^ first of the 
next year, they find, the gain, since A commenced business, to be 
^1776,50. How must this be divided among the partners? 

Jln$. A^s $457,40}|f 
B's 571,83f|} 
C's 747,1 9|J|. 

Alltgatian. 

138. We shall not omit the rule<tf alligation, the object of 
which is to find the mean value of several things of the same 
kind, of several values; the follows examples will sufficiently 
illustrate it. 

A wine merchant bought several kinds of wine, namely ; 
130 bottles which cost him 10 cents each, 
75 at 15 

S31 at 19 

27 at 90 

he afterwards mixed them together ; it is required to ascertain 
the cost of a bottle of the mixture. It will be easily perceived, 
that we have only to find the whole cost of the mixture and the 
number of bottles it contains, and then to divide the first sum 
by the second, to obtain the price required. 

Now, the 130 bottles at 10 cents cost 1300 cents 
75 at 15 cost 1135, 

231 at 12 cost 2772, 

27 at 20 cost 540, 

then 463 bottles cost 5737 cents. 

5737 divided by 46%gives 12,39 cents, the price of a bottle of 

the mixture. 

The preceding rule is also used *for finding a mean of difi*ej> 
ent results, given by experiment or observation, which do not 
agree with each other. If for instance, it were required to 
know the distance between two points considerably removed 
from each other, and it had been measured ; whatever care 
might have been used in doing this, there would always be a 
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little uncertainty in the result, on account of the errors inevita- 
bly committed by the manner of placing the measures one after 
the other. 

We will suppose that the operation has been repeated several 
times, in order to obtain the distance exactly, and that twice it 
has been found 3794yd8* 2ft., that three other measuredients have 
given S795yds. 1ft., and a third 3793yds. As these numbers are 
not alike, it is evident that sum must be wrong, and perhaps all. 
To obtain the means of diminishing the error, we reason thus ; 
if the true distance had been obtained by each measurement, the 
sum of the results would be equal to six times that distance, and 
it is plain that this would also be the case, if some of the results 
obtained were too little, and others too great, so that the increase, 
produced by the addition of the excesses, should make up for 
what the less measurements wanted of the true value. We 
should then, in this last case, obtain the true value by dividing 
the sum of the results by the number of them. 

This case is too peculiar to occur frequently, but it almost al- 
ways happens, that the errors on one side destroy a part of those 
on the other, and the remainder, being equally dif kled among 
the results, becomes smaller^according as the number of results 
b greater. 

According to these consideratwns we shall proceed as follows *, 



yds. ft. 

We take twice 3794 2 


or 


ft. 
7589 1 


yds. ft, 

3 times 3795 1 


or 


11386 


yds. 

once 3793 

• 


or 


3793 



6 results, giving in all 22768^ 1 . 

Dividing 22768yd8, 1ft. by 6, we find the mean value of the 
required distance to be 3794yds. 2ft. 

129. Questions sometimes occur, which are to be solved by a 
method, the reverse to thai above given. It may be required, 
for example, to find what quantity of two difierent ingredients it 
would take to make a mixture of a certain value. It is evident, 
that if the value of the mixture requited exceeds that of one of 
the ingredients just as much as it falls short of that of the other, 
we should take equal quantities of each to make the compound. 

Arith. 16 
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So also, if the value of the mixture exceeded that of one twice as 
much as it fell short of that of the other, the proportion of the 
ingredients would be as one half to one. To mix wine at $^ per 
gallon with wine at ^, so that the compound shall be worth 
$2,50, we should take, equal quantities, ot quantities in the 
proportion of 1 to 1. If the mixture were required to be worth 
$2,66}, the quaatities would be in the proportion of ^ to 1, or of 

^— to -— - ; and, generally, the nearer the mixture rate is to 

that of one of the ingredients, the greater must be the quantity of 
this ingredient with respect to the other, and the reverse ; hence^ 
To find the proportion of two it^redienis of a given value, neces'^ 
sary, to constitute a compound of a required value, make the differ^ 
ence between the value of each ingredient and tiiat of tiu compound 
the denominator if a ffftcUon, whose numerator is one, and these 
fractions will express the proportion required; and being reduced 
to a common denominator, the' numerators will express the same 
proportion, or show what quantity of each ingredient is to be 
' taken to make the required compound. 

When the. compound is limited to a certain quantity, the pro- 
portion of the ingredients, corresponding to it, may be found by 
saying ; as the whole quantity, found as above, is to the quantity 
required, so is each part, as obtained by the rule, to the required 
quantity of each. 

Let it be required, for example, to mix wine at 5s. per gallon 
and 8s. per gallon, in such quantities that there may be 60 gal- 
lons woith 6s. per gallon. The diiTerence between Ss. and 5s« 
is I, and between 6s. and Ss. is 2, giving for the required quan- 
tities the ratio of | to |, or 2 to 1 ; thus, taking x equal to the 
quantity at 5s. and y equal to the quantity at 8s. we have these 
proportions ; 3 : 60 : : 2 : x, and 3 : 60 : : i : t/, giving, ibr the 
answer, 40 gallons at ds. and 20 gallons at Ss. per gallon. 

Also, when one of the ingredients is limited, we may say ; as 
the quantity of the ingredient found as above, is to the required 
quantity of the same, so is the quantity of the other ingredient 
to the proportional part required. 

For example, I would know how many gallons of water at 
Os. per gallon, I must mix with thirty gallons of wine at 6s. per 



gallon, so that the compound may be worth 5s. per gallon. First, 
the difference between Os. and 58. is 5 ; and the difference be- 
tween 6s« and 5s* is 1 ; the quantity of water therefore will be to 
that of the wine, as | to |, or as 1 to 5. Then, from this ratio, 
Ture institute the proportion, 5 : 30 : : 1 : d?, which gives 6, for the 
number of gallons required. 

As we have found the proportion of two ingredients necessary 
to lorm a compound of a required value, so also we may con- 
sider either of these in connexion with a third, with a fourth, 
and so on, thus making a compound of any required value, con- 
sisting oT any number whatever of simple ingredients. The two 
ingredients used, however, must always be, one of a greater and 
the other of a less value, than that of the compound required. 

A grocer would mix teas at 12s. and 10s. with 40lb. at 4s. per 
pound, in such proportions that the composition shall be worth 8s. 
per lb. If he mix only two kinds, the one at 4s. and the other at 
10s, their quantities will be in the ratio of J to J, or 1 : 2 ; and 
if he mix the tea at 4s. also with that at 12s. their ratio will be 
that of i to j, or of 1 to 1. Adding together the proportions of 
the ingredient, which is taken with each of the others, we find 
the several quantities, at 4s. 10s. and 12s* to be as 2, 2, and 1. 
And taking ^ for the number of lbs. at 10s. and y for the quan- 
tity at 1 2s. we have the following proportions ; 

2 : 40 : : 2 : X ; and 2 : 40 : : 1 : y ; 
giving, for the answer, 40lb. at 10s. and 201b. at 12s. per pound. 

The problems of the two last articles are generally distin- 
guished by the names of alligation medial^ and alligation alter- 
nate. A full explanation of the latter belongs properly to algebra. 

Examples. 

A composition being made of 51b» of tea at 78. per pound, 91b. 
at 8b. 6d. per pound, and 14^1b. at Ss. lOd. per pound ; what is 
a pound of it worth ? Ans. 6s. lOjd. 

How much gold, of 15, of 17, and of 22 carats* fine, must b« 
mixed with doz. of 18 carats fine, so that the coropositioD may be 
20 carats fine ? Ans. 5oz. of 15 carats fine, 5 of 17, and 25 of 22. 

t A carat is a twenty-fourth part ; 22 carats fine means }} of pnre 
metal. A cai^t is also divided into four parts, called grains of a carat* 
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. Miscdlaneoui Quetiumifor practiu. 

What number, added to the thirty-first part of 3813, will make 
the sum 200 ? Ans. 77. 

The remainder of a division is 325, the quotient 467, and the 
divisor is 43 more than the sum of both ; what is the dividend ? 

Ans. 390270. 

Two persons depart from the same place at the same time ; 
the one travels 30, the other 35 miles a day ; how far are they 
distant at the end of 7 days, if they travel both the same road ; 
and how far, if they travel in contrary directions f 

Ans. 35, and 455 miles. 

A tradesman increased his estate annually by 1002. more than 
•^ part of it, and at the end of 4 years found that his estate 
amounted to 10342^ 3s. 9d. What had he at first ? 

Ans. AOQOl 

Divide 1200 acres of land among A, B, and C, so that B may 
have 100 more than A, and C 64 more than B. 

Ans. A 312, B 412, and C 476. 

Divide 1000 crowns ; give A 120 more, and B 95 less, thain C. 

Ans. 445, B 230, C 325. 

What sum of money will amount to 132/. 16s. 3d. in 15 months, 
at 5 per cent, per annufoo, simple interest ? Ans. 1252. 

A father divided his fortune among his sons, giving A 4 as 
often as B 3, and C 5 as often as B 6 ; what was the whole 
legacy, supposing A's share 5000/. ? Ans. 11875/. 

It 1000 men, besieged in a town with provisions for 5 weeks, 
each man being allowed 16os. a day, were reinforced with 500 
men more i on hearing, that they cannot be relieved till the end 
of 8 weeks, how many ounces a day must each man have, that 
the provision may last that time ? Ans. &| • 

What number is that, to which if i of f be added, the sum 
will be 1 f Ans. U- 

A father dying left his son a fortune, ■}• of which he spent in 8 
months; -f of the remainder lasted him twelvemonths longer; 
after which he had only 410/. left. What did his father bequeath 
him ? Ans. 956/. 13s. 4d. 
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A guardian paid his ward 3500b4br 2500Z. which he had in 
his hands 8 years. What rate of interest did he allow him ? 

Ans, 5 per cent« 

A person, being asked the hour of the day, said, the time past 
noon is equal to -J- of the time till midnight. What was the^time f 

Ans. 20min. past 5. 

A person looking on his watch, was asked, what was the time 
of the day ; he answered, it is hetween 4 and 5 ; hut a more 
particular answer being required, he said, that the hour^ and 
minute hands were then exactly together. What was the time I 

Ans. 21-]^ min. past 4. 

With 12 gallons of Canary, at 6s. 4d. a gallon, 1 mixed IS 
gallons of white wine, at 48. lOd. a gallon, and 12 gallons, of 
cider, at 3s. Id. a gallon. At what rate must I sell a quart of 
this composition, so as to clear 10 per cent..^ Ans. Is. 3-fd. 

What length must be cut off a board, 8l inches broad, to con^- 
tain a square foot ; or as much as 12 iircbes in length and 12 io 
breadth f Ans. IT^in. 

What difference is there between the interest of 350jf. at 4 per 
cent, for 8 years, and the discount of the same sum, at. the same 
rate and for the same time i^ Ans. 211. 3^{Vs> 

A father devised iV of his estate to one of his sons, and iV of 
the residue to another, and the surplus to his relict fpr.life ; the 
children's legacies were found to be 257/. 3s. 4d. different.. What 
money did he leave for the widow? Ans. 635/. lOf^. 

What number is that, from which if you take ^ of f, and to the 
remainder add iV of -^, the sum will be 10 f Ans. l^^^H^ 

A man dying left his wife in expectation that a child would 
be afterward added to the surviving family ; and, making his 
will, ordered, that if the child were a son, 1 of his estate should 
belong to him, and the remainder to his mother; but if it were 
a daughter, he appointed the mother -|, and the child the remain- 
der. But it happened, that the addition was both a son* and a 
daughter, by which the mother lost in equity 24002. more than 
if it had been only a daughter. What would have been her 
dowry, had she had only a son ? Ans. 2100^ 
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A young bare starts 404HMlSDefore a greyhound, and is not 
perceived by him till she has been up 40 seconds ; she scuds 
away at the rate of 10 miles an hour, and the dog, on view, 
makes after her at the rate of 18. How long will the course 
continue, and what will be the length of it from the place, where 
the dog set out P Jlns. 60^ seconds, and 539 yards run. 

A reservoir for water has two cocks to supply it ; *by the first 
alone it may be filled in 40 minutes, by the second In 50 minutes, 
and it has a discharging cock, by which it may, when full, be 
emptied in 25 minutes. Now these three cocks being all left 
open, the influx and efflux of the water being always at the same 
rate, in what time would the cistern be filled ? 

Ans. 3 hours 20 mintues. 

A sets out from London for Lincoln precisely at the same time, 
when B at Lincoln sets out for London, distant 100 miles ; after 7 
hours they met on the road, and it then appeared, that A had 
ridden l^ mile an hour more than B. At what rate an hour 
did each of them travel ? Ans. A 7f f , B 6^ miles. 

What part of 3 pence is a third part of 2 pence ? Ans. ■^. 

A has by him 1-^wt. of tea, the prime cost of which was 96{. 
sterling. Now interest being at 5 per cent, it is required to find 
how he must rate it per pound to B, so that by taking bis nego- 
tiable note, payable at 3 months, he may ciear 20 guineas by the 
bargain f Am. 14s. lifd. sterling. 

There is an island 73 miles in circumference, and 3 footmen 
all start together to travel the same way about it ; A goes 5 
miles a day, B 8, and C 10 ; when will they all come together 
again .*^ Afu. 73 days. 

A man being asked how many sheep he had in his drove, said, 
if he had as many more, half as many more, and 7 sheep and a 
half, he should have 20; how many had he ? Am. 5. 

A person left 40s. to 4 poor widows. A, B, C, and D ; to A 
he left i, to B 1^, to C i, and to D i, desiring the whole might 
be distributed accordingly ; what is the proper share of each ? 

Ans. A's share 14s. l|d. B's lOs. 6ifd. C's 8s. 6^. D's 
•s. inrd* • 
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A general, disposing of his army into a square, finds he has 
384 soldiers over and above ; but increasing each side with one 
soldier, he wants 25 to fill up the square ; how many soldiers 
had he ? Ans. 24000. 

There is a prize of 212/. 14s. 7d. to be divided among a cap- 
tain, 4 men, ^nd a boy ; the captain is to have a share and a 
half; the men each a share; and the boy i^ of a share ; what 
ought each person to have ? 

Ans. The captain 54Z. 14s. yd. each man ^61. 9s. 4f d. and the 
boy 12/. 3s. Ifd. 

A cistern, containing 60 gallons of water, has 3 unequal cocks 
for discharging it ; the greatest cock will empty it in one hour, 
the second in 2 hours, and the third in 3 ; in what time will it be 
emptied, if they all run together f Ans. 32i\-minutes. 

In an orchard of fruit trees, i of them bear apples, -}- pears, ^ 
plumbs, and 50 of them cherries : how many trees are there in 
all? Ana. 600. 

A can do a piece of work alone in 10 days, and B in 13 ; if 
both be set about it together, in what time will it be finished f 

An$. 5if days. 

A, B, and C are to share 100000/. in the proportion of I*, -}-, 
and T, respectively ; but C's part being lost by his death, it is 
required to divide the whole sum properly between the other two* 

Ans. A's part is 57142f /. and B's 42857|/. 
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NOTE. 

Summation of a continued fraction. 

^ When in the course of a calculation we meet with a fraction 
whose numerator and denominator are pretty large, and have 
no common factor, we seek approximate values of this fraction, 
which are expressed by more simple numbers, with a view to 
forming a more exact idea of it. 

If we have, for example, the fractional number VsV? we obtain, 

at first, the whole number, and there results 1 and^fH* Now, to 

form a more simple idea of the fraction f jf, we endeavour to 

compare it with a part of unity, in order that we may have only 

one term to be inquired into, and for this purpose we divide the 

two terms by 316 ; we find 1 for the quotient of the numerator, 

and 4/|-V for that of the denominator ; this last quotient, being 

between 4 and 5, shows that the fraction f |f is between \ and \. 

By stopping at this point, we see that the second approximate 

value of the expression y^y is 1 and |, or f . But this value is 

too great, for the true value would be equal to i plus 1 divided 

by 4 added to /yVi which is written thus; 1 — L_. 

4 T tV 
To form an exact idea of the expression 1 — i — > it is necessa- 

4M 

ry to consider it as indicating the quotient of the whole number 
1 divided by the whole number 4 accompanied by the fraction 

If we divide the two terms of -f^j by 23, the quotient will be 

.J— ; neglecting the -fj which accompany the whole number 9, 
9/j 

there will be i only instead of /fV* ^^^ consequently, l-l-., will 

be a third approximate value of VtV' ^ value which will be too 
small, smce 9 being less than the true quotient of 316 by 23, 
the fraction | will be greater than that which ought to accom- 
^ pany 4, and consequently the divisor 4| will be greater than the 
exact divisor 4/i\, and the quotient -L. smaller than the true 
quotient. * 

Ariih. 17 
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By reducing the whole number 4 with the fraction which 
accompanies it, and performing the division according to the 
method of art. 74, we obtain 7% ; and we have 1 and /, or f f 
for the third apprpxiqiate vulv^ pf VW« ' 

The exact expression of this value bein^ 1 — L. , 

T 

if we diviide the two terms of ^j by 9, we shall have l-J-^ ; 

2| 
neglecting tb^ fractipn f , there will remain l—i — 1 

4—2 — 

^* 

a value too great ; for tb^ fraction \ being greater than -JUi 

whose place it occupies, will form, by being joined with 9, a de- 
nominator too great ; the fraction joined to 4 will consequently 
be too small, and the denominator being too small, the fraction 
itself will be too great. 
By reducing, at first, 9| to a fraction, we have y ; ~l-' will 

then be ^^ and the approximate value will become ]_! — ; now 

.L. gives If, which joined to unity becomes m, or f f fpr th« 

TT 

fourth approximate value of ViV* 

Resuming the expression, 1 — l , 

4 — \ 

9-4- 



we divide the two terms of the last fraction | by 5, and obtaia 

l-j_,and thence 1 — L, — , 
H 4-i . 



2. 



■p 



neglecting the fraction }, there will remain 1 — L. 



4. 



21 

and it will b^ seen as before, that this value is less than the true 

value. 

The fraction -i^ reduces itself to \\ and since the preceding 

2| 
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-JL. gives /i^, the next preceding becomes -i— equal to ^^-g ; so 

that the fifth approximate value is lyVy or Iff. 

Dividing, finally, by 4 the two terms of the fraction | which 
was neglected above, we have for a quotient --L. and by sup- 

pressing the fraction j, we obtain the new value 1— I 



It 
greater than the true value. If we reduce, successively, all the 

denominators to a fraction, to obtain the simple fraction which 
it represents, we shall find lyV^ or f^f. By restoring the 
fraction \ to the side of the last denominator, we form the ex- 
pression 1 — 1 , 



1 



1 \ 
which being reduced like the preceding, reproduces the fraction- 
al number YtV* 

We may pursue the same process with any other fraction, 
and obtain a series of approximate values, alternately greater 
and less than the true value, if it is a fraction properly so called, 
or alternately less and greater, if, as in the preceding example, 
the numerator exceeds the denominator. 

The developments above found for the expression VVy are 
called continued fractions^ which may be defined in general 
thus : — Fractions whose denominator is composed of a whole nunAer 
and a fraction, which fraction has for a denominator also a whole 
number and a fraction, ^c.'' 
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Aetir French Weights and Measures. 

The weights and measures in common use are liable to great 
uncertainty and inconvenience. There being no fixed standard at 
hand, by which their accuracy can be ascertained, a great variety 
of measures, bearing the same name, has obtained in different 
countries. The foot, for instance, is used to stand for about a 
hundred different established lengths. The several denomina- 
tions of weights and measures are also arbitrary, and occasion 
most of the trouble and perplexity, that learners meet with in 
mercantile arithmetic. 

To remedy these evils, the French government adopted a 
new system of weights and measures, the several denomina: 
tions of which proceed in a decimal ratio, and all referrible to a 
common permanent standard, established by nature, and acces- 
sible at all places on the earth. This standard is a meridian of 
the earth, which it was thought expedient to divide into 40 mil- 
lion parts. One of these parts is assumed as the unit of length, 
and the basis of the whole system. This they called a metre. 
It is equal to about 39| English inches, of which submultiples 
and multiples being taken, the various denominations of length 
are formed. 

Biif.Iiich. Deo. 

A millimetre is the 1000th part of a metre ,03937 

A centimetre the 100th part of a metre ,39371 

A decimetre the 10th part of a metre 3,93710 

A METRE 39,37100 

A decametre 10 metres 393,71000 

A hecatometre 100 metres 3937,10000 

A chiliometre 1000 metres 39371,00000 

A myriometre 10000 metres 393710,00000 
A grade or degree of the meridian equal to 

100000 metres, or 100th part of the quadrant 3937100,00000 
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The decametre is 


Mb. 




Wfat» 




T4b 

10 


2 


taJh 

9,7 


The hecatometre 








109 


1 


1 


The chiliometre 





4 


213 


1 


10,2 


The myriometre 
The grade or decimal degree 
meridian 


% 

of the 

62* 


1 

1 


IM 
23 


9 

2 


• 
8 



Meoiures of Capadiy, 

A eube, whose side is one tenth of a metre', that is, a ctilre 
diecimeter, constitutes the unite of measures of eapaeitfr. It i^ 
called the Ktre, and contams 61,028 cubic mches. 

A millilitre or 1000th part of a litre ,06103 

A centilitre 100th of a litre ,61028 

A decilitre lOtbofalitre 6,1628a 

A litre^ a cubic decimetre 61,02800 

A decalitre 10 litres 610,28000 

A hecatolitre 1 000 litres 61 02,80000 

A chiliolitre 10000 litres «1 028,00000 

Amyriolitre 100000 litres 610280,00000 

The English pint, wine measure, contains 28,875 cubic inches. 
The litre therefore is 2 pints and nearly i of a pint* 
Hence, 

A decalitre is equal to 2 gal. 64'sVSr cubic inches. 

A hecatolitre 26 gal. 4-9^ cubic inches; 

A chiliolitre 264 gaL -jVlr cubic inches. 

WeighU. 

The unit of weight is the gramme. It is the weight of a quan- 
tity of pure water, equal to a cubic centimetre, and is equal ta 
15^444 grains Troy. 

A miUtgramme is 1000th part of a gramme 0,0154 

A centigramme 1 00th of a gramme 0, 1 544 

A decigramme 10th of a gramme 1,5444 

A grmnmey a cubic centimetre 15,4440^ 

A decagramme 10' grammes 154,4403 

A hecBtogramme 100 grammes 1544,4023 
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A chifiogramme 1000 grammes 15444,0234 

A myriogramroe 10000 grammes 154440,2344 

A gramme being equal to 15,444 grains Troy. 
A decagramme 6dwt. I0,44gr. equal to 5,65 drams Avoirdupois. 

lb. oz. dr. 

A becatogramme equal to 3 8,5.ayoird. 

A ohiliogramme 2 3 5 avoird. 

A myriogramme 22 1 15 avoird. 

100 myriogrammes make a tun, wanting 321b» Soz* 

Land Measure. 

The unit is tbe art^ which is a square decametre, equal to 3,95 
perches* The declare is a tenth of an are, the centiare is 100th 
of an are, and equal to a square metre. The milliare is 1000th 
of an are. The decare is eqiial to 10 ares; the hecatare to 100 
ares, and equal to 2 acres, 1 rood, 35,4 perches English. The 
chiliare is equal to 1000 ares, the myriare to 10000 ares. 

For fire-wood tbe stert is the unit of measure. It is equal to 
a cubic metre, containing 35,3171 cubic feet English. The de- 
cistere i^ the tenth of a stere. 

The quadrant of the circle generally is divided like the fourth 
part of the meridian, into 100 degrees^ each degree into 100 
minutes, and each minute into 100 seconds, &c. so that the same 
number, which expresses a portion of the meridian, indicates 
also its length, which is a great convenience in navigation. 

Tbe coin also is comprehended in this system, and made to 
conform to their unit of weight. The weight of the franc^ of 
which one tenth is alloy, is fixed at 5 grammes ; its tenth part is 
called dickn^ it9 hundredth part centime^ 

The divisions of time, soon after the adoption of the above, 
underwent a similar alteration. 

The year was made to consist of 12 months of 30 days each, 
and the excess of 5 days in common and 6 in leap years was con- 
sidered as belonging to no month. Each month was divided 
into three parts called decades. The day was divided into 10 
hours, each hours into 100 minutes, and each mbute into 100 
seconds. This new calendar was adopted in 1793 ; in 1805 it 
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was abolished, and the old calendar restored. The weights and 
measures are still in Use, and will probably prevail through- 
out the continent of Europe. They are recommended to the 
attention of every civilized country ; and their general adoption 
would prove of no small importance to the scientific, as well as 
the commercial world* 
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Scripture Long Measure. 

Digit 

Palm 

Span 

Cubit 

Fathom 

Ezekiel's reed 

Arabian pole 

Schoenus, measuring line 



Eng. Feet. In. Dec. 






1 
7 

10 

14 

145 



0,912 
3,648 

10.944 
9,888 
3,552 

11,328 
7,104 
1,104 



N. B. There was another span used in the East, equal to 
of a cubit. 
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4 

2i 

ItV 
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H 






Grecian Long Measure reduced, to English. 

Eng. paces. Feet. In. Dec. 

Dactylus, Digit 0,7554H 

Doron, Dochme, Palsesta, 

Lichas 

OrthodoroD 

Spithame 

Pous, foot 

Pygme, cubit 

Pygon 

Pechus, cubit larger 

Orgyia, pace 

Stadium ^^ r i^ 
Aulus > felons 

Milion, Mile 

N. B. Two sorts of long measures were used in Greece, viz. 
the Olympic and the Pythic The former was used in Pelopon- 
nesus, Attica, Sicily, and the Greek cities in Italy. The latter 
was used in Thessaly, Illyria, Phocis, and Thrace. 

t These numbers show how many of each denomination it takes 
to make one of the next following. 
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3,109| 
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6,13125 
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0,526 
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The Olympic foot, properly called the Greek foot, according to 
Dr. Hutton, contains 12,108 English inches, 
Folkes, 12,072 

.Cavallo 12,684 

The Pythic foot, called also natural foot, according to 
Hutton, contains 9,768 
Paucton, 9,731 

Hence it appears, that the Olympic stadium is 201^ English 
yards nearly; and the Pythic or Delphic stadium, 162^ yards 
nearly ; and the other measures in proportion. 

The Phyleterian foot is the Pythic cubit, or ly Pythic foot. 
The Macedonian foot was 13,92 English inches ; and the Sicilian 
foot of Archimedes, 8,76 English inches. 

Jewish Long or Itinerary Measure. 





Eng. Mites. Faces. Ft. Dec 


400 


Cubit 1,824 


5 


Stadium 145 4,6 


i 


Sabbath day's journey 729 3,0 


3 


Eastern mile 1 403 1,0 


8 


Parasang 4 153 3,0 




A day's jouniejr 33 172 4,0 

9 




Roman Long Measures reduced to English. 




En^. Paces. Feet In. Dee. 


H 


Digitus transversus 0,725*1 


3 


Uncia, or Inch 0,967 


4 


Palma minor 2,901 


U 


Pes, or Foot 11,604 


li 


Palmipes 1 2,506 


11 


Cubitus 1 5,406 


2 


Gradus 2 5,01 


125 


Passus 4 10,02 


8 


Stadium 120 4 4,5 




Milliare 967 



N. B. The Roman measures began with 6 scrupula = 1 sicili- 
cum ; 8 scrupula = 1 duellum ; 1^ duellum = 1 seminaria ; and 
18 scrupula = 1 digitus. Two passus were equal to 1 decempeda 

18 



13S 



Appendix. 



Attic Dry Measures reduced to English. 



Peeks. Gall. Pints. Sol. In. 



10 


Cochliarion 


H 


Cyathus 


4 


Oxybaphon 


2 


Cotylus 


H 


Xestes, sextary 


48 


Chcenlx 




Medimnus 












0,276^ 











t^^^ 











4,144f 











16,579 











33, 1 58 








1 


15,705i 


4 





6 


3,501 



Attic Measures of Capacity for Liquids^ reduced to English 

Wine Measure^ 



2 

H 

2 

2 

li 
4 

2 

6 

12 



Cochliarion 
Cheme 
Myslon 
Concha 
Cyathus 
Oxybathon 
Cotylus 
. Xestes, sextary 



Gal. Pints. Sol In. Dec. 

TTo 0,0356i^ 








10 



6V 
1 

6 
2 



0,07 12| 
0,089ii 
0,178iJ 
0,356H 
0,535f 
2,l41i 
4,283 
25,698 
19,626 



Chous, congius- 
' Metretes, amphora 

Others reckon 6 choi = 1 amphoreus, and 2 araphorei ■■ 1 
keramion or metretes. The keramion is stated by Paucton to 
have been equal to 35 French pints, or 8f English gallons, and 
the other measures in proportion. 

Measures of Capacity for Liquids^ reduced to English Wine 

Measure. 



4 

li 
2 

2 

2 

6 

4 

2 

20 



Ligula 

Cyathus 

Acetabulum 

Quartarius 

Hemina 

Sextarius 

Congius 

Urna 

Amphora 

Culeus 



Gal. Pints. Sol. In. Dec. 

tV o.ihtV 

1 









3 
7 
143 



1 

J 
\ 

4 
1 

7 

Al 
1 

3 



0,469i 
0,704i 
1,409 
2,818 
5,636 
4,942 
5,33 
10,66 
11,095 
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Jewish Dry Measures reduced to English. 









Pecks. Gal. Pints. Sol. Inch. 


20 




Gachal 


0,liJ- 0,031 


li 




Cab 


2f Q,073 


3* 




Gomor 


6iV 1,211 


3 




Seah 


1 1 4,036 


5 




Epha 


3 3 12,107 


3 




Letteeh 


16 26,600 






Chomer, coron 


32 1 18,969 


uish Measures of Capacity fot 


' Liquids, reduced to English 




fVine Measure. 






Gal. Pints. Sol. Inch. 


H 


Caph 


f 0,177 


4 




Log 


1 0,211 


3 




Cab 


31 0,844 


2 




Hin 


1 2 2,533 


3 




Seah 


2 4 5,067 


10 




Bath, epha 


7 4 1 5,2 






Coron, chomer 


75 6 7,625 




Ancient Roman Land Measure. 


100 Square Roman feet 


= I Scrupuhim of land 


4 Sen 


ipula 


= 1 Sextulus 


1|- Sextulus 


= 1 Actus 


6 Sextuli or 5 Actus 


= 1 Uncia of land 


6 UocisB 


= .1 Square Actus 


2 Square Actus 


= 1 Jugerum 


2 Jugera 


= 1 Heredium 


100 H 


!er 


edia 


= 1 Centuria 



N. B. If we take the Roman foot at 11,6 English inches, the 
Roman jugerum was 5980 English square yards, or 1 acre 371 
perches. 

Roman Dry Measures reduced to English. 

4 Ligula 

1^ Cyathus 

4 Acetabulum 

2 Hemina or Trutta 

8 Sextarius 

2 Semimodius. 
Modius 



ck. 


Gal. Pint. 


Sol. In. 








O4V 


0,01 








ChV 


0,04 








Oi 


0,06 








Oi 


0,24 








1 


0,48 





1 





3,84 


1 





0. 


7,68 
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ADVERTISEMENT. 



None but those who are just entering upon the study 
of Mathematics need to be informed of the high charac- 
ter of Euler's Algebra. It has been allowed to hold the 
verti first place among elementary works upon this sub* 
ject. The author was a man of genius. He did not, 
like most writers, compile from others. He wrote from 
his own reflections. He simplified and improved what 
was known, and added much that was new. He is par- 
ticularly distinguished for the clearness and comprehen- 
siveness of his views. He seems to have the subject of 
which he treats present to his mind in all its relations 
and bearings before he begins to write. The parts of it 
are arranged in the most admirable orden Each step is 
introduced by the preceding, and leads to that which 
follows, and the whole taken together constitutes an en-^ 
tire and connected piece, like a highly wrought story. 

This author is remarkable also for his illustrations. 
He teaches by instances. He presents one example after 
another, each evident by itself, and each throwing some 
new light upon the subject, till the reader begins to anti-^ 
cipate for himself the truth to be inculcated. 

Some opinion may be formed of the adaptation of this 

treatise to learners, from the circumstances under which 

it was composed. It was undertaken after the author 

became blind, and was dictated to a young man entirely 

b 
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without education, who by this means became an expert 
algebraist, and was able to render the author impprtant 
services as an amanuensis. It was written originally in 
German. It has since been translated into Russian, 
French, and English, with notes and additions. 

The entire work consists of two volumes octavo, and 
contains many things intended for the professed mathe- 
matician, rather than the general student. It was thought 
that a selection of such parts as would form an easy 
introduction to the science would be well received, and 
tend to promote a taste for analysis among students, and 
to raise the character of mathematical learning. 

Notwithstanding the high estimation in which this 
work has been held, it is scarcely to be met with if the 
country, and is very litile known in England. On the 
continent of Europe this author is the constant theme of 
eulogy. His writings have the character of classics. 
They are regarded at the same time as the most pro- 
found and the most perspicuous, and as affording the 
finest models of analysis. They furnish the germs of the 
most approved elementary works on the different branches 
of this science. The constant reply of one of the first 
mathematicians* of France to those who consulted him 
upqn the best method of studying mathematics was, 
" study Euler.^^ " It is needless," said he, " to accumu- 
late books ; true lovers of mathematics will always read 
Euler; because in his writings every thing is clear, dis- 
tinct, and correct ; because they swarm with excellent 
examples ; and because it is always necessary to have 
recourse to the fountain head." 

The selections here offered are from the first English 
edition. A few errors have been corrected and a few 
alterations made in the phraseology. In the original no 

• Lagrange. 
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questions were left to be performed by the learner. A 
collection was made by the English translator and sub- 
joined at the end with references to the sections to which 
they relate. These have been mostly retained, and some 
new ones have been added. 

Although this work is intended particularly for the 
algebraical student, it will be found to contain a clear 
and full explanation of the fundamental principles of 
arithmetic ; vulgar fractions, the doctrine of roots and 
powers, of the different kinds of proportion and progres- 
sion, are treated in a manner that can hardly fail to inter- 
est the learner and make him acquainted with the reason 
of those rules which he has so frequent occasion to apply. 

JOHN FARRAR, 

Professor of Mathematics and Natural Philosophy in the 
^ University at Cambridge. 

Cambridge, February, 1818. 
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or XttE DIPPKRBNT METHODS OP CALCULATION APPLIED TO SIMPLE 

QUANTITIES. 



CHAPTER I. 

Cf Mathematics in general. 

Article 1. Whatever is capable of increase or diminution, is 
called magnitude or quantity. 

A sum of money, for instance, is a quantity, since we may in- 
crease it or diminish it. The same may be said with respect to any 
given weight, and other thmgs of this nature. 

2. From this definition, it is evident, that there must be so many 
different kinds of magnitude as to render it difficult even to enume- 
rate them ; and this is the origin of the different branches of mathe- 
matics, each being employed on a particular kind of magnitude. 
Mathematics, in general, is the science of quantity ; or the science 
which investigates the means of measuring quantity. 

3. Now we cannot measure or determine any quantity, except 
by considering some other quantity of the same kind as known, and 
pointing out their mutual relation. If it were proposed, for example, 
to determine the quantity of a sum of money, we should take some 
known piece of money (as a dollar, a crown, a ducat, or some other 
coin), and show how many of these pieces are contained \sv ^^ 

1 
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given sum. In the same manner, if it were proposed to determine 
the quantity of a weight, we should take a certain known weight'; 
for example, a pound, an ounce, &c., and then show how many 
times one of these weights is contained in that which we are en- 
deavouring to ascertain. If we wished to measure any length or 
extension, we should make use of some known length, as a foot for 
example. 

4. So that the determination, or the measure of magnitude of all 
kinds, is reduced to this : fix at pleasure upon any one known mag- 
nitude of the same species with that which is to be determined, and 
consider it as the measure or unit ; then, determine the proportion 
of the proposed magnitude to this known measure. This proportion 
is always expressed by numbers ; so that a number is nothing but 
the proporuon of one magnitude to another arbitrarily assumed as 
the unit. 

5. From this it appears, that all magnitudes may be expressed by 
numbers ; and that the foundation of all the mathematical sciences 
must be laid in a complete treatise on the science of numbers ; and 
in an accurate examination of the difl^rent possible methods of cal- 
culation. 

This fundamental part of mathematics is caUed analysisf or 

algebra. 

6. In algebra then we consider only numbers which represent 

quantities, without regarding the different kinds of quantity. These 
are the subjects of other branches of the mathematics. 

7. Arithmetic treats of numbers in particular ^ and is the science of 
numbers properly so catted ; but this science^extends only to certain 
methods of calculation which occur in common practice : algebra, 
on the contrary, comprehends in general all the cases which can 
exist in the doctrine and calculation of numbers. 
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CHAPTER II. 

Etplanatian of the signs -|- plus and •— minus. 

8. When we have to add one given number to another, this is 
indicated by the sign -|- which is placed before the second number, 
and is read plus. Thus 5-^-2 signifies that we must add 3 to the 
number 5, and every one knows that the result is 8 ; in the same 
manner 12 -{- 7 make 19; 25 4* I^ make 41 ; the sum of 25 -^ 41 
is 66, &c. 

9. We also make use of the same sign + or plus, to connect 
^veral numbers together ; for example, 7^5 + ^ signifies that 
to the number 7 we must add 5 and also 9, which make 21. The 
reader will therefore understand what i? meant by 

8 + 5+13 + 11 + 1+3 + 10; 

viz, the sum of all these numbers, which is 51. 

10. All this is evident; and we have only to mention, that, in 
algebra, in order to generalize numbers, we represent them by 
letters, as a, &, c, d, &c. Thus the expression a + & signifies the 
sum of two numbers, which we express by a and &, and these num- 
bers may be either very great or very smaU. In the same manner, 
/ + m + & + 07, signifies the sum of the numbers represented by 
these four letters. 

If we know, therefore, the numbers that are represented by let- 
ters, we shall at all times be able to find, by arithmetic, the sum or 
'value of similar expressions. 

11. When it is required, on the contrary, to subtract one given 
number from another, this operation is denoted by the sign — , 
which signifies minuSf and is placed before the number to be sub- 
tracted : thus 8 — 5 signifies that the number 5 is to be taken from 
the number 8 ; which being done, there remains 3. In like manner 
12 — 7 is the same as 5 ; and 20 — 14 is the same as 6, &c. 

12. Sometimes also we may have several numbers to be sub- 
tracted firom a smgle one ; as for instance, 

50—1—3 — 6 — 7 — 9. 

This signifies, first, take 1 firom 50, there remains 49 ; take 3 from 
that remainder, there will remain 46 ; take away 5, 41 remains ; 
take aVay 7, 34 remains; lastly, from that take 9, and there 
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remains 35 ; this last remainder is the value of the expression. But 
as the numbers 1, 3, 5, 7, 9, are all to be subtracted, it is the same 
thing if we subtract their sum, which is 25, at once from 50, and the 
remainder will be 25 as before. 

13. It is also very easy to determine the value of similar expres- 
sions, in which both the signs + plus and — minus are found : for 
example ; 

12 — 3 — 6 4-2 — 1 is the same as 5. 

We have only to collect separately the sum of the numbers that 
have the sign -|- before them, and subtract from it the sum of those 
that have the sign — . The sum of 12 and 2 is 14 ; that of 3, 5, 
and 1, is 9 ; now 9 being taken from 14, there remains 5. 

14. It will be perceived from these examples that the order in 
which we unite the numbers is quite indifferent and arbitrary^ prth- 
vided the proper sign of each be preserved. We might with equal 
propriety have arranged the expression in the preceding article 
thus ; 12 + 2 -^ 5 — 3 — 1, or 2 — 1 — 3 — 5 + 12, or 
2 4- 12 — 3 — 1 — 5, or in still different orders. It must be ob- 
served, that in the expression proposed, the sign -|- is supposed 
to be placed before the number 12. 

15. It will not be attended with any more difficulty, if, in' order 
to generalize these operations, we make use of letters instead of real 
numbers. It is evident, for example, that 

a — b -^ c '{' d — e 

signifies that we have numbers expressed by a and e(, and that from* 
these numbers, or from their sum, we must subtract the numbers 
expressed by the letters &, c, e, which have before them the 
sign—. 

16. Hence it is absolutely necessary to consider what sign is 
prefixed to each number : for in algebra^ simple quantities are 
numbers considered with regard to the signs which precede^ or affect 
them. Further, we call tliose positive quantities^ before which the 
sign '\- is found ; and those are called negative quantities j which are 
affected with the sign — . 

17. The manner in which we generally calculate a person's 
property, is a good illustration of what has just been said. We 
denote what a man really possesses by positive numbers, u^ng, or 
understanding the sign -|- > whereas his debts are represented by 
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negative numbers, or by using the sign — Thus, when it is said 
of any one that he has 100 crowns, but owes 60, this means that 
his property really amounts to 100 — 60 ; or, which is the same 
thing, + 100 — 60, that is to say 60. 

18. As negative numbers may be considered as debts, because 
positive numbers represent real possessions, we may say tliat nega- 
tive numbers are less than nothing. Thus, when a man has nothmg 
in the world, and even owes 60 crowns, it is certain that he has 60 
crowns less than nothing ; for if any one were to make him a pres- 
ent of 60 crowns to pay his debts, he would still be only at the point 
nothing, though really richer than before. 

19. In thfe same manner, therefore, as positive numbers are in- 
contestably greater than nothing, negative numbers are less than 
nothing.* Now we obtain positive numbers by adding 1 to 0, that 
is to say, to nothing ; and by continuing always to increase thus 
from unity. This is the origin of the series of numbers called 
naturcd numbers ; the following are the leading terms of this series : 

0, + 1, + 2, + 3, + 4, + 6, + 6, + 7, + 8, +9, + 10, 

and so on to infinity. 

But if instead of continuing this series by successive additions, 
we continued it in the opposite direction, by perpetually subtracting 
unity, we should have the series of negative numbers : 

0, — 1, — 2, — 3, — 4, — 6, — 6, — 7, — 8, — 9, — 10, 

and so on to infinity. 

* By being less than nothing is meant simply, that they are of such 
a nature as to cancel or destroy an equal number with the sign phis 
before it, so that — 4, or — a is as really a positive thing, and is as 
easily conceived, as -[- ^ or -f- a* The quantity 4 or a may be con- 
sidered independently of its sign. The sign -f- implies that this quan- 
tity is to be added, and the sign — that it is to be subtracted. This 
subject may be illustrated by the scale of a thermometer. Afler ob- 
serving the mercury to stand at 50^, for instance, if I am told, that it 
has changed 4^, I have a distinct idea of the portion of the scale de- 
noted by four of its divisions, without applying them in any particular 
direction. But when I am further informed that this change of the 
thermometer is — or subtractive with respect to its former state, I 
then understand that the mercury stands at 46^, whereas it would be 
at 54^ if the change had been -^ or additive. 
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20. All these numbers, whether positive or negative, have the 
known appellation of whole numbers, or irUegerSf which conse- 
quently are either greater or less than nothing. We call them 
integersj to distinguish them from fractions, and from several other 
kinds of numbers of which we shall hereafter speak. For instance, 
50 being greater by an dbtire unit than 49, it is easy to comprehend 
that there may be between 49 and 50 an infinity of intermediate 
numbers, all greater than 49, and yet all less than 50. We need 
only imagine two lines, one 50 feet, the other 49 feet long, and it is 
evident that there may be drawn an infinite number of lines all lon- 
ger than 49 feet, and yet shorter than 50. 

21. It is of the utmost importance through the whole of algebra, 
that a precise idea be formed of those negative quantities about 
which we have been speaking. I shall content myself with remark- 
ing here that all such expressbns, as 

4- 1 — 1, -h 2 — 2, -h 3 — 3, -I- 4 — 4, fac. 

are equal to or nothing. And that 

-[-2 — 5 is equal to — 3. 

For if a person has 2 crowns, and owes 5, he has not only nothing, 
but still owes 3 crowns : in the same manner, 

7 — 12 is equal to — 5, and 25 — 40 is equal to — 15. 

22. The same observations hold ti^e, when to make the expres- 
sion more general, letters are used instead of numbers : or noth- 
ing will always be the value oi -{- a — a. If we wish to know the 
value -{- a — 6 two cases are to be considered. 

The first is when a is greater than b ; b must then be subtracted 
from a, and the remainder (before which is placed or understood to 
be placed the sign 4~) shows the value sought. 

The second case is that in which a is less than h ; here a is to be 
subtracted from &, and the remainder being made negative, by 
placing before it the sign — , will be the value sought. 
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CHAPTER in. 

Of the MuUiplicaiion of Simple Quantities. 

23. When there are two or more equal numbers to be added 
together, the expression of their sum^may be abridged ; for ex- 
ample, 

a -f a is the same with 2 X <>} 

a + a + a 3Xtf, 

a-j-o-j-a + a 4Xo, and so on ; where X is the sign 

of multiplication. In this manner we may form an idea of multipli- 
cation ; and it is to be observed that, , 

2 X a signifies 2 times, or twice a 

3 X a 3 times, or thrice a 

4 X a 4 dmes a, &c. 

24. ]f therefore a number expressed by a letter is to be multiplied 
by any other number ^ we simply put that number before the letter ; 
thus, 

a multiplied by 20 is expressed by 20 a, and 

6 multipled by 30 gives 30 &, &c. 

It is evident also that c taken once, or 1 c, is just c. 

25. Further, it is extremely ^easy to multiply such products again 
by other numbers ; for example : 

2 times, or twice 3 a makes 6 a, 

3 times, or thrice 4 b makes 12 6, 
5 times 7 x makes 35 Xy 

and these products may be still multiplied by other numbers at 
pleasure. 

26. When the number^ by which we are to multiply^ is also repre-- 
sented by a letter, we place it immediately before the other letter ; 
thus, in multipl3ring b by a, the product is written ab; and p q will 
be the product of the multiplication of the number qhy p. If we 
multiply this p q agam by a, we shall obtain ap q, 

27. It may be remarked here, that the order in which the letters 
are joined together is indifferent ; that ab is the same thing as & a ; 
for b multiplied by a produces as much as a multiplied by b. To 
understand this, we have only to substitute for a and 6 known num- 
bers, as 3 and 4 ; and the truth will be self-evident ; for 3 times 4 
is the same as 4 times 3. 
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28. It will not be difiScult to perceive, that when you have to put 
numbers in the place of letters joined together, -as we have de- 
scribed, they cannot be written in the same manner by putting them 
onfe after the other. For if we were to write 34 for 3 times 4, we 
should have 34 and not 12. When, therefore, it is required to mul- 
tiply common numbers, we must separate them by the sign X 9 or 
points : thus, 3 X 4, or 3 . 4, signifies 3 times 4, that is 12. So, 
1 X 2 is equal to 2 ; and 1x2x3 makes 6. In like man- 
ner 1 X 2 X 3 X 4 X 56 makes 1344; and 1 X 2 X 3 X 4 
X6x6x7x8x9Xl0is equal to 3628800, fac. 

29. In the same manner, we may discover the value of an ex- 
pression of this form, 5 . 7 . 8 a 6 c c?. It shows that 5 must be mul- 
tiplied by 7, and that this product is to be again multiplied by 8 ; 
that we are then to multiply this product of the three numbers by a, 
next by 6, and then by c, and lasdy by d. It may be observed 
also, that instead of 6 X 7 X 8 we may write its value, 280 ; for 
we obtain this number when we multiply the product of 5 by 7, or 
35, by 8. 

30. The results which arise from the multiplication of two or 
m[bre numbers are called products ; and the numbers, or individual 
letters, are called yoc^ors. 

31. Hitherto we have considered only positive numbers, and 
there can be no doubt, but that the products which we have seen 
arise are positive also : mz, -(- <3t by -(- ^ must necessarily give 
-^ ah. But we must separately examine what the muldplication of 
-(- « by — 6, and of — o by — A, will produce. 

32. Let us begin by multiplying — a by 3 or + 3 ; now since 
— a may be considered as a debt, it is evident that if we take that 
debt three times, it must thus become three times greater, and con- 
sequendy the required product is — - 3 a. ' So if we multiply — a 
by 4" ^9 ^6 shall obtain — 6a, or which is the same thing, — ah. 
Hence we conclude, that if a positive quantity be multiplied by a 
negative quantity, the product will be negative ; and lay it down as 
a rule, that + by + makes +» or plus^ and that on the contrary 
+ by — , or — by + gives — , or minus. 

33. It remains to resolve the case in which — is multiplied by 
— ; or, for example, — a by — 6. It is evident, at first sight, 
with regard to the letters, that the product will be ah; but it is 
doubtful whether the sign -f~9 or the sign — ^ is to be placed before 
the product ; all we know is, that it must be one or the other of 
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diese signs. Now I say, that it cannot be the sign — : for — a by 
+ b gives — a 6, and — a by — 6 cannot produce the same re- 
sult as — a by -f- & > but must produce a contrary result, that is to 
say, + a ft ; consequently we have the following rule : — multipli- 
ed by — produces +> in the same raanher as + multiplied by +•* 

* It is a subject of great embarrassment and perplexity to learners 
to conceive how the product of two^ negative quantities should be 
positive. This arises from the idea they receive of the nature of mul- 
tiplication as explained and applied in arithmetic, where positive 
quantities only are employed. The term is used in a more enlarged 
sense when negative quantities are concerned, as may be shown with- 
out making use of letters. If I wished to multiply, for instance, 
9 — 5 (or 9 diminished by 5) by 3, I should first find the product of 
9 by 3, or 27. fiut this is evidently taking the multiplicand too great 
by 5, and of course the product too great by 3 times 5 ; I accordingly 
write for the product 27 — 15, equivalent to 12, which is the product 
that would arise from first performing the subtraction indicated by the 
sign — , and using the result as the multiplicand. Thus, 
Multiplicand 9 — 5 which is equal to 4 
Multiplier 3 3 

Product 27 — 15 which is equal to 12 
Let us now take for the multiplier the quantity 7 — 4, which is 
equivalent to 3. We multiply, in the first place, by 7, in the manner 
that we have just done by 3, and the result is 63 — 35. But as the 
multiplier is 7 diminished by 4, multiplying by 7 must give 4 times 
too much. Accordingly we take 4 times the multiplicand, or 36 — 20, 
and subtract this from 63 — 35, or 7 times the multiplicand. Now 
in making this subtraction it is to be observed that the subtrahend 
36 — 20 is 36 diminished by 20, and if we subtract 36 we take away 
too much by 20, and must therefore add this latter quantity. Conse- 
quently the true product will be 63 — 35 — 36 -|- 20, equivalent to 
12, as before. Thus this mode of proceeding gives the same result as 
that obtained by first performing the subtractions indicated in the 
latter term of the multiplicand and multiplier. The several steps in 
each case are as follows : 

Multiplicand 9 — 5 which is equal to 4 
Multiplier 7 — 4 which is equal to 3 

63 — 35 Product 12 

— 36 + 20 



Product 63 — 35 — % -V^^ oi^ — n\ , V>WLVve. AV. 
Eu/. Alg. 2 
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34. The rules which we have explained are expressed more 
briefly as follows : 

JLUce signs multiplied together ^ give -|- ; unlike or contrary signs 
give — . Thus, when it is required to multiply the following num-* 

Thus we see that 7 or -f- 7 by — 6 gives — 35, and — 4 by + ^ 
gives — 36, and — 4 by — 5 gives + 20. The same general rea- 
soning will apply when letters are used instead of numbers. 

Multiplicand a — b 
Multiplier e — d 

ac^bc 

— ad+bd 

Product ac — be — ad'\-bd. 

We say in this case, tha^ when we multiply a by c we take the multi- 
plicand too great by 6, and must therefore diminish the result a e by 
the product of ft by c or i c. So also in multiplying the two terms of 
the multiplicand by c, we have taken the multiplier too great by d^ 
and must therefore diminish the result ac-^hc by the product of 
a — 6 by df, or a c7 — bd. But if we subtract the whole of aci, we 
subtract too much by bd; bd must accordingly be added. /r 

The rule for negative quantities here illustrated is not necessary 
where mere numbers are employed, because the subtracUon indicated 
may always be performed. But this cannot be done with respect to 
letters which stand for no particular values, but are intended as gen- 
eral expressions of quantities. 

The truth of the rule may be shown also when applied to quantities 
taken singly. We say that multiplying one quantity by another is 
taking one as many times as there are units in the other, and the 
result is the same, whichever of the quantities be taken for the multi- 
plicand. Thus multiplying 9 by 3 is taking 9 three times, or which 
is the same thing, taking 3 nine times (Arith. 27). But in arithme- 
tic, quantities are always taken affirmatively, that is additively. 
When, therefore, we take 9 or -{- 9 three times additively, or -|- 3 
nine times additively, the result will evidently be additive or -{- 27. 
When, on the contrary, one of the factors is negative, as for instance, 
in multiplying — 5 by -{- 3 ; in this case, — 5 is to be taken three 
times additively, and — 5 added to — 5 added to — 5 is clearly 
— 15. So also if we consider -|- 3 as the multiplicand, then -f- 3 is 
to be taken five times subtractively ; now 3 taken subtractively once 
(or which is the same thing 3 X -— 1) is equivalent to -— 3, taken 
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bersj + a, — 6, — c, + d; we have first + a multiplied by — 6, 
which makes — • ab; this by -<-* c, gives -{'abc; and this by -[- c2y 
gives -^ abed. 

35. The difficulties with respect to the signs being removed, we 
have only to show how to multiply numbers that are themselves pro- 
ducts. If we were, for instance, to multiply the number a & by the 
number c d, the product would be abcdj and it is obtained by mul- 
tiplybg first a & by e, and then the result of that multiplication by d. 
Or, if we had to multiply 36 by J2 ; since 12 is equal to 3 times 4, 
we should only multiply 36 first by 3, and then the product 108 by 
4, in order to have the whole product of the multiplication of 12 by 
36, which is consequently 432. 

36. But if we wished to multiply 5 ab by Scd^ we might write 
2c d X 5a&; however, as in the present instance the order of the 
numbers to be multiplied is indifferent, it will be better, as is also 
the custom, to place the common numbers before the letters, and to 
express the product thus :5x 2 abcd^ or I5abcd; since 5 
times 3 is 15. 

So if we had to multiply 12 pqr by 7 a? y, we should obtain 
12 X 1 pqr xy^ or ^ pqr xy. 



CHAPTER IV. 

Cfihe Nature of Whole Numbers or Integers^ unth respect to their 

Factors. 

37. WjB have observed that a product is generated by the multi- 
plicatbn of two or more numbers together, and that these numbers 
are called factofi. Thus the numbers a, &, c, d^ are the factors of 
the product a &c<2. 

subtractively twice is -^ 6, three times is — 9, five times is — 15. 
But, when the multiplicand and multiplier are both negative, as in the 
case of multiplying — 5 by — 4 : here a subtractive quantity is to be 
taken subtractively, that is, we are to take away successively a dimin- 
ishing or lessening quantity, which is certainly equivalent to adding 
an increasing quantity. Thus, if we take away — 5 once, we aug- 
ment the sum with which it is to be connected by -f- 5 ; if we take 
away — 5 twice, we make the augmentation -^-10'^ if four times, 
+ 20;tbatis, — 6x— 4is equivalent to + 20. 
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38. If; therefore, we consider.all whole numbers as products of 
two or more numbers multiplied together, we shall soon find that 
some cannot result from such a muldplication, and consequently 
have not any factors ; while others may be the products of two or 
more multiplied together, and may consequently have two or more 
factors. TJius, 4 is produced by 2 X 2; 6 by 2 X .3; 8 by 
2 X 2 X 2 J or 27 by 3 X 3 X 3 ; and 10 by 2 X 5, 8ic. 

39. But, on the other hand, the numbers, 2, 3, 5, 7, 11, 13, 17, 
&c., cannot be represented in the same manner by factors, unless 
for that purpose we make use of unity, and represent 2, for instance, 
by 1 X 2. Now the numbers which are multiplied by I, remain- 
ing the same, it is not proper to reckon unity as a factor. 

All numbers, therefore, such as 2, 3, 5, 7, 11, 13, 17, &c. which 
cannot be represented by factors, are called simphj or prime num- 
bers ; whereas others, as 4, 6, 8, 9, 10, 12, 14, 15, 16, 18, kc. 
which may be represented by factors^ are called compound numbers. 

40. Simple ov prime numbers deserve therefore particular atten- 
tion, since they do not result from the multiplication of two or more 
numbers. It is particularly worthy of observation that if we write 
these numbers in succession as they follow each other, thus ; 

2, 3, 5, 7, 11, 18, 17, 19, 23, 29, 31, 37, 41, 43, 47, &c. 

we can trace no regular order; their increments are sometimes 
greater, sometimes less ; and hitherto no one has been able to dis- 
cover whether they follow any certsun law or not. 

41. AU cotnpownd numbers^ which may be represented by factors^ 
result from the prime numbers above mentioned; that is to say^ aU 
their factors are prime numbers. For, if we find a factor which is 
not a prime number, it may always be decomposed and represented 
by two or more prime numbers. When we have represented, for 
instance, the number 30 by 6 X 6, it is evident that 6 not being a 

.prime number, but being produced by 2 X 3, we might have repre- 
sented 30 by 5 X 2 X 3, or by 2 X 3 X 5 ; that is to say, by 
factors, which are all prime numbers. 

42. If we now consider those compound numbers which may be 
resolved iuto prime numbers, we shall observe a great difiference 
among them ; we shall find that some have only two factors, that 
others have three, and others a still greater number. We have 
already seen^ for example, that 
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6 is the some as 2 X S* 

9 3x3, 

12 , 2x3x2, 

15 3X5, 

and so on. 



4 is the same as 2 x 2, 

8 2X2X2, 

10 2X5, 

14 2X7, 

16 2X2X2X2, 

43. Hence it is easy to find a method for analysing any number, 
or resolving it into its simple factors. Let there be proposed, for 
instance, the number 360 ; we shall represent it first by 2 X 1 80. 
Now 180 is equal to 2 X 90, and 

90 ^ ( 2 X 45, 

45 > is the same as< 3 X 15, and lastly 

15^ (3x 5. 

So that the number 360 may be represented by these simple factors, 
2x2x2x3x3x5; since all these numbei% multiplied to- 
gether produce 360. 

44. This shows, that the prime numbers cannot be divided by 
other numbers, and on the other hand, that the simple factors of 
compound numbers are founds most conveniently and with the great- 
est certainty^ by seeking the simple^ or prim£ numbers^ by which those 
compound numbers are divisible. But for this, division is necessary ; 
we shall therefore explain the rules of that operation in the following 
chapter. 



CHAPTER V. 

Of the Division of Simple ^antiHes. 

45. When a number is to be separated into two, three, or more 
equal parts, it is done by means of divisionj which enables us to de- 
termine the magnitude of one of those parts. When we wish, for 
example, to separate the number 12 into three equal parts, we find 
by division that each of those parts is equal to 4. 

The following terms are made use of in this operation. The 
number, which b to be decompounded or divided, is called the divi- 
dend ; the number of equal parts sought is called the divisor; the 
magnitude of one of those parts, determined by the division, is called 
the quotient ; thus, in the above example ; 

12 is the dividend, 

3 is the divisor, and 

4 is the quotient. 
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46. It fellows from thisy'thal if we divide a number by 2» or into two 
equal parts, one of those parts, or the quotient, taken twice, makes 
exactly the number proposed ; and, in the same manner, if we have 
a number to be divided by 3, the quotient taken thrice must ^ve the 
same number again. In general, the multiplication of the quotient 
by the divisor must always reproduce the dividend. 

47 • It is for this reason that division is called a rule, which 
teaches us to find a number or quotient, which, being multiplied by 
the divisor, will exacdy produce the dividend. For example, if 35 
is to be divided by 5, we seek a number which, multiplied by 5, will 
produce 35. Now this number is 7, since 5 times 7 is 35. The 
mode of expression, employed in this reasoning, is; 5 in 35, 7 
times ; and 5 times 7 makes 35. 

48. The dividend, therefore, may be considered as a product, of 
which one of the factors is the divisor, and the other the quotient. 
Thus, supposing we have 63 to divide by 7, we endeavour to find 
such a product, that taking 7 for one of its factors, the other factor 
multiplied by this may exactly give 63. Now 7 X 9 is such a pro- 
duct, and consequently 9 is the quotient obtained when we divide 63 
by 7. 

49. In general, if we have to divide a number a & by a, it is evi- 
dent that the quotient will be b ; for a multiplied by b gives the 
dividend a b. It is clear also, that if we had to divide a 6 by 6, the 
quotient would be a. And in all examples of division that can be 
proposed, if we divide the dividend by the quotient, we shall again 
obtain the divisor ^ for as 34 divided by 4 gives 6, so 24 divided by 
6 will give 4. 

50. As the uhole operation consists in representing the dividend 
by two factorSf.of which one shall be equal to the divisor^ the other 
to the quotient ; the following examples wiD be easily understood. 
I say first, that the dividend a&c, divided by a, gives be; for a, 
multiplied by 6 c, produces abc: in the same manner abc being 
divided by 6, we shall have ac; and abcy divided by a c, gives 6. 
I say also, that 12 m n, divided by 3 m, gives 4 n ; for 3 m, multi- 
plied by 4n makes 12 mn. But if this same number 12 mn had 
been divided by 12, we should have obtained the quotient m n. 

51. Since every number a may be expressed by 1 a or one a, it 
is evident that if we had to divide a or 1 a by 1, the quotient would 
be the same number a* But, on the contrary, if the same number 
a, or 1 a, is to be divided by a, the quotient will be 1. 
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52. It often happens diat we cannot represent the dividend as the 
product of two factors, of which one is equal to the divisor ; and 
then the division cannot be performed in the manner we have de- 
scribed. 

When we have, for example, 24 to be divided by 7, it is at first 
sight obvbus, that the number 7 is not a factor of 24 ; for the pro- 
duct of 7 X 3 is only 21, and consequently too small, and 7X4 
makes 28, which is greater than 24. We discover, however, fix)m 
this, that the quotient must be greater than 3, and less than 4. In 
order, therefore, to determine it exactly, we employ another species 
of numbers, which are called jfrac/ion^, and which we shall consider 
in one of the following chapters. 

53. Until the use of fractions is considered, it is usual to rest sat- 
isfied with the whole number which approaches nearest to the true 
quotient, but at the same time paying attention to the remainder 
which is left ; thus we say, 7 in 24, ^times, and the remainder is 3, 
because 3 times 7 produces only 21, which is 3 less than 24. We 
may consider the following examples in the same manner : 

6)34(5, that is to say^ the divisor is 6, the dividend 34, 
30 the quotient 5, and the remainder 4. 

4 
9)41(4 here the divisor is 9, the dividend 41, the quotient 
364, and the remainder 5. 
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The following rule is to be observed in examples where there b a 
remainder. 

54. Jff'toe multiply the divisor by the quotient ^ and to the product 
add the remaindeTf we must obtain the dividend ; this is the method 
of proving division, and of discovering whether the calculation is 
right or not. Thus, in the former of the two last examples, if we mul- 
tiply 6 by 5, and to the product 30 add the remainder 4, we obtain 
34, or the dividend. And in the last example, if we multiply the 
divisor 9 by the quotient 4, and to the product 36 add the remainder 
5, we (4)tain the dividend 41. 

55. Lastly, it is necessary to remark here, witii regard to the 
lEHgns -|- plus and — minus, that if we divide -^ ab hy -\- a, tine 
quotient will be -^ 6, which is evident. But if we divide -^ ab 
by — a, the quotient will be — b; because — a X — b gives + a 6. 
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If the dividend is — a&, and is to be divided by the divisor -{-a, 
the quotient will be — - 6 ; because it is — &, which, multiplied by 
-^ a, makes — a&. Lastly, if we have to divide the dividend 
— a 6 by the- divisor — a, the quotient will be + * / for the divi- 
dend — a & is the product of — a by -(- i. 

56. fViih regard^ therefore^ to the signs -^ ^^ — » division ad^ 
mts the same rules that toe have seen applied in muftip/ico^um, viz. 

+ by -}- requires + ; + by — requires — ; 

— by -}- requires — ; -^ by — requires + ; 

or in a few words, like signs give pZtu, unlike signs give minus. 

57. Thus, when we divide iSpq by — 3|>, the quotient is 
— 65. Further; 

•i— ^ 30 a: y, divided by + 6 y, gives — 6 a?, and 

— 54 a i c, divided by — 9 6, gives -|- 6 o c; 

for in this last example, — 96, multiplied by -}- 6 a c, makes — 6 X 
9 a 6 c, or — 54 a 6 c. But we have said enough on the division of 
simple quantities ; we shall therefore hasten to the explanation of 
fractions, after having added some farther remarks on the nature of 
numbers, with respect to their divisors. 



CHAPTER VI. 

Cfthe Properties of Integers unth respect to their Divisors. , 

58. As we have seen that some numbers . are divisible by certain 
divisors, while others are not ; in order that we may obtain a more 
particular knowledge of numbers, this difference must be carefully 
observed, both by distinguishing the numbers that are divisible by 
divisors from those which are not, and by considering the remainder 
that is left in the division of the latter. For this purpose let us ex- 
amine the divisors ; 

2, 3, 4, 5, 6, 7, 8, 9, 10, &c. 

59. First, let the divisor be 2 ; the numbers divisible by it are 2, 
4, 6, 8, 10, 12, 14, 16, 18, 20, &c. which, it appears, increase 
always by two. These numbers, as far as they can be continued, 
are called even numbers. But there are other numbers, namely, 

1, 3, 6, 7, 9, 11, 13, 15, 17, 19, &c.. 
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which are uniformly less or greater than the former by unity, and 
wliich cannot be divided by 2, without the remainder 1 ; these are 
called odd numbers. 

The even numbers are all comprehended in the general expres- 
sion 2 a; for they are all obtained by successively substituting for a 
die integers, 1, 2, 3, 4, 5, 6, 7, &c., and hence it follows that the 
odd numbers are aU comprehended in the expression 2 a -|- I9 be- 
cause 2 a -f- 1 is greater by unity than the even number 2 a. 

60. In the second place, let the number 3 be the divisor, the 
numbers divisible by it are, 

3, 6, 9, 12, 15, 18, 21, 24, 27, 30, and so on J 

and these numbers may be represented by the expression 3a; for 
3 a divided by 3 gives the quotient a without a remamder. All 
other numbers, which we would divide by 3, will give 1 or 2 for a 
remainder, and are consequendy of two kinds. Those which, after 
the division leave the remainder 1, are ; 

1, 4, 7, 10, 13, 16, 19, 8ec., 

and are contained in the expression 3 a -}- 1 ; but the other kind, 
where the numbers give the remainder 2, are ; 

2, 6, 8, 11, 14, 17, 20, &c., 

and they may be generally expressed by 3 a -{- 2 ; so that all num- 
bers may be expressed either by 3 a, or by 8 a -f- 1, or by 3 a -}- ^* 

61. Let us now suppose that 4 is the divisor under consideration ; 
the numbers which it divides are ; 

4, 8, 12, 16, 20, 24, fac., 

which increase unifoimly by 4, and are comprehended in the ex- 
pression 4 a. All other numbers, that is, those which are not divisi- 
ble by 4, may leave the remainder 1, or be greater than the former 
by 1; as 

1, 5, 9, 13, 17, 21, 26, &c., 

and consequently may be comprehended in the expression 4 a -^ 1: 
or they may give the remainder 2 ; as 

2, 6, 10, 14, 18, 22, 26, 8ec., 

and be expressed by 4 a + 2 ; or, lastly, they may give the remain- 
der 3 ; as 

Eul. Alg. 3 
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3, 7, 11, 15, 19, 23, 27, &c., 

and may be represented by the expression 4 a + 3. 

AU possible integral numbers are therefore contained in one or 
other of these four expressions ; 

4 a, 4 a + I, 4 a -{- 2, 4 a + 3, 

62. It is nearly the same when'^the divisor is 5 ; for all numbers 
which can be divided by it are comprehended in the expression 5 a, 
and those which cannot be divided by 5, are reducible to one of the 
following expressions : 

5a + l, 5a-|-2, 5a + 3, 5a + 4; 

and we may go on in the same manner, and consider the greatest 
divisors. 

63. It is proper to recollect here what has been already said on 
the resolution of numbers into their simple factors ; for every num- 
ber among the factors of which is found, 

2, or 3, or 4, or 5, or 7, 

or any other number, will be divisible by those numbers. For ex- 
ample ; 60 being equal to 2 X 2 X 3 X 5, it is evident that 60 is 
divisible by 2, and by 3, and by 5. 

64. Further, as the general expression a 6 c cJ is not only divisible 
by a, and &, and c, and dj but also by 

abj acj ad, be, bd, cd, and by 
a be, abd, aed, bed, and lastly by 
abed, that is to say, its own value ; 

it follows that 60, or 2 X 2 X 3 X 5, may be divided not only by 
these simple numbers, but also by those which are composed of two 
of them ; that is to say, by 4, 6, 10, 15 ; and also by those which 
are composed of three of the simple factors, that is to say, by 12, 
20, 80, and lastly by 60 itself. 

65. When, therefore, we have represented any number, assumed 
ai pleasure, by its simple factors, it will be very easy to show all the 
numbers by which it is divisible. For we have ordy, first, to take the 
simple factors one by one, and then to multiply them together tvx) by 
two, three by three, four by four, fyc. till we arrive at the number 
proposed, 

66. It must here be particularly observed ; that every number is 
divisible by 1 ; and also that every number is divisible by itself; so 
that every number has at least two factors, or divisors, the number 
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itself and imi^ ; but every number, which has no other divisor than 
these two, belongs to the class of numbers, which we have before 
called simpU, or prime nujnben^ 

All numbers, except these, have, beside unity and themselves, 
other divisors, as many be seen from tlie foUowbg table, in which 
are placed under each number all its divisors. 

TABLE. 
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67. Lastly, it ought to be observed, that 0, or nothing, may be 
considered as a number which has the property of bemg divisible by 
all possible numbers ; because by whatever number a we divide 0, 
the quotient is always ; for it must be remarked that the multipli- 
cation of any number by nothing produces nothing, and therefore 
times a, or a, is 0. 



CHAPTER Vn. 

Of Fractions in general. 

68. When a number, as 7 for instance, is said not to be diviable 
fay another number, let us suppose by 3, this only means, that the 
quotient cannot be expressed by an integral number ; and it must 
not be thought by any means that it is impossible to form an idea of 
that quotient. Only imagine a line of 7 feet in length, no one can 
doubt the possibility of dividing this line into 3 equal parts, and of 
forming a notion of the length of one of those parts. 
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69. Since therefore we may form a precise idea of die quotient 
obtained in similar cases, though that quotient is not an mtegral num- 
ber, this leads us to consider a particular species of numbers, called 
fractions or broken numbers. The instance adduced ftimishes an 
illustration. If we have to divide 7 by 3, we easily conceive the 
quotient which should result, and express it by | ; placing the divi- 
sor under the dividend, and separating the two numbers by a stroke 
or line. 

70. So, in generalj when the number Viis to be divided by the 

a 
number b, u>e represent the quotient by r and call this form of express 

sion a fraction. We cannot, therefore, give a better idea of a frac- 
tion r, than by saying that we thus express the quotient resulting 

from the division of the upper number by the lower. We must re- 
member also, that in all fractions the lower number is called the 
denomincUor, and that above the line the numerator. 

71. In the above fraction, ^, which we read seven thirds j 7 is the 
numerator, and 3 the denominator. We must also read |, two 
thirds; f, three fourths ; |, three eighths ; jVt) twelve hundredths ; 
and I, one half. 

72. In order to obtain a more perfect knowledge of the nature of 
fractions, we shall begin by considering the case in which the nume- 
rator is equal to the denominator, as in -. Now, since this expresses 
the quotient obtained by dividing a by a, it b evident that this quo- 
tient b exactly unity, and that consequendy this fraction - is equal to 
1, or one integer; for the same reason, all the following fractions, 

t> h h h h h h ^• 
are equal to one another, each being equal to 1, or one integer. 

73. We have seen that a fraction, whose numerator is equal to 
the denominator, is equal to unity. All fractions therefore, whose 
numerators are less than the denominators, have a value less than 
unity. For; if I have a number to be divided by another which is 
greater, the result must necessarily be less than 1 ; if we cut a line, 
for example, two feet long, into three parts, one of those parts will 
unquestionably be shorter than a foot ; it is evident then, that | is 
less than 1, for the same reason, that the numerator 2 b less than 
the denominator 3. 
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74. If the numerator, on the contrary, be greater than the de- ' 
nominator, the value of the fraction is greater than unity. Thus | 
is greater than 1 , for f is equal to | together with \. Now | is ex- 
actly 1, consequently f is equal to 1 -[- |, that is, to an integer and 
a half. In the same manner | is equal to 1 1, f to 1 1, and | to 2|. 
And in general, it is sufficient in such cases to divide the upper num- 
ber by the lower, and to add to the quotient a fraction having the 
remainder for the numerator, and the divisor for the denominator. 
If the given fraction were, for example, ^^f, we should have for the 
quotient 3, and 7 for the remainder ; whence we conclude that || 
is the same as 3y^j. 

75. Thus we see how fractions, whose numerators are greater 
than the denominators, are resolved into two parts ; one of which is 
an integer, and the other a fractional number, having the numerator 
less than the denominator. Such fractions as contain one or more 
integers, are called improper fractions^ to distinguish them from frac- 
tions properly so called, which, having the numerator less than the 
denominator, are less than unity, or than an integer. 

76. The nature of fractions is frequently considered in another 
way, which may throw additional light on the subject. If we con- 
sider, for example, the fraction f , it is evident that it is three times 
greater than ^. Now this fraction | means, that if we divide 1 into 
4 equal parts, this will be the value of one of those parts ; it is ob- 
vious then, that by taking 3 of those parts, we shall have the value 
of the fraction |. 

In the same manner we may consider every other fraction ; for 
example, y^^ ; if we divide unity into 12 equal parts, 7 of those parts 
will be equal to this fraction. 

77. From this manner of considering fractions, the expressions 
numerator and denominator are derived. For, as in the preceding 
fraction /j, the number under the line shows, tliat 12 is the number 
of parts into which unity is to be divided ; and as it may be said to 
denote, or name the parts, it has not improperly been called the 
denominator. 

Further, as the upper number, namely 7, shows that, in order to 
have the value of the fraction, we must take, or collect 7 of those 
parts, and therefore may be said to reckon, or number them, it has 
been thought proper to call the number above the line the numerator. 

78. As it is easy to understand what | is, when we know the sig- 
nification of I, we may consider the fractions, whose numerator k 
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unity, as the foundation of all others. Such are the fractions, 

T5 ^> 4> TJ T> T> TJ T> TT* TT5 T5^5 **'*'•> 

and it is observable that these fractions go on continually diminish- 
ing ; for the more you divide an integer, or the greater the number 
of parts into which you distribute it, the less does each of those 
parts become. Thus y^^^ is less than ^^ ; ttVy ^^ ^^^ ^^^ xiv \ 
and TirioT is less than y^Vo- 

79. As we have seen, that the more we increase the denominator 
of such fractions, the less their values become ; it may be asked, 
whether it is not possible to make the denominator so great, that the 
fraction shall be reduced to nothing ? I answer, no ; for into what- 
ever number of parts unity (the length of a foot for instance) is 
divided ; let those parts be ever so small, they will still preserve a 
certain magnitude, and therefore can never be absolutely reduced to 
nothing. 

80. It is true, if we divide the length of a foot into 1000 parts ; 
those parts will not easily fall under the cognizance of our senses ; 
but view them through a good microscope, and each of them will 
appear large enough to be subdivided into 100 parts and more. 

At present, however, we have notliing to do with what depends 
on ourselves, or with what we are capable of performing, and what 
our eyes can perceive ; the question is rather, what is possible in 
itself. And, in this sense of the word, it is certain, that however 
great we suppose the denominator, the fraction will never entirely 
vanish, or become equal to 0. 

81. We never therefore arrive completely at nothing, however 
great the denombator may be ; and these fractions always preserv- 
ing a certain value, we may continue the series of fractions in the 
78th article without interruption. This circumstance has introduced 
the expression, that the denominator must be injinite^ or infinitely 
great, in order tliat the fraction may be reduced to 0, or to nothing ; 
and tlie word infinite in reality signifies here, that we should never 
arrive at the end of the series of the above mentioned yroc^tofu. 

82. To express this idea, which is extremely well founded^ we 
make use of the sign oo, which consequently indicates a number 
infinitely great ; and we may therefore say that this fraction i; is 
really nothing, for the very reason that a fraction cannot be reduced 
to nothing, until tlic denominator has been increased to infinity. 
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i 

83. It is the more necessary to pay attention to this idea of 
infinity, as it is derived from the first foundations of our knowledge, 
and as it will be of the greatest importance in the following part of 
this treatise. 

We may here deduce fix)m it a few consequences, that are ex- 
tremely curious and worthy of attention. The fraction i represents 
the quotient resulting from the division of the dividend 1 by the 
divisor oo. Now we know that if we divide the dividend 1 by the 
quotient ^, which is equal to 0, we obtain again the divisor oo ; 
hence we acquire a new idea of infinity ; we learn that it arises fi'om 
the division of 1 by ; and we are therefore entitled to say, that 1 
divided by expresses a number infinitely great, or oo* 

84. It may be necessary also in this place to correct the mistake 
of those who assert, that a number infinitely great is not susceptible 
of increase. This opinion is inconsistent with the just principles 
which we have laid down ; for J signifying a number infinitely great, 
and I being incontestably the double of |, it is evident that a num- 
ber, though infinitely great, may still become two or more times 
greater. 



CHAPTER VIII. 

Of the Properties of Fractions. 

85. We have already seen, that each of the fractions, 

2. 3 4 1 6 7 8 ftrp 
m 3> 45 5> V> Tr> TJ *»^»J 

makes an integer, and that consequently they are all equal to one 
another. The same equality exists in the following fractions, 

a 4 e 8 1 e 19 ftrn 
TJ T» 3» T> T ' fl » ^^n 

each of them making two integers ; for the numerator of each, 
divided by its denominator, gives 2. So all the fractions 

3 6 18 15 18 ftrp 

are equal to one another, since 3 is their common value. 

86. We may likewise represent the value of any fraction, in an 
infinite variety of ways. For if we multiply both the numerator and 
the denominator of a fraction by the same number^ which may be 
assumed at pleasure^ this fraction vnU still preserve the same wdue. 
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For this reason all the fractions 

19945 6 t 9 10 grg* 

¥> T> FJ fi TS9 TS9 TTi TJ9 TT> TT5 ^^'i 

' are equal, the value of each being ^. Also 

h h h TTI /t> tt> ttj A> tt> il> ^•j 
are equal fractions, the value of each of which is |. The fractions, 

«4 8 10 11 14 ie for* 
T> TJ TT> TJ> Tt> 7T> T¥J ®**5*> 

have likewise all the same value ; and lastly, we may conclude in 
general, that the fraction -r may be represented by the following ex- 
pressions, each of which is equal to ? ; namely, 

a 2a 3a 4a 5a 6a la . 
5' 26' 36' 46' 56' 66' 76' ^* 

87. To be convinced of this we have only to write for the value 

of the fraction -r a certain letter c representing by this letter c the 

quotient of the division of a by 6 ; and to recollect that the multipli- 
cation of the quotient ^ by the divisor 6 must give the dividend. 
For since c multiplied by b gives a, it is evident that c multiplied by 
2 h will give 2 a, that c multiplied by 3 6 will give 3 a, and that in 
general c muhiplied by m 6 must give ma. Now chan^ng this into 
an example of division, and dividing the product ma, by m 6 one 
of the factors, the quotient must be equal to the other factor c ; but 

ma divided by m 6 gives also the fraction — ?, which is consequently 

equal to c ; and this is what was to be proved : for c having been 

assumed as the value of the fraction ?, it is evident that this fraction 

is equal to the fraction — r, whatever be the value of to. 

88. We have seen that every fra^ction may be represented in an 
infinite number of formsj each of which contains the same value; 
and it is evident that of all these forms, that, which shall be com- 
posed of the least numbers, will be most easily understood. For 
example, we might substitute instead of | the following fractions, 

4 • 1 1£ Ato • 

but of all these expressions f is that of which it is easiest to form an 
idea. Here, therefore, a problem arises, how a fraction, such as 
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tV) which is not expressed by the least possible numbers, maj be 
reduced to its simplest form, or to its least termsy that is to say, in 
our present example, to |. 

89. It will be easy to resolve this problem, if we consider that a 
fraction still preserves its value, when we multiply both its terms, or 
its numerator and denominator, by the same number. For from this 
it follows also, that if toe divide the numerator and denomnaior of a 
fraction by the same number , the fraction stiU preserves the same 
value. This is made more evident by means of the general exprea- 

fflon —rr ; for if we divide both the numerator m a and the denomi- 
nator m 6 by the number m, we obtain the fraction r, which, as was 

before proved, is equal to — ^. 

90. In order, therefore, to reduce a given fraction to its least 
terms, it is required to find a number by which both the numerator 
and denominator may be divided. Such a number is called a com- 
mon divisor, and so long as we can find a common divisor to the 
numerator and the denominator, it is certain that the fracUon may 
be reduced to a lower form ; but, on the contrary, when we see 
that except unity no other common divisor can be found, this shows 
that the fraction is ahready in the simplest form that it admits of. 

91. To make this more clear, let us consider the fraction iVir* 
We see immediately that both the terms are divisible by 2, and that 
there results the fraction f ^. Then that it may again be divided by 
2, and reduced to ^ ; and this also, having 2 for a common divisor, 
it is evident, may be reduced to y'^. But now we easily perceive, 
that the numerator and denominator are still divisible by 3 ; per- 
forming this division, therefore, we obtain the fraction |, which is 
equal to the fraction proposed, and gives the simplest expression to 
which it can be reduced ; for 2 and 5 have no common divisor but 
1, which cannot diminish these numbers any further. 

92. This property of fractions preserving an invariable value, 
whether we divide or multiply the numerator and denominator by 
the same number, is of the greatest importance, and is the principal 
foundation of the doctrine of fractions. For example, we can 
scarcely add together two fractions, or subtract them from each 
other, before we have, by means of this property, reduced them to 

Eul. Alg. 4 
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other forms, that is to say, to expressions whose denominators are 
equal. Of this we shall treat in the following chapter. 

93. We conclude the present by remarking, that all integers may 
also be represented by fractions. For example, 6 is the same as f , 
because 6 divided by 1 makes 6 ; and we may, in tlie same man- 
ner, express the number 6 by die fractions V, y, V, V* ^^ ^ 
infinite number of others, which Iiave the same value. 



CHAPTER IX. 

Of the Addition and Svbtractum of Fractions* 

94. Week fractions have equal denominators, there is no diffi- 
culty in adding and subtracting tliem ; for f -|- f is equal to f, and 
4 — - f is equal to f . In this case, eidier for addition or subtrac- 
tion, we alter only tlie numerators, and place tlie common denom- 
inator under die line ; thus. 

Toy T^ T7o TTTV Toy "T T7T '^ equai 10 Toy , yy yy 

il + H »s equal to |f , or i| ; if — -i^ — iJ + ii is equal to 
IJ, or f ; also j + | is equal to |, or 1, that is to say, an integer; 
and f — f + i is equal to |, that is to say, nodiing, or 0. 

95. But when fraction have not equal denominators^ we can 
always change them into other fractions that have the same denomi- 
nator. For example, when it is proposed to add together the frac- 
tions i and I, we must consider diat i is the same as |, and diat | 
is equivalent to f ; we have therefore, instead of the two fractions 
proposed, these | + f , the sum of which is |. If the two fracdons 
were united by the sign minus, as i — i, we should have | — f 

or i. 

Another example : let die fractions proposed be | -|- f ; since | 

is the same as {, this value may be substituted for it, and we may 

say I + f makes V> or U- 

Suppose further, that the sum of ^ and \ were required. I say 
that it is t\ ; for ^ makes y*^, and J makes j\. 

96. We may have a greater number of fractions to be reduced to 
a common denominator ; for example, i, |, |j f , | ; in this case 
/Ae whole depends on finding a number which may be divisible by 
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off the^denommxton of these fractUms. In this instance 60 is the 
number which has that property, and which consequently becomes 
the common denominator. We shall therefore have |^ bstead of 
\ ; f ^ instestd of f ; f f instead of f ; ^{ instead of | ; and || in- 
stead of |. If now it he required to add togetfier aU tliese fractions 

ih ih ih ih ^"^ H» ^^^ ^^^ ^V ^^ ^^ ^ the numerators^ and 
under the sum place the common denominator 60 ; that is to say, we 
shall have V/|, or three integers, and |f , or 3^^. 

97. The whole of this operation consists, as we before stated, in 
changing two fractions, whose denominators are unequal, into two 
others, whose denominators are equal. In order therefore to per- 

a c 
form it generally, let r and -% be tlie fractions proposed. First, mul- 
tiply the two terms of the first fracdon by d^ we shall have the frac- 
don r-^ equal to t ; next multiply the two terms of the second frac- 
tion by i, and we shall have an equivalent value of it expressed by 

be 

^ ; thus the two denominators become equal. Now if the sum of 

the two proposed fractions be required, we may immediately an^er 
that it is — ^ — ; and if their difference be asked, we say that it is 

— T-T — . If the fractions f and J, for example, were proposed, 

we should obtain in their stead ^f and f | } of which the sum is 
VV, and the difference \^. 

98. To this part of the subject belongs also the question, of two 
proposed fractions, which is the greater or the less ; for, to resolve 
this, we have only to reduce the two fractions to the same denomi- 
nator. Let us take, for example, the two fractions | and 4 : when 
reduced to the same denominator, the first becomes ^f, and the 
second ^f , and it is evident that the second, or 4, is the greater, and 
exceeds the former by /f-. 

Again, let the two fractions | and f be proposed. We shall have 
to substitute for them || and f f ; whence we may conclude that f 
exceeds |, but only by ^V* 

99. When it is required to subtract a fraction from an integer, it 
b sufficient to change one of the units of that integer into a fraction 
having the same denominator as the fraction to be subtracted; in 
the rest of the operation there is no difficulty. If it be required. 
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for ezain[rfe, to subtract | from 1, we write | instead of 1, and say, 
chat I taken from | leaves the remainder •(. So t\ subtracted from ^ 
1, leaves Vt« 

If it were required to subtract | from 2, we should write 1 and } 
instead of 2, and we should immediately see that after the subtrac- 
tion there must remain 1^. 

100. It happens also sometimes, that having added two or more 
fractions together, we obtain more than an mteger ; that b to say, 
a numerator greater than the denominator : this is a case which has 
already occurred, and deserves attention. 

We found, for example, ardcle 96, that the sum of the five frac- 
tions I, f , f , I, and f , was V/9 ^<^ ^^ remarked that the value of 
this sum was 3 integers and |f , or \\. Likewise | + |, or ^V + Vt> 
makes ||^, or 1 7'^. We have only to perform the actual division of the 
numerator by the denominator, to see how many integers there are for 
the quotient, and to set down the remamder. Nearly the same must 
be done to add together numbers compounded of integers and frac- 
tions ; we first add the fractions, and if their sum produces one or 
more integers, these are added to the other integers. Let it be pro- 
posed, for example, to add 3| and 2| \ we first take the sum of \ 
and }, or of | and |. It is } or 1^ ; then the sum total is 6^. 



CHAPTER X. 

OfihA Multiplication and Division of Fractions. 

' 101. The fvlefor the muUiplication of a fraction by an integer, 
or whole number, is to multiply the numerator only by the given 
number^ and not to change the denomnatbr : thus, 

2 times, or twice i makes |, or 1 integer ; 

2 times, or twice | makes | ; . - : 

3 times, or thrice j^ makes |, or ^ ; and 

4 times ^^ makes \^ or 1 |V» or 1 1. 

But, instead of this rule, we may use that of dividing the denomi^ 
nator by the given integer ; and this is prtferabk, when it can be 
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usedy because it shortens the operation. Let it be required, for ex- 
ample, to multiply } by 3 ; if we multiply the numerator by the 
given mteger we obtain V, which product we must reduce to |. 
But if we do not change the numerator, and divide the denominator 
by the integer, we find immediately f , or ^| for the given product. 
Likewise || multiplied by 6 gives V, or 3^. 

102. In genera], therefore, the product of the multiplication of a 

fraction x hy c is -r-; and it may be remarked, when the integer is 

exactly equal to the denominator j that the product must he equal to 
the numerator. 



C i taken twice gives 1 ; 
So that < I taken thrice gives 2 ; 
( i taken 4 times gives 3. 



And in general, if we multiply the fraction ^ by the number 6, the 

product must be a, as we have already shown ; for since r ex- 
presses the quotient resulting from the division of the dividend a by 
the divisor 6, and since it has been demonstrated that the quotient 
multiplied by the divisor will give the dividend, it is evident that 

?• multiplied by h must produce a. 

103. We have shown how a fraction is to be multiplied by an in- 
teger ; let us now consider also how a fraction is to be divided by an 
integer ; this mquiry b necessary before we proceed to the multipli- 
cation of fractions by fractions. It is evident, if I have to divide the 
fraction | by 2, that the result must be | ; and that the quotient of 
I divided by 3 is f • The rule therefore is, to divide the numerator 
by the integer unthout changing the denomiinator. Thus, 

1} divided by 2 gives /j ; 
^f divided by 3 gives jV y ^<^ 
^} divided by 4 gives /^ ; inc. 

104. This rule may be easily practised, provided the numerator 
be (Uvi^ble by the number proposed ; but very often it is not : it 
must therefore be observed that a fraction may be transformed into 
an infinite number of other expressions, and in that number there 
must be some by which the numerator might be divided by the 
given integer. IJf it were required, for example, to divide | by 2, 
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we should change the fraction into |, and then dividing the numera- 
tor by 2, we should immediately have | for die quotient sought. 

In genera], if it be proposed to divide the fraction j by c, we change 

it mto r— , and then dividmg the numerator o c by c, write t- for the 

quotient sought. 

a 

105. fVhen therefore a fraction risiobe divided by an integer c, 

we have only to multiply the denominator by tliat number , and leave 
the numerator as it is. Thus f divided by 3 gives j\j and | divid- 
ed by 6 gives Z,- 

This operation becomes easier when the numerator itself is divisi- 
ble by the integer, as we have supposed in article 103. For exam- 
ple, XT divided by 3 would give, according to our last nile, ^\ 5 but 
by die first nde, which is applicable here, we obtain y\, an expres- 
sion equivalent to ^jj but more simple. 

■ 

106. We shall now be able to understand how one fraction r 
may be multiplied by another fi*action -j. We have only to con- 
aider that ^ means diat c is divided by d ; and on this principle, we 

shall first multiply the fraction r by c, which produces the result -^ ; 

a c 
after which we shall divide by d, which gives ^-j. 

Hence ilie following rule for multiplying fractions ; multiply 
separately tJie numerators and tite denoininators. 

Thus i by I gives the product |, or | ; 
I by i makes /y ; 
i by T^ produces if, or xV 5 *^' 

107. It remams to show how one fraction may be divided by an- 
other. We remark first, that if the two fractions have the same ntcm- 
ber for a denominator^ the division takes place otdy with respect to 
tiie numerators; for it is evident, that xV ^^ contained as many times 
in xV as 3 in 9, tliat is to say, thiice ; and in the same manner, in 
order to divide xV ^Y iV) ^^ ^^^ ^^V ^ divide 8 by 9, whidi 
gives f. We shall also have ^V ^ ih 3 times : ji^ in xW '^ * 
^"»es ; /y in ,*y, | ; 805. 
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108. But when the fractions have not equal denominators, we 
must have recourse to the method already menUoned for reducing 
them to a common denominator. Let there be, for example, the 

, a » m c 

firaction r to be divided by the fraction 3 » we first reduce them to 

the same denominator; we have then p- . to be divided by v-% ; it is 

DOW evident, that the quotient must be represented amply by the 

division of a d by & c ; which dyes r— • 

Hence the following rule : Multiply the numerator of the diffidend 
by the denominator of the divisor, and the denominator of Ute divi^ 
dend by the numerator of the divisor ; tJte first product vjiU be the 
numerator oftlie quotient, and the second wiU be its denominator, 

109. Applying this rule to the division of | by |, we shall have 
the quotient j-f ; the division of | by ^ will give | or f or 1 and ^ ; 
and If by | will give ||^, or f . 

110. This rule for division is often represented in a manner more 
easily remembered, as follows : Invert the fraction which is the divi- 
sor, so that the denominator inay be in ilie place of the numeratory 
and the latter be written under tlie line ; then multiply the fraction, 
wMdi is the dividend by this inverted fraction, and tlie prodttct untt 
be the quotient sought. Thus | divided by i is the same as | mul- 
tiplied by }, which makes |, or 1|. Also f divided by | is the 
same as | multiplied by |, which is || ; or |f divided by | gives 
the same as |f multipled by |, the product of which is ^f fi or f. 

We see tlien, in general, that to divide by tite fraction |, is the 
same as to multiply by f , or 2 ; tliat division by | amounts to raulti- 
plication by f , Or by 3, ^c. 

111. The number 100 divided by ^ will give 200; and 1000 
divided by ^ will give 3000. Further, if it were required to divide 
1 by To^Tfi the quotient would be 1000; and dividing 1 by ttuVot^ 
the quotient is 100000. This enables us to conceive that, when 
any number is divided by 0, tlie result must be a num])er infinitely 
great ; for even the division of 1 by the small fraction ^.^ ^^ Jy^^^^ 
gives for the quotient the very great number 1000000000. 

112. Every number when divided by itself producing unity, it is 
evident tliat a fraction divided by itself must also give 1 for the quo- 
tient. The same follows from our rule : for, in order to divide 
I by f , we must multiply | by |, and we obtain ||, or 1 ; and if it 
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be required to divide t by ^ we multiply r by - ; now the product 

-T is equal to 1. 

lis. We have stiD to explain an expression which is frequently 
used. It may be asked, for example, what is the half of | ; this 
means that we must muldply | by |. So likewise, if the value of 
f of f were required, we should multiply f by |, which produces 
^{ ; and | of W ^ ^^ s^^^ie as i^ multiplied by j, which produces 

1 14. Lastly, we must here observe the same tules with respect 
to the signs + and — «, that we before laid down for integers. 
Thus + i multiplied by — i makes — } ; and — | multiplied by 
— I gives + TT* Farther, — f divided by -f- f makes — |f ; 
and — I divided by — | makes + H o^ + ^* 



CHAPTER XI. 

Cf Square Numbers. 

115. The product of a number j when muUiplied by itself, is 
called a square ; and for this reason, the number, considered in reUt" 
tion to such a product, is called a square root. 

For example, when we multiply 12 by 12, the product 144 is a 
square, of which the root is 12. 

This term is derived from geometry, which teaches us that the 
contents of a square are found by multiplymg its side by itself. 

116. Square numbers are found therefore by multiplication ; that 
is to say, by multiplying the root by itself. Thus 1 is the square of 
1, sbce 1 multiplied by 1 makes 1 ; likewise, 4 is the square of 2 ; 
and 9 the square of 3 ; 2 also is the root of 4, and 3 is the root of 9. 

We shall begin by conadering the squares of natural numbers, 
and shall first give the following small table, on the first line of 
which several numbers, or roots are placed, and on the second their 
squares. 



Numbers 
Squares 



1 



1625 



36 



49 



8 



64 



81 



10 



100 



11 



121 



12 



144 



13 



169 
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117. It will be readSy perceived, that the series of square num- 
bers thus arranged has a singular property ; namely, that if each of 
them be subtracted from that which immediately follows, the re- 
mainders always increase by 2, and form this series ; 

3, 5, 7; 9, 11, 13, 16, 17, 19, 21, fac. 

118* The squares of fractions are found in the same manner j by 
multiplying any given fraction by itself For example, the square 
of J is }, 



The square of 




IS 




»- ; &c. 



We have only, therefore, to divide the square of the numerator by 
the square of the denominator, and the fraction, which expresses 
that division most be the square of the given fraction. Thus, }f is 
the square of f ; and reciprocally, f is the root of f f • 

119. When the square of a mixed number, or a number com- 
posed of an integer and a fraction, is required, we have only to 
reduce it to a single fraction, and then to take the square of that 
fraction. Let it be required, for example, to find the square of 2| ; 
we first express this number by f , and taking the square of that 
fraction, we have V> or ^h fo** ^^^ value of the square of 2|. So 
to obtain the square of 3}, we say 3} is equal to V > therefore its 
square is equal to VV", or to 10 and j\. The squares of the num- 
bers between 3 and 4, supposing them to increase by one fourth, 
are as follows : 



Numbers 
Squares 


3 
9 


3J 


3i 


3| 


4 
16 


IOt't 


12} 


14tV 



From this small table we may infer, that if a root contain a frac- 
tion, its square also contains one. Let the root, for example, be 
1/^ ; its square is ||}, or 2^1^ ; tliat is to say, a little greater than 
the integer 2. 

120. Let us proceed to general expressions. When tlie root is 
a, the square must be a a ; if the root be 2 a, the square h 4aa; 
which shows that by doubling the root, the square becomes 4 times 
greater. So if the root be 3 a, the square is 9 a a ; and if tlie root 
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be 4a, the square is 16 a a. But if the root be aft, the square is 
a abb; and if the root be a 6 c, the square is a abbe c. 

121 • Thus when the root is composed of two or more factors^ 
we multiply their squares together ; and reciprocally, if a square be 
composed of two or more factors^ of which each is a square, loe have 
only to multiply together the roots of those squares,, to obtain the 
complete root of the square proposed. Thus, as 2304 is equal to 
4 X 16 X 36, the square root of it is 2 X 4 X 6, or 48 ; and 48 
is found to be the true square root of 2304, because 48 X 48 gives 
2304. 

122. Let us now consider what rule is to be observed with regard 
to the signs -f* and — . First, it is evident that if the root has the 
^g^ +9 ^^^ ^ to say, is a positive number, its square must necessa- 
rily be a positive number also, because + by -|" n^^es -|- - the 
square of -j- ^ will be -|- ^ <^* But if the root be a negadve num- 
ber, as — a, the square is still positive, for it is -|- a a; we may 
therefore conclude, that -^ aa is the square both of + 9i, and of 
— a, and that consequently every square has two roots, one positive 
and the other negative. The square root of 25, for example, is both 
+ 5 and — 5, because — 6 multiplied by — 6 gives 25, as well 
as + 6 by + 5. 



CHAPTER Xn. 

Of Square Roots, and of Irrational Numbers resulting from them. 

123. What we have said in the preceding chapter is chiefly this : 
that the square root of a given number is nothing but a number 
whose square is equal to the given number ; and that we may put 
before these roots either the positive or the negative sign. 

124. So that when a square number b given, provided we retain 
in our memory a sufficient number of square numbers, it is easy to 
find its root. If 196, for example, be the given number, we know 
that its square root is 14. 

Fractions likewise are easily managed ; it is evident, for example, 
that 4 is the square root of ||. To be convinced of this, we have 



Chap. 12. Cf Simple ^mtities. 35 

only to take the square root of the numerator, and that of the de- 
nominator. 

If the number proposed be a mixed number, as 12|, we reduce 
it to a sbgle fraction, which here is V, and we immediately per- 
ceive that I, or 3|, must b^the square root of 12^. 

125. But when the given number is not a square, as 12, for 
example, it is not possible to extract its square root ; or to find a 
number, which, multiplied by itself, will give the product 12. We 
know, however, that the square root of 12 must be greater than S, 
because 3x3 produces only 9 : and less than 4, because 4X4 
produces 16, which is more than 12. We know also, that this root 
is less than 3^ ; for we have seen that the square of 3|, or | is 12}. 
Lasdy, we may approach still nearer to this root, by comparing it 
with 3/t ; for the square of 3/y, or of f | is VtVj or l^-g^-^j so 
that this firaction is sdll greater than the root required ; but very 
Ittde greater, as the difference of the two squares is only ^^ j. 

126. We may suppose that as 3| and 3j\ are numbers greater 
than the root of 12, it might be possible to add to 3 a fraction a litde 
kss than /jt and precisely such that the square of the sum woidd be 
equal to 12. 

Let us therefore try with 3^, since ^ is a litde less than y\. Now 
3^ is equal to y , the square of which is V^", and consequendy less 
by }f than 12, which may be expressed by VV'. It is dierefore 
proved that 3^ is less, and that Sj^j is greater than the root required. 
Let us then tiy a number a litde greater than 3f , but yet less than 
3y^j, for example, 3y'T. This number, which is equal to f f , has 
for its square V/r^. Now, by reducing 12 to this denominator, we 
obtain 'jVt f which shows that Sj\ is still less than the root of 12, 
viz. by yfy. Let us therefore substitute for -^y the fraction y\, 
which is a little greater, and see what will be the result of the com- 
parison of the square of 3j% with the proposed number 12. The 
square of 3y"j is WV y ^^^ ^^ reduced to the same denominator is 
\W y SO that 3y'^ is still too small, though only by yf^, whilst 
Sy'^j has been found too great. 

127. It is evident, therefore, that whatever fraction be jobed to 
3, the square of that sum must always contain a fraction, and can 
never be exacdy equal to the integer 12. Thus, although we know 
that the square root of 12 is greater than 3y\ and less than S^jf 
yet we are unable to assign an intermediate fraction between these 
two, which, at the same time, if added to 3, would express exactly 
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the square root of 13. Notwithstanding this, we are not to assert 
that the square root of 12 is absolutely and in itself indeterminate ; 
it only follows from what has been said, that this root, though it 
necessarily has a determinate magnitude, cannot be expressed by 
firactions. 

128. TTiere m, therefore^ a sort of numbers which cannot be as- 
signed by fractions, and which are nevertheless determinate qaantir 
ties ; the square root of 12 furnishes an example. We call this 
new species of numbers, irrational numbers ; they occur whenever 
we endeavour to find the square root of a number which is not a 
square. Thus, 2 not bemg a perfect square, the square root of 2, 
or the number which, multiplied by itself, would produce 2, is an 
irrational quantity. These numbers are also called surd quantities^ 
or incommensurables. 

129. These irrational quantities, though they cannot be expressed 
by fractions, are nevertheless magnitudes, of wluch we may form an 
accurate idea. For however concealed the square root of 12, for 
example, may appear, we are not ignorant, that it must be a number 
which, when multiplied by itself, would exacdy produce 12 ; and 
this property is sufficient to give us an idea of the number, since it 
is in our power to approximate its value continually. 

130. As we are therefore sufficiently acquamted with the nature 
of the irrational numbers, under our present consideration, a particu- 
lar sign has been agreed on, to express the square roots of all num- 
bers that are not perfect squares. This sign is written thus \/, and 
is read square root. Thus, \/i3 respresents the square root of 12, 
or the number which, multiplied by itself, produces 12. So, \/3 
represents the square root of 2 ; v3 that of 3 ; v| that of |, and 
in general, \/& represents the square root of the number a. Wken- 
ever, therefore, we would express the square root of a number 
which is not a square, we need only make use of the mark \/ by 
placing it before the number. 

131. The explanation which we have given of irrational numbers 
will readily enable us to apply to them the known methods of calcu- 
lation. For knowing that die square root of 2, multiplied by itself, 
must produce 2 ; we know also, that the multiplication \/U by vS 
must necessarily produce 2 ; that, in the same manner, the multipli- 
cation of vd by v^ must give 3 ; that \/S by vS makes 5 ; that Vf 
by v^ I makes | ; and, in general, that v^a multiplied by \/i pro* 
duces a. 
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132. But when it is required to multiply v^a by \/h the product 
imU be found to be Vab ; because we have shown before, that if a 
square has two or more factors, its root must be composed of the 
roots of those factors. Wherefore we find the square root of the 
product a 6, which is \'abj by multiplying the square root of a or 
x/oj by the square root of bor \/E, It is evident from this, that if 
b were equal to a, we should have \/aa for the product of \/a by 
\/b. Now \/aa is evidently a, since a a is the square of a. 

133. In division, if it were required to diidde \/ch for example, 

by \/% we obtain I? ; and in this instance the irrationality may van- 
ish m the quotient. Thus, haiang to divide \/lS by \/Qy the quotient 
is \/\*9 which is reduced to \/f , and consequently to |, because £ 
is the square of |. 

134. When the number, before which we have placed the radical 
sign v^, is itself a square, its root is expressed in the usual way. 
Thus v4 is the same as 2 ; V9 the same as 3 ; v36 the same as 6 ; 
and \/i2T ^^ same as }, or 3^. In these mstances the irrationality 
b only apparent, and vanishes of course. 

135. It is easy also to multiply irrational numbers by ordinary 
numbers. For example, 2 multiplied by V5 makes 2 \/§j and 3 
times v3 make 3 v^. In the second example, however, as 3 is 
equal to \/S, we may also express 3 times v2 by v^ times \/% or 
by V18. So 2 Va is the same as V4a, and 2 \/a the same as \/9a> 
And, in general, b \/a has the same value as the square root of b b a, 
or \/abb; whence we infer reciprocally, that when the number 
which is preceded by the radical sign contains a square, we may 
take the root of that square and put it before the sign, as we should 
do in writing b y/a instead of \/ahh. After this, the following re* 
ductions will be easily understood : 



>>is equal to^ 



V^ or v^ 
VK, or VSU 
\/18, or V2^ 
VSj or V6.4 
\/32, or v£l6 
V75, or vasSS 

and so on. 

136. Division is founded on the same principles* \/a divided by 

Vby gives -^ or L. In the same manner, 



2v^; 
3v2; 

15^3; 
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VIS 

vl 

Via 

V3 J 



J|,orV4,or2; 
^is equal to^ J~» or V9j or 3 ; 



u 



Further 



>>is equal to^ 



12 
3 

Vi 



, or ^4} or 2. 



, orVi, or V2; 



V2 



\/9 « - 

^orV|,orV3; 

^,orvHSorvS5, 
V.VO 



or vai, or lastly 2 ^g. 

137. There is nothing in particular to be observed with respect 
to the addition and subtraction of such quantities, because we only 
connect them by the signs -f~ &Qd -— . For example, \/2 added to 
V3 ii iffritten %/Z + V3 9 ond y/3 subtracted from V5 is vnitten 

\/5 — V3- 

138. We may observe lasdy, that in order to distinguish irrational 
numbers, we call all other numbers, both integral and fractional, 
rational numbers. 

So that, whenever we speak of rational numbers, we understand 
integers or fractions. 



CHAPTER Xm. 

Cf Impossible or Imaginary Quantities j which arise from the same 

source. 

139. We have ahready seen that the squares of numbers, negative 
as well as positive, are always positive, or affected with the sign 4- ; 
bavmg shown that — a multiplied by — a gives + aa^ the same 
as the product of + a by + ^- Wherefore, in the preceding chap- 
ter, we supposed that all the numbers, of which it was required to 
extract the square roots, were positive. 

140. When it b required, therefore, to extract the root of a nega- 
iive number, a very great difficulty arises ; i^ce there is no assign- 
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able number, the square of which would be a negative quantity. 
Suppose, for example, that we wished to extract the root of — 4 ; 
we require such a number, as when multiplied by itself, would pro- 
duce — 4 ; now this number is neither + 2 nor — 2, because the 
square, both of + 2 and of — 2, is + 4, and not — 4. 

141. We must therefore conclude, that the square root of a nega- 
tive number cannot be either a positive number j or a negative numr 
berj since the squares of negative numbers also take the sign plus. 
Consequendy the root in question must belong to an entirely distinct 
species of numbers ; since it cannot be ranked either among positive 
or among negative numbers. 

142. Now, we before remarked, that positive numbers are all 
greater than nothing, or 0, and that negative numbers are all less 
than nothing, or ; so that whatever exceeds 0, is expressed by 
positive numbers, and whatever is less than 0, is expressed by nega- 
tive numbers. The square roots of negative numbers, therefore, are 
neither greater nor less than nothing. We cannot say however, that 
they are ; for multiplied by produces 0, and consequendy 
does not give a negative number. 

143. Now, ^nce all numbers, which it is possible to conceive, 
are either greater or less than 0, or are itself, it is evident that we 
cannot rank the square root of a negadve number amongst possible 
numbers, and we must therefore say that it is an impossible quantity. 
In this manner we are led to the idea of numbers which from their 
nature are impossible. These numbers are usually called imaginary 
quantities^ because they exist merely in the imaginadon. 

144. All such expressions, as V—-l> V— 2, V— 3, \/^^^ &c., 
are consequently impossible, or imaginary numbers, since they re- 
present roots of negative quantities ; and of such numbers we may 
truly assert, that they are neither nothing, nor greater than nothing, 
nor less than nothing ; which necessarily constitutes them imaginary, 
or impossible. 

145. But notwithstanding all this, these numbers present them- 
selves to the mind ; they exist in our imagination, and we still have 
a sufficient idea of them ; since we know that by y/ — 4 is meant a 
number, which multiplied by itself, produces — 4. For this reason 
also, nothing prevents us from making use of these imaginary num- 
bers, and employing them in calculation. 

146. The first idea that occurs on the present subject is, that the 
square of V— -3, for example, or the product of V— 3 by V-— 3, 
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must be '^ 3 ; that the product of \f^ by v^^ ia — ^\ sd^^s 
in genera], that by multiplying V---^ by V---^9 or by taUng the 
square of V— a> we obtain — a. 

147. Now, as — a is equal to -}^ a multiplied by — 1, and as 
the square root of a product is found by multiplying together the 
roots of its factors, it follows that the root; of a multiplied by — 1, 
or \/^^, is equal to y/i multiplied by v— 1- Now v^ is a possi- 
ble or real number, consequentiy the whok impossibility of an unag'- 
inary quantity may be always reduced to V— 1. For this reason, 
V^4 is equal to V4 multiplied by V— Ij ^^ equal to 2 \/— i, 
on account of \/i being equal to 2. For the same reason, v— 9 is re^ 
duced to V9 X V— 1, or 3 v— -T 5 and v— 16 is equal to 4 v — 1- 

148. Moreover, as \/a multiplied by \/h makes \/ahi we shall 
have V6 for the value of v— * multiplied by v — 3 ; and \/4, or 2, 
for the value of the product of v~i hy v— 4. We see, therefcMre, 
that ^t£;o imaginary numbers j muUipUed together^ produce a real, or 
possible one* 

But, on the contrary, a possible number ^ multiplied by an in^ossi- 
ble number, gives always an imaginary product : thus, V=^ by 



V+ 5 gives V— 15* 

149. It is the same with regard to division ; for \/a divided by 

V5" making [?, it is evident that v—4 divided by v^— i will make 
V+4, or 25 that \/+3 divided by v'-'-S will give v^^ 5 and that 
1 divided \/^^ gives I^^j or V— ij because 1 is equal to 

\/¥l. 

150. We have before observed, that the square root of any num- 
ber has always two values, one positive and the other negative ; that 
\/ii for example, is both -f* ^ and — 2, and that in general, we 
must take — v^ as well as + \/a for the square root of a. This 
remark applies also to imaginary numbers ; the square root of ^^k 
is both -}- V'-a and — V---a$ ^^ ^^ ^^^ ^^^ confound the signs 
4- ond — J which are before the radical sign %/, unth the sign which 
comes after it. 

151. It remains for us to remove any doubt which may be enter- 
tained concerning the utility of the numbers of which we have been 
speaking ; for those numbers being impossible, it would not be sui^ 
prising if any one should thmk them entirely useless, and the subject 
only of idle speculation. This, however, is not the case. The cal- 
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culatioa of imaginary quantities is of the greatest importance : ques- 
tions frequently arise, of which we cannot immediately say, whether 
theymclude anything real and ^possible, or not. Now, when the 
solution of such a question leads to imaginary numbersi we are cer- 
tain that what is required is impossible.* 



CHAPTER XIV. 

Cf Cubic J^umbers, 

152. When a number has been multiplied twice by itself^ or^ which 
is the same things when the square of a number has been multiplied 
once more by that number j we obtain a product which is called a 
cube, or a cubic number^ Thus, the cube of a is a a a, since it is 
the product obtained by multiplying a by itself, or by o, and that 
square a a again by a. 

The cubes of the natural numbers therefore succeed each other 
in the following order. 



Numbers 
Cubes 


1 


2 


3 

27 


4 


5 


6 


7 


8 


9 


10 


1 


8 


64 


125 


216 


343 


512 


729 


1000 



153. If we consider the differences of these cubes, as we did 
those of the squares, by subti*acting each cube from that which 
comes after it, we shall obtain the following series of numbers : 

7, 19, 37, 61, 91, 127, 169, 217, 271. 

At first we do not observe any regularity in them ; but if we take 
the respective differences of these numbers, we find the following 
series : 



* This is followed in the original by an example intended to illus- 
trate what is here said. It is omitted by the editor, as it implies a 
degree of acquaintance with the subject, which the learner cannot be 
supposed to possess at this stage of his progress. 

EvI, Alg, 6 
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12, 18, 24, 30, 36, 42, 48, 54, 60; 

in which the terms, it is evident, increase always by 6. 

154. After the definition we h^e given of a cube, it will not be 
difficult to find the cube of fractional numbers ; } is the cube of | ; 
^V is the cube of ^ ; and -jfi^ is the cube of f. In the same man- 
ner, we have only to take the cube of the numerator and that of the 
denominator separately, and we shall have as the cube of |, for in- 
stance, f ^. 

155. If it be required to find the cube of a mixed number^ we 
must first reduce it to a single fir action^ and then proceed in the man- 
ner thai has been described. To find, for example, the cube of 1 j, 
we must take that of |, which is V) or 3 and |. So the cube of 
'l\y or of the single fraction f, is VV^ or 1|| ; and the cube of 3}, 
orof Vis»^f%or34|i. 

156. Since a a a is the cube of a, that of a 5 will he aaabbb ; 
whence we see, that if a number has two or more factors^ we may 

find its cube by multiplying together the cubes of those factors^ For 
example, as 12 is equal to 3 x 4, we multiply the cube of 3, which 
is 27, by the cube of 4, which is 64, and we obtain 1728, for the 
cube of 12. Further, the cube of 2 a is 8 a a a, and consequently 
8 times greater than the cube of a : and likewise, the cube of 3 a is 
2T aaaj that is to say, 27 times greater than the cube of a. 

157. Let us attend here also to the signs -}- and — . It is evi- 
dent that the cube of a positive number -|- a must also be positive, 
that is 4- a a a. But if it be required to cube a negative number 

— o, it is found by first taking the square, which is 4- ^ ^9 smid then 
raultiplybg, according to the rule, this square by — a, winch gives 
for the cube required — a a a. In this respect j therefore, it is not 
the same with cubic numbers as vnth squares^ since the latter are 
always positive ; whereas the cube of — 1 w — 1, that of — 2 is 

— 8, that of — 3 tt — 27, and so on. 
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CHAPTER XV. 

€f Cube RooiSf and of Irrational JSTumbers renUtingfrom them. 

158. As we can, in the manner already explained, find the cube 
of a given number, so, when a number is proposed, we may also 
reciprocally find a number, which, multiplied twice by itself, will pro- 
duce that number. The number here sought is called, with relation 
to the other, the cube root. So that the cube root of a given number 
is the number whose cube is equal to thtU given number. 

159. It is easy therefore to determine the cube root, when the 
number proposed is a real cube, such as the examples in the last 
chapter. For we easily perceive that the cube root of 1 is 1 ; that 
of 8 is 2 ; that of 27 is 3 ; that of 64 is 4, and so on. And in the 
same manner, the cube root of — 27 is — 3 ; and that of — 125 
is — 5. 

Further, if the proposed number be a fraction, as ^'if , the cube 
root of it must be f ; and that of ^^*j is 4. Lastly, the cube root 
of a mixed number 2|^ must be }, or 1|: because 2|f is eq^ual 

to64 

160. But if die proposed number be not a cube, its cube root 
cannot be expressed either in integers, or in fractional numbers* 
For example, 43 is not a cubic number ; I say therefore that it is 
impossible to assign any number, either integer or fractional, whose 
cube shall be exacdy 43. We may however affirm, that the cube 
root of that number is greater than 3, since the cube of 3 is only 27 ; 
and less than 4, because the cube of 4 is 64. We know, therefore, 
that the cube root required is necessarily contained between the 
numbers 3 and 4. 

161. Since the cube root of 43 is greater than 3, if we add a 
fraction to 3, it is certain that we may approximate still nearer and 
nearer to the true value of this root ; but we can never assign the 
number which expresses that value exactly ; because the cube of a 
mixed number can never be perfectly equal to an integer, such as 
43. If we were to suppose, for example, 3|^, or J to be the cube 
root required, the error would be | ; for the cube of J is only ^|', 



or 42}. 



162. This therefore shows, that the cube root of 43 cannot be 
expressed in any way^ either by integers or by fractions. However, 
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we have a distinct idea of the magnitude of this root ; which induces 

3 

US to use, in order to represent it, the sign s/y which we place be- 
fore the proposed number, and which u rtad cube root^ to disiinr 
guish it from the square root, which is often called simply the root. 

Thus \/43 means the cube root of 43, that is to say, the number 
whose cube is 43, or which, multiplied twice i)y itself, produces 43. 

163. It is evident also, that such expressions cannot bebng to 
rational quantities, and that they rather form a particular species of 
irrational quantities. They have nodung in common with square 
roots, and it is not possible to express such a cube root by a square 
root ; as, for example, by \/i2 ; for the square of yiS being 12, its 
cube will be 12 <v/i2, consequend^ still irrational, and such cannot 
be equal to 43. 

164. If the proposed number be a real cube, our expressions be- 

come rational ; \/l is equal to 1 : \/8 is equal to 2; V27 is equal 

3 

to 3; andy generally j Vaaa is equal to a. 

165. If it were proposed to multiply one cube rootj %/& by another, 

3 3 

VC, the product must &e v^ab; for we know that the cube root of a 
product abis found by multiplying together the cube roots of the 

3 _ 3 _ 

factors (156). Hence, also, if we divide v'a by x/hj the quotient 

3__ 3 

166. We further perceive, that 2\/ais equal to \/8a, because 2 

3 3 _ 3 i"" ^ - . 

is equivalent to v^8 ; that 3 y/a is equal to v27 a, and b \/a is equal 

\/a bbb. So, reciprocally, if the number under the radical sign has a 
factor which is a cube, we may make it disappear by placing its cube 

3 

root before the sign. For example, instead of \/64 a we may write 

3 3^ , 3 3 , 3 

4 ^a 9 and 5 \/a instead of \/i25 a. Hence v^6 is equal to 2 y^, 
because 16 is equal to 8 X 2. 

167. When a number proposed is negative, its cube root is not 
subject to the same difficulties that occurred in treating of square 
roots. For, since the cubes of negative numbers are negative, it 
follows that the cube roots of negative numbers are only negative. 

3 3 

Thus v'— 8 is equal to — 2, and V— 27 to — 3. It follows also. 
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3 , 3 3 

that V— ^ ^ ^6 same as — V 1% ^d that V— a ^^Y he ex- 

3 

pressed by — \/o. Whence we see that the sign — , when it is 
found after the sign of the cube root, might also have been placed 
before it. We are not, therefore, here led to impossible, or imagin- 
ary numbers, tis we were in considering the square roots of negative 
numbers* 



CHAPTER XVI. 

Cf Powers in genercd. 

168. The product which we obtain by multiplying a number seth 
eral times by itself j is called a power. Thus, a square which arises 
from the multiplication of a number by itself, and a cube which we 
obtain by multiplying a number twice by itself, are powers. We 
say also in the former case^ that the numier is raised to the second 
degree, or to the second power ; and in the latter , that the number is 
raised to the third degree, or to the third power. 

169. We distinguish these powers from one another by the num- 
ber of times that the given number has been used as a factor. For 
example, a square is called the second power, because a certain 
given number has been used twice as a factor ^ and if a number has 
been used thrice as a factor, we call the product the third power, 
which therefore means the same as the cube. Multiply a number 
by itself till you have used it four times as a factor, and you will 
have its fourth power, or what is commonly called the bi-quadrate. 
From what has been said it will be easy to understand what is meant 
by the fifth, sixth, seventh, &c. power of a number. I only add, 
that the names of these powers, after the fourth degree, cease to 
have any other but these numeral distmctions. 

170. To illustrate this still further, we may observe, in the first 
place, that the pouters of 1 remain always the same ; because what- 
ever number of times we multiply 1 by itself, the product is found 
to be always 1. We shall, therefore, begin by representing the pow- 
ers of 2 and of 3. They succeed in the following order : 
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Jilgdfra. 



Sect 1. 



Powers. 


OfthenamberS. 


Of die number S. 




A. 




I. 


2 


3 


n. 


4 


9 


m. 


8 


27 


IV. 


16 


81 


V. 


32 


243 


VI. 


64 


729 


vn. 


128 


2187 


VIII. 


256 


6561 


IX. 


512 


19683 


X. 


1024 


59049 


XI. 


2048 


177147 


XII. 


4096 


531441 


TniT. 


8192 


1594323 


XIV. 


16384 


4782969 


XV. 


32768 


14348907 


XVI. 


65536 


43046721 


xvn. 


131072 


129140163 


xvra. 


262144 


387420489 



But the powers of the number 10 are the most remarkable ; for 
on these powers the system of our arithmetic is founded. A few of 
them arranged in order, and beginning with the first power, are as 
follows : 

I. n. m. IV. V. VI. 

10, 100, 1000, 10000, 100000, 1000000, 8ec. 

171. In order to illusUrate this subject, and to consider it in a 
more general manner, we may observe, that the powers of any num- 
ber, a, succeed each other in the following order. 

I. IL ffl. IV. V. VI. 

a, a a, aaa^ aaaa^ aaaaa, aaaaaa^ &cc. 

But we soon feel the inconvenience attending this manner of writ- 
ing powers, which consists in the necessity of repeating the same 
letter very often, to express high powers ; and the reader also would 
have no less trouble, if he were obliged to count all the letters, to 
know what power is intended to be represented. The hundredth 
power, for example, could not be conveniently written in this man- 
ner ; and it would be still more difficult to read it. 

172. To avoid tliis inconvenience, a much more commodious 
method of expressing such powers has been devised, which fi-om its 
extensive use deserves to be carefully explained ; viz. To express. 
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for example, the hundredth power, we simply write the number 100 
above the number whose hundredth power we would express, and a 
litde towards the right-hand ; thus a^^^ means a raised to 100, and 
rq^resents the hundredth pimer of a. It must be observed, that ike 
name expment is given to the number written above that whose 
power or degree it represents^ and which in the present instance is 
100. 

173. In the same manner, a' signlfiefl a raised to 2, or the sec- 
ond power of a, which we represent sometimes also by a a, because 
both these expressions are written and understood with equal facility. 
But to express the cube, or the third power a a a, we write a' ac- 
cording to the rule, that we may occupy less room. So a* signifies 
the Tourth, a' the fifth, and a^ the sixth power of a. 

174. In a word, all the powers of a will be represented by a, a', 
a*, a* J a*, a«, a', «•, a", a* •, &c. Whence we see that in this 
manner we might very properly have written a^ instead of a for the 
first term, to show the order of the series more clearly. In fact a* 
is no more than a, as this unit shows that the letter Siis to be written 
only once. Such a series of powers is called also a geometrical pro- 
gression, because each term is greater by one than the preceding. 

175. As in this series of powers each term is found by multiply- 
ing the preceding term* by a, which increases the exponent by 1 ; so 
when any term is given, we may also find the preceding one, if we 
divide by a, because this diminishes the exponent by 1. This shows 
that the term which precedes the first term a^ must necessarily be 

-, or 1 ; now, if we proceed according to the exponents, we imme- 
diately conclude, that the term which precedes the first must he a^» 
Hence we deduce this remarkable property ; that a^ is constantly 
equal to 1, hofwever great or small the value of the number a may bcy 
and even when a is nothmg ; that is to say, a® is equal to 1. 

176. We may continue our series of powers m a retrograde 
order, and that in two difiTerent ways ; first, by dividing always by a, 
and secondly by diminishing the exponent by unity. And it is evi-* 
dent, that whether we follow the one or the other, the terms are still 
perfectly equal. This decreasing series is represented, in both forms, 
m the following table, which must be read backwards, or fi'om right 
to left. 
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1. 



2. 



1 


1 


1 


1 


1 


1 


1 


a 


aaaaaa 


aaaaa 


aaaa 


aaa 


aa 


a 


1 


1 

a* 


1 

a* 


1 


1 

a' 


1 


a"* 


a-' 


tf-* 


a-* 


tf-» 


tf-i 


a« 


a» 



177. We are thus brought to understand the nature of powers, 
whose exponents are negative, and are enabled to assign the precise 
value of these powers. From what has been said, it appears that, 



a* 



€r^ 



«-» 



fT^ 





' 1 ; then 




1 




• 




1 1 


>\s equal Vi< 


— , or -y; 
a a: a* ' 


■ 


1 




a^' 




-r, Sec. 




La*' 



178. It will be easy, from the foregoing notation, to find the pow- 
ers of a product, ab. They must evidently be a b, or a' b', a* b*, 
a^ b^, a* b*, a' b*, ^c. And the powers of fractions wiUbe found 

in the same manner ; for example^ those ofr are, 

a» a' *' ^ ^ ^ ^ flj. 
F>' P' P' b*' b*' b«' b'V 

179. Lastly, we have to consider the powers of negative num- 
bers. Suppose the given number to be — a ; its powers will form 
the following series : 

— a, +aay — a', +a^, — o*, + ^*j ^c. 

We may observe, that those powers only become negative, whose 
exponents are odd numbers, and that, on the contrary, all the pow- 
ers, which have an even number for the exponent, are positive. So 
that, the third, fifth, seventh, ninth, be. powers have each the sign 
— ; and the second, fourth, sixth, eighth, &c. powers are affected 
with the sign -|-. 



Chap. 17. Cf Simple Entities. 49 



CHAPTER XVn. 

Cfthe Calculation of Powers. 

180. We have nothing in particular to observe with regard to the 
addition and subtraction of powei-s ; for we only represent these 
operations by means of the signs -f* ^d — ^ when the powers are 
different. For example, a^ -}" ^' ^ ^^ ^^ ^f ^ second and 
third powers of a ; and a' — a^ is what remains when we subtract 
ihe fourth power of ^Jrom the fifth ; and neither of these results can 
be abridged. When we have powers of the same kind, or degree, 
it is evidendy unnecessary to connect them by signs; a^ -\- a^ 
makes 2 a', be. 

IB I. But in the multiplication of powers, several things require 
attention. 

First, when it is required to multiply any power of a by a, we 
obtain the succeeding power, that is to say, the power whose expo- 
nent is greater by one unit. Thus a', multiplied by a, produces a' ; 
and a' multiplied by a, produces a*. And, m the same manner, 
when it is required to multiply by a the powers of that number 
which have negative exponents, we must add 1 to the exponent. 
Thus, a''^ multiplied by a produces a^ or 1 ; which is made more 

evident by considering that ar^ is equal to -, and that the product of 
- by a being -, it is consequendy equal to 1. Likewise a"* multi- 
plied by a produces ar\ or - ; and a""", multiplied by a, gives a"^, 

and so on. 

182. Next, if it be required to multiply a power of a by a a, or 
the second power, I say that the exponent becomes greater by 2. 
Thus, the product of a* by a* is «• ; that of a' by a' is a* ; that 
of a* by a^ is a' ; and, more generally, a^ multiplied by a' makes 
A»H. With regard to negative exponents^ we shaB have a', or a, 

for the product ofzT^ by a* ; for ar^ being equal to -, it is the same 

as if we had divided a a by a ; consequendy the product required is 

— , or a. So tr*^ muUiplied by a*, produces a* or 1 ; and a"^, 

muUiplied by a*, produces a~~^ . 
Eul. JUg. 7 
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183. It is no less evident that to multiply any power of a by a', 
we must increase its eifponent by three units ; and that consequently 
the product of d* by a' is a"+^. And whenever it is required to 
multiply together two powers of a, the product wUl be also a power 
of a, and a power whose exponent will be the sum of the exponents 
of the two given powers. For example, a*, multiplied by a*, will 
make a^, and a", multiplied by a^, will produce a^®, Sic. 

184. From these considerations we may easily determine the 
highest powers. To find, for instance, the twenty-fourth power of 
2, 1 multiply the twelfth power by the twelfth power, because 2* * is 
equal to 2' * X 2^ *. Now we have already seen that 2' " is 4096 ; 
I say, therefore, that the number 16777216, or the product of 4096 
by 4096, expresses the power required, 2* ♦. 

185. Let us proceed to division. We shall remark in the first 
place, that to divide a power of ^by Siwe must subtract 1 from the 

exponenty or diminish it by unity. Thus a^, divided by a, gives a^ ; 

I 

a®, or 1, divided by a, is equal to a""* or -; a"*, divided by a, gives 

186. If we have to divide a given power of a by a", we must 
diminish the exponent by 2 ; and if by a^, we must subtract three 
units from the exponent of the power proposed. So, in general, 
whatever power of ait is required to divide by another power of b, 
the rule is always to subtract the exponent of the second from the eay 
ponent of the first of these powers. Thus a", divided by a''^, will 
give a" , a*, divided by a'', will give a""*; ^^^ a"*, divided by a*, 
wiUgivea-^. 

187. From what has been said above, it is easy to understand 
the method of finding the powers of powers, this being done by mul- 
tiplication. When we seek, for example, the square, or the second 
power of a^, we find a" ; and in the same manner we find a^' for 
the third power of the cube of a*. To obtain the square of a power, 
we have only to double its exponent ; for its cube, toe must triple the 
exponent; and so on. The square of a" is a**; the cube of a" is 
a'"; the seventh power of o" is a^**, fee. 

188. The square of a", or the square of the square of a, being 
a*, we see why the fourth power is called the bi-quadrate. The 
square of a^ is a^ ; the sixth power has therefore received the 
the name of the square-^uhed. 
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Lasdy, the cube of o^ being a", we call the ninth power the 
cubo-cube. No other denommations of this kind have been mtro- 
duced for powers, and indeed the two last are very little used. 



CHAPTER XVra. 

Of Roots with relation to Powers in general, 

189. Since the square root of a given number is a number, 
whose square is equal to that given number ; and since the cube 
root of a given number is a number whose cube is equal to that 
given number ; it follows that any number whatever being given, we ' 
may always indicate such roots of it, that their fourth, or their fifth, 
or any other power, may be equal to the given number. To distin- 
guish these.difierent kinds of roots better, we shall call the square root 
the second root ; and the cube root the third root ; because, accord- 
ing to this denomination, we may call the fourth root, that whose 
biquadrate is equal to a given number ; and the fifth root^ that 
whose fifth power is equal to a given number, be. 

190. As the square, or second root, is marked by the sign \/, and 

3 

the cubic or third root by the sign V, so the fourth root is repre- 

4 B 

sented by the sign v ; the fiflh root by the sign \/ ; and so on ; it is 
evident that according to this mode of expression, the sign of the 

square root, ought to be v/. But as of all roots this occurs most 
frequendy, it has been agreed, for the sake of brevity, to omit the 
number 2 in the sign of this root. So that when a radical sign has 
no number prefixed, this always shows that the square root is to be 
understood. 

191. To explain this matter still further, we shall here exhibit the 
different roots of the number a, with their respective values : 
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' 2d ' 


^ 


\/a 




3d 


» 




yis the.< 


4th 


► root of 4 


Vi 




5th 




8 




. 6th, 





^a, and ao(»i. 



So that conversely ; 



The 2d 
The 3d 
The 4th 
The 6th 
The 6th 



y power of ^ 



3 

4 _ 

y/o. 

5 

LV5 



— "^ 



>>is equal t0'< 



a, 



a, 



a, and so on. 



192. Whether the number a therefore be great or small, we 
know what value to affix to all these roots of different degrees. 

It must be remarked also, that if we substitute anitj for a, aB 
those roots remain constandy 1 ; because all the powers of 1 have 
unity for their value. If the number a be greater than 1, all its 
roots will also exceed unity. Lasdy, if that number be less than l, 
all its roots will also be less than unity. 

193. When the number a is positive, we know from what was 
before said of the square and cube roots, that all the other roots may 
also be determined, and will be real and possible numbers. 

But if the number a is negative, its second, fourth, sixth, and all 
the even roots, become impossible, or imaginary numbers ; because 
oflf the evenpawersj whether cf positive or of negative numbers, are 
affected with the sign -f-* Whereas the thirds Jjfth, seventh, and all 
odd rootSj become negative, but rational ; because the odd powers of 
negative numbers, are also negative. 

194. We have here also an inexhaustible source of new kinds of 
surd, or irrational quantities ; for whenever the number a is not ac- 
tually such a power, as some one of the foregoing indices represents, 
or seems to require, it is impossible to express that root either in 
whole numbers or in fractions ; and consequently it^must be classed 
among the numbers which are called irrational. 
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CHAPTER XIX. 

Cfthe Method of rq^esenting Irrational Nwnhers by Fractumal 

Eooponents. 

195. We have shown in the preceding chapter, that the square 
of any power is found by doubling the exponent of that power, and 
that in general the square, or the second power of a", is a'*. The 
converse follows, namely, that the square root of the power a'" is a*, 
and that it is found by taking half the exponent of that power ^ or 
dividing it by 2. 

196. Thus the square root of a* is a' ; that of a^ is a* ; that of 
a* is a' ; and so on. And as this is general, the square root of a' 

must necessarily be a^, and that of a', a*. Consequently we shall 

have in the same manner or for the square root of a' ; whence we 

see that c? is equal to \/a ; and this new method of representbg 
the square root demands particular attention. 

197. We have also shown, that to find the cube of a power as a", 
we must multiply its exponent by 3, and that consequently the cube 
is a*". 

So conversely, when it is requured to find the third or cube root 
of the power a'**, we have only to divide the exponent by 3, and 
may with certainty conclude, that the root required is a**. Conse- 
quently aS or a, is the cube root of a' ; a' is that of a^ ; a' is that 
of a*; and so on. 

198.* There is nodiing to prevent us from applying the same rea- 
sonbg to those cases in which the exponent is not divisible by 3, 

and concluding that the cube root of a' is a^, and that the cube 

root of a^ is a^, or a ^. Consequently the third, or cube root of a 

also, or a^ , must be a^. Whence it appears that a^ is equal to y/i,. 
199. It is the same with roots of a higher degree. The fourth 

root of a will be a^, which expression has the same value as \/a* 

1 
The fifth root of a will be a^, which is consequently equivalent to 

v^a ; and the same observation may be extended to all roots of a 
higher degree. 
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200. We might, therefore, entirely reject the radical agns at pre- 
sent made use of, and employ in their stead the fractional exponents 
which we have explained ; however, as we have been long accus- 
tomed to those signs, and meet with them in all books of algebra^ it 
would be wrong to banish them entirely. But there is sufficient rea- 
son also to employ, as b now frequently done, the other method of 

notation, because it manifestly corresponds with what is to be repre- 

1 
sented. In fact, we see immediately that a^ is the square root of 

1 1 

a, because we know that the square of a^, that is to say, a^ mul- 

tiplied by a^, is equal to a % or a. 

201. What has now been said is sufficient to show how we are 
to understand all other fractional exponents that may occur. If we 

have, for example, a*^, this means that we must first take the fourth 

power of a, and then extract its cube or third root ; so that d^.ts the 

same as the common expression^ \/a«* To find the value of a^, we 
must first take the cube, or the third power of a, which is a', and 

then extract the fourth root of that power ; so that a* is the same as 

4 4 ^ 8 

v/a3. Also a^ IS equal to \/a«. Sic. 

202. When the fraction which represents the exponent exceeds 
unity, we may express the value of the given quantity in another 

5 . . 2' 

way. Suppose it to be a'; this quantity is equivalent to a '", 

I I 

which is the product of a' by a^. Now a^ being equal to \/a, it is 

evident that a^ is equal to a' \/a» So a ^ , or a ', is ^qual to 

3 _ IS 33 4 

a' -v/<»5 si^d ^ ^ J ^^^ is a ^^ expresses a' Vai* These examples 

are sufficient to illustrate the great utility of fractional exponents. 

203. Their use extends also to fractional numbers : let there be 

given — =, we know that this quantity is equal to -j- ; now we have 

seen already that a fraction of the form -^ may be expressed by 

a""; so instead of —^ we may use the expression a^T. In the 

1 1 a' . 

same manner, - — is equal to a"?. Again, let the quantity ^ — be 

\/a \/a^ 
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proposed ; let it be transformed into tliis, — , which is the product of 

a* 

3 ^ I ^ 

a* by o~4r ; now this product is equivalent to a*, or to o ^, or lastly 

to a \/3. Practice will render similar reductions easy. 

204. We shall observe, in the last place, that each root may be 

represented in a variety of ways. For \/a being the same as a^, 
and I being transformable into all these fractions, |, |, |, j\, j\, 

&c., it is evident that Va ^ eqrjud to Va') smd to Va^ and to \/a4, 

and so on. In the same manner \/aj which is equal to a^, will be 

"9 9 12 

equal to v^a>, and to va^i and to \/a*. And we see also, that the 
number a, or a^ might be represented by the following radical ^x,- 
pressions : 

a 9 4 s 

\/a«, ^a^9 V^*» V^*> ^* 

205. This property is of great use in multiplication and division : 

for if we have, for example, to multiply \/a by Voj we write ^a^ 

for \/a and \/a^ instead of \/a ; in this manner we obtain the same 
radical sign for both, and the multiplication being now performed, 

gives the product \/a«. The same result is deduced irom a^ "^ '*, 

the product of a^ multiplied by a^ ^ for ^ -f- j^ is |, and consequently 

the product required is ci^, or Vas. 

JjTti were required to divide \/a, or a', by Va or a^, we should 

have for the quotient a' ', or a^ ^i tAa< ts to say^ a^, or ya- 



CHAPTER XX. 

Of the different Methods of Calculation^ and of their mutual Con- 
nexion. 

206. HiTHEBTO we have only explamed the di^rent methods 
of calculatioD : addition, subtraction, multiplicatioD, and divbion ; 
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the invoIudoD of powers, and the extrac^oa of roots. It will not be 
improper, therefore, in this place, to trace back the origin of these 
dijSerent methods, and to explain the connexion which sub^sts 
among them ; in order that we may satisfy ourselves whether it be 
possible or not for other operations of the same kind to exist. This 
inquiry will dirow new light on the subjects which we have con- 
sidered. 

In prosecuting this design, we shall make use of a new character, 
which may be employed instead of the expresdon that has been so 
often repeated, is espial to ; this sign is =, and is read^w eqwd to. 
Thus, when I write a = 5, this means that a is equal to ft ; so, for 
for example 3 -f- 5 = 15. 

207. The first mode of calculation, which presents itself to the 
mind, is undoubtedly addition, by which we add two numbers to- 
gether and find their sum. Let a and h then be the two given num- 
bers, and let their sum be expressed by the letter c, we shall have 
a -|- ft = c. So that when we know the two numbers a and ft, 
addition teaches us to find the number c. 

208. Preserving this comparison a + ft == c, let us reverse the 
question by asking, how we are to find the number ft, when we 
know the numbers a and c. 

It is required therefore to know what number must be added to a, 
in order that the sum may be the number c. Suppose, for example, 
a := 3 and c = 8 ; so that we must have 3 -|- ft = 8 ; ft will evi- 
dently be found by subtracting 3 fix>m 8. So, in general, to find ft, 
we must subtract a from c, whence arises ft = c — a; for by add- 
ing a to both sides again, we have ft-|-a = € — a + <i» that is to 
say = c, as we supposed. 

Such then is the origin of subtraction. 

209. Subtraction therefore takes place, when we invert the ques- 
tion which gives rise to addition. Now the number which it is 
required to subtract may happen to be greater than that from which 
it is to be subtracted ; as, for example, if it were required to sub- 
tract 9 fix>m 5 : this instance therefore furnishes us with the idea of 
a new kmd of numbers, which we call negative numbers, because 
5 — 9 = — 4. 

210. When several numbers are to be added together which are 
all equal, their sum is found by multiplication, and is called a pro- 
duct. Thus a ft means the product aridng firom the multiplication 
of a by hf or firom the addition of a number a to itself ft number of 
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times. If we represent this product by the letter c, we shall have 
ab =z c; and multiplication teaches us how to determine the num- 
ber c, when the numbers a and b are known. 

211. LfCt us now propose the following question : the numbers a 
and c being known, to find the number 5. Suppose, for example, 
a = 3 and c =;: 15, so that 3b :=:. 15, we ask by what number 3 
must be multiplied, in order that the product may be 15 : for the 
question proposed is reduced to this. Now this is division : tb^ 
number required is found by dividing 15 by 3 ; and therefore,^^i|i 
general, the number b is found by dividing c by a ; from which re>- 

suits the equation 5 = ~. 

212.* Now, as it frequently happens that the number c cannot be 
really divided by the number a, while the letter b must however 
have a determinate value, another new kind of numbers presents 
itself; tbese^ are fractions. For example, supposing a = 4, c = 3, 
so that 4 5 = 3, it is evident that b cannot be au integer, but a frac- 
tion, and that we shall have 5 m:= |. 

213. We have seen that multiplication arises from addition, that 
is to say, from the addition of several equal quantities. If we now 
proceed further, we shall perceive that from the multiplication of sev- 
eral equal quantities to^qther powers are derived. Those powers 
are represented in a general manner by the expression a^, which 
signifies that the number a must be multiplied as many times by 

itself, as is denoted by the number &• And we know from what has 

If 

been already said, that in the present instance a is called the root, b 
the exponent, and a^ the power. 

214. Further, if we represent this power also by the letter c» we 
have a^ = c, an equation in which three letters a, b, c, are found. 
Now we have shown in treating of powers, how to find the power 
itself, that is, the letter c, when a root a and its exponent b are given. 
Suppose, for example, a = 5, and 6 = 3, so that c =i 5^ ', it is 
evident that we must take the third power of 5, which is 125, and 
that thus c = 125. 

« 215. We have seen how to determine the power c, by means of 
the root a and the exponent b ; but if we wish to reverse the ques-^ 
tion, we shall find that this may be done in two ways, and that there 
are two dififerent cases to be considered : for if two of these three, 
numbers a, 6, c, were given, and it were required to find the third, 
we should inunediately perceive that this question admits of three 
EvU. Alg. 8 
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difierent suppositions} and consequently three solutions. We have 
considered the case in which a and b were the numbers ^ven, we 
may therefore suppose further that c and a, or c and h are known, 
and that it is required to determine the third letter. Let us point 
out, therefore, before we proceed any further, a very essential dis- 
tinction between involution and the two operations which lead to it. 
When m addition we reversed the question, it could be done only in 
one way ; it was a matter of indifference whether we took c and a, 
o^ and b for the given numbers, because we might indifferently 
write a •\'b^ orb •\' a. It was the same with multiplication ; we 
could at pleasure take the letters a and b for each other, the equa- 
tion ab z=i c being exactly the same as & a = c. 

In the calculation of powers, on the contrary, the same thmg does 
not take place, and we can by no means write 5" instead of a^« A 
single example will be sufficient to illustrate this : let a = 5, and 
b = 3 ; we have a* = 5» = 125. But 6« = 3« = 243 : two 
very difierent results. 
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SECTION 11. 



OF THE DIFFERENT METHODS OF CALCULATION APPLIED TO 

COMPOUND QUANTITIES. 



CHAPTER I. 

Ofth^ Addition of Compound Quantities. 

AliTicLE 216. Whea two or more expressions, consisting of sev- 
eral terms, are to be added together, die operation is frequently 
represented merely by signs, placing each expression between two 
parentheses, and connecting it with the rest by means of the sign -f-- 
If it be required, for example, to add the expressions a -{- 6 -f- c 
and c2 -f- e -f-/) ^6 represent the sum thus : 

(a + ft + c) + (rf + e +/). 

217. It is evident that this is not to perform addition, but only to 
represent it. We see at the same time, however, that in order to 
perform it actually, we have only to leave out the parentheses ; for 
as the number c{ -f- e -f>/is to be added to the other, we know that 
this is done by joining to it first -f- ^9 then -f- ^9 &nd then +/; 
which therefore gives the sum 

a + ^ + c + d + e +/• 

The same method is to be observed, if any of the terms are 
affected with the sign — ; they must be joined in the same way, by 
means of their proper sign. 

218. To make this more evident, we shall consider an example 
in pure numbers. It is proposed to add the expression 1 5 — * 6 to 
12 — 8. If we begin by adding 15, we shall have 12 — 8 + 1^ ; 
now this was adding too much,' since we had only to add 15 — 6, 
and it is evident that 6 is the number which we have added too 
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much. Let us, therefore^; take this 6 away by writing it with the 
negative sign, and we shall have the true sum, 

li _ 8 + 16 — 6, 

^hich shows that the sums are found by writing all the terms^ eadi 
Ufith its proper s^n. 

219. If it were required therefore to add the expression d — c — f 
to a -^ 6 •+- c, we should express the sum thus : 

a-*-6 + c-|-d — e — f, 

remarking, however, that it is of no consequence iq what order we 
write these terms. Their place may be changed at pleasure, pro- 
vided their signs be preserved. This sum might, for example, be 
written thus : 

c — c -f- « — / -^ d — J. 

320. It frequendy happens that the sums represented in this maa- 
ner may be considerably abridged, as when two or more terms de- 
stroy each other ; for example, if we find in the same sum the terms 
4-a — a, or 3a — 4a-|-a: or when two or more terms may be 
reduced to one. Examples of this second reducdon i 

3a + 2a = 6a; 76 — 3ft = +4ft; 

— 6c + 10c = +4c; 

6a— JBa = — 3a; — 76+i = — 6i; 

_u3c — 4c = — 7c; 

2a — 5a+a=i — 2a; — 36 — 66-[-2i= — 6 6. 

Whenever two or more termsj therefore, are entirely the same with^ 
regard to letters^ their sum may be abridged ; but those cases must 
not be confounded with such as these, ^au -|- 3a, or2b^ — 6^, 
which admit of no abridgment. . 

221. Let us consider some more examples of reduction; the iol'- 
lowing will lead us immediately to an important truth. Suppose it 
Were required to add together the expressions a -j^ b and a — 6 ; 
bur rule gives a-^-b -{- a — 6; now a -f- «t == 2 a and 6 — 6=0; 
the sum then is 2 a : consequendy if we add together the sum of 
two numbers (a -|- 6) and their difference (a — by\ we obtain the 
double of the greater of those two numbers. 

iTurther examples : 



3a — 26 — c 
56 — 6c -f- « 



a» — 2aai + 2a66 
— aab -{- 2abb — 6^ 



4a + 36 — 7c \a» — 3aa6-V.4aH — 6». 
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Of the Subtraction of Compound ^aantitiet. 

333. If we vrish merely to represent subtraction, we inclose each 
expression wilhin two pareatheses, connecdng, by the sign — , the 
expres^on to be subtracted with that frotn which it is to be taken. 

When we subtract, for example, the expression d — e-\'f from 
the expression a — & -|- c, we write the remainder ibas : 

(„_6 + c)-(i_e+/)i 
and this method of represenUng it suffi<^ently fhows, which of the 
two expresuoos is to be subtracted &om the uther. 

323. But if we wish to perform the subtraction, we must observe, 
first, that whan we subtract a poative quantity -]- b from another 
quantity a, we obt»n a — 6 ; and secondly, when we subtract a 
negative quantity — b fiY)m a, we obtam a -\- b ; because to free a 
person from a debt is the same as to give him something. 

234. Suppose, now, it were required to subtract the expresston 
b — d from the expression a — c, we first take away b ; vbicti 
gives a — c — h. Now this is taking too much away by the quan- 
tity d, since we had to subtract only b — d; we must therefore 
restore the value of d, and we sbaU then have 

a — e — b + d; 
whence it is evident, that the terms of the txpretnon to be tvbtracted 
must have their signs chaii^ed, and he joined, teith the contrary signs, 
to the terms of the other expression. 

235. It is easy, therefore, by means of this rule, to perform sub- 
traction, ^nce we have only to write the expres^n from which we 
are to subtract, such as it is, and join the other to it without any 
change beside diat of the signs. Thus, in the first exaiople, where it 
tvas required to subtract the expres»on d — c+/fromo — b + c, 
we obtain a — J + c — d + e — /. 

An example in nun^rs will render this still more clear. IT we 
aubtract 6 — 2 + 4 from 9 — 3 -)- 3, we evidently obtain 

9_3 + 2 — 6 + 3 — 4} 
fof9 — 3 + 3=:8; also, 6— 3+4 = 8; now 8 — 8 = 0. 
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226. Subtraction being therefore subject to no difficult, we have 
only, to remark, that, if there are found in the remainder two or 
more terms which are entirely similar with regard to the letters, that 
remainder may be reduced. to an abridged form, by the same rules 
which we have given in addition. 

227. Suppose we have to subtract from a -|* ^y or from the sum 
of two quantities, their difference a — 6, we shall then have 

a + ^ — ^ + ft; 

now a — a = 0, and h -{-h ^=i 2b; the remainder sought is 
therefore 2 6, that is to say, the double of the less of the two quan- 
tities. 

228. The followiBg exajpples will supply the place of further 
illustrations. 



aa + flft + ftft 
W -j- oft — aa 



2aa. 



3fl — 46 + 6c 
2b+4c — 6a 



9a — 66 + c. 



a^ +3aab + 3abb +6» 
a» — Saab + 3a46 — 6* 



\/a — 3vft 



6aa6+26^ 



+ 5v6. 



CHAPTER m. 



Cfthe MuUipliccUion of Compound Quantities. 

229. When it is only required to represent muldplication, we put 
each of the expressions, that are to be multiplied together, within 
two parentheses, and join them to each other, sometimes without any 
sign, and sometimes placing the sign X between them. For exam- 
ple, to represent the product of the two expressions a — b -\- c and 
d-^e +fi when multiplied together, we write 

(a^b + c) X (d^e+f.) 

This method of expressing products is much used, because it im- 
mediately shows the factors of which they are composed. 

230. But to show how multiplication is to be acttially performed, 
we may remark, in the first place, that in order to multiply, for ex- 
ample, a quantity such as a — - 6 -f- e, by 2, each term of it is sep- 
arately multiplied by that number ; so diat the product is 

2a — 26-I-2C. 



f. 
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Now the same thing takes place with regard to all other numbers. 
If d were the number, by whieh it is required to multiply the same 
expression, we should obtam 

231. We supposed (2 to be a positive number ; but if the factor 
were a negative number, as — e, the rule heretofore given must be 
applied ; namely, that two contrary tignsj fnuUiplied together ^ pro- 
duce — , and that two like signs give -[-• 

'We shall accordingly have 

^-ae-^be^-^ce* 

232. To show how a quantity, A, is to be multiplied by a com- 
pound quantity, d — e; let us first conader an example in common 
numbers, supposiDg that .4 is to be multiplied by 7 •— 3. Now it is 
evident, that we are here required to take the quadruple of A ; for 
if we first take A seven times, it will then be necessary to subtract 
3 A from that product 

In general, therefore, if it be required to multiply by (2 — > e, we 
muldply the quantity A first by d and then by e, and subtract this 
last product from the first ; whence results dA — eA. 

Suppose now A =z a — 6, and that this is the quanti^ to be 
multiplied hj d — e; we shall have 

dA =zad — bd 
eA = ae "^-fte 



whence the product required = ad— ftcl — ae -^ be. 

233. Since we know therefore the product (a — b) X {d — e), 
and cannot doubt of its accuracy, we shall exhibit the same example 
of multiplication under the following form : 

a — b 
d — e 



ad — bd — ae-^-be 

This shows, that we must multiply each term of the upper expres- 
sion by each term of the hwer^ and that, with regard to the signs, we 
mu3t stricdy observe the rule before given ; a rule which this would 
completely confirm, if it admitted of the least doubt. 

234. It will be easy, according to this rule, to perform the follow- 
ing example, which is, to multiply a -f- ^ by a — - 6 ; 
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a — h 

— ah — bh 

Product aa^^bb. 

235. Now we may sabstitute, for a and fr, any determinate num- 
bers ; 80 that the above example will furnish the foUowbg theorem ; 
viz. The product of the sum of two numbers^ multiplied by their dtf^ 

ferenccj is equal to the difference (f the squares of thoss numbers. 
This thei^rem may be expressed thus : 

(a + ft).X(a — b):=zaa — bb. 

And from diis another theorem may be derived ; namely, 7^ 
difference of tu)0 square numbers is always a product^ and divisibU 
both by the sum and by the difference qfthe roots of those two squares. 

236. Let us now perform some other examples c 

I.) 2a — 3 

a + 2 

2aa — 3a 

+ 4a — 6 



2aa '\- a — 6. 



II.)4aa — 6a + 9 
2a + 3 

8a' — 12aa -f I8a 

+ 12aa— 18a + 27 

8 a» + 27 



III.)3aa— -2a& — &&' 
2a — 4ft 

6a» — 4aa6 — 2aft6 • 
— 12aaft + 8«66 + 46^ 

6a'--16aai + 6a&i + 4&9 
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TV,)aa + 2ab + 2bb 
aa — 2ah •\'2hb 



a* 4-2a364- 2aabb 

— 2a' J — Aaabb — 4 aft' 

+ 2aafr6 + 4 aft' + 4 ft* 

a« + 46*. 



V.)2aa — 3a6 — 4ft6 
3aa — 2aft + 6ft 

6a* — Oa'ft — 12aaftft 

— 4a'ft + 6aa6.ft + 8aft' 

+ 2aaftft — 3a6'~4ft* 

6 a* — ISa'ft — 4aaftft + 5aft' — 4 ft* 

VL) aa -{- ft6-|-cc — ab ^^ ac — be 
a + ft + c 

a' 4-aftft+acc — aaft — aac^^abc 

aiift + ft^ +ftcc — aftft — abc — 66c 

aae ^ bbc + C — aftc — acc-~-6^c 

a» — 3aftc + ft' + C 
237. fF%en ii^e Aave more than two quantities to multiply together j 
it vnH easily be understood that after having multiplied two of them 
together^ we must then multiply that product by one of those which 
remain^ and so on. It is indifferent what order is observed in these 
multiplications. 

Let it be proposed, for example, to find the value, or product, of 
the four foUowiog factors, viz, 

I. II. III. IV. 

(a + ft) {aa -{• ab '\-bb) (a — ft) (a a — ab -{• bb). 
We will first multiply the factors 1. and II. 

II. aa + «ft + ftft 
I. a+ b 



a' + aaft 4" «ftft 

+ aab + aftft 4- ft' 



ML = a' +2 aaft + 2 aft ft + ft^ 
Eul. Alg, 9 
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Next let us multiply the factors HI. and IV. 
IV. a a — aJ-f-iJ 
m. a — b 



a^ — aab -^^ abb ' 

— aah + o,bb — b^ 

m.IV. =08— 2aa6 + 2o66 — 6^. 

It remains now to multiply the first product I. II. by this second 
product ni. IV. : 

a' +3aa6 + 2aft6 + 63 I. II. 
a»— 2aa6+2a66 — i3 III. IV. 



a»+2a*ft +2a*fe6+ o^ja 

— 2a«6 — 4a*66 — 4o3 6»— 2aa6* 

2a*6J + 4a3j3 + 4aa6* +2oi« 

— . a»63_2aa5* — 2ab^—b\ 

a" — 6«. 

And this is the product required. 

238. Let us resume the same example, but change the order of 
it, first multiplymg the factors I. and III. and then II. and IV. to- 
gether. 

I. a + 6 
m. a — b 



aa -^ ab 

— ab — 66 



I. ni. = a a — 66. 



II. aa-{- ab -f-66 
IV. a a — ab +66 

a* 4- a' 6 4-aa66 

— a^b — a abb — ab^ 

aabb + ab^ + 6* 



II. IV. = a* +aabb + b^. 
Then multiplying the two products I. III. and II. IV., 
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II. IV. = a* +aabb +6* 
I. m. = aa — bb 



a® + a* 66 4" ««6* 
— a* 6 — aab* — 6" 



we have a»— 6% 
which is the product required. 

239. We shall perform this calculation in a still different manner, 
first multiplying the I"*, factor by the IV***. and next the IP. by the 
III*. 

IV. a a — ab -[- 66 
I. a + b 



a^ — aab + abb 

abb — abb + b^ 

LIV. ;=o» +b\ 



II. aa + a6 -|- 66 

III. a — b 



— aab — a66 — 6^ 



n. DI. = a^ — 6^ 

It remains to multiply the product I. IV. and II. III. 
I. IV. = a3— 63 

n. m. = a' — 6« 



— a^b^ — 6« 

and we stiD obtain a* — 6 ", as before. 

240. It will be proper to illustrate this example by a numerical 
application. Let us make a = 3 and 6 = 2, we shall have 
a + 6 = 6 and a — 6 =: 1 ; further, aa=: 9, a6 = 6, 66 = 4. 
Therefore aa + a6 + 66=J9, and aa — a6 + 66=7. So 
that the product required is that of 5 x 19 X 1 X 7, which is 665. 

Now o" = 729, and 6** =64, consequendy the product re- 
quired is a® — 6® = 665, as we have already seen. 
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CHAPTER IV. 

Of the Division of Compound Quantities. 

241. When we wish simply to represent division, we make use 
of the usual mark of fractions, which is, to write the deDomioator 
under the numerator, separating them by a line ; or to inclose each 
quantity between parentlieses, placing two points between the divi- 
sor and dividend. 'If it were required, for example, to divide a + i 

by c -f- d, we should represent the quotient thus jlj\p according 

to the former method ; and thus, (a -{-(): (c -}- d) according to the 
latter. Each expression is read a -}- ^ divided hy c -^ d. 

242. When it is required to divide a compound quantity by a 
simple one^ u^e divide each term separately. For example ; 

6a — 86+4 c, divided by 2, gives 3a — 46 +2c; 
and {a a — 2 a 6) : (a) =£ a — 2 6. 
fn the game manner 

(afl — 2aa6 + 3aa6J : (o) = a a — 2a6 + 3a6; 
(4aai— *6aac4-8a6c):(2a)=s2a6— *3ac-f46c; 

(9aa6c — 12a66c+l6a6cc):(3a6c)z=3a — 46 + 5c,&c. 

243. If it should happen that a term of the dividend is not divisi- 
ble by the divisor, the quotient is represented by a fraction, as in the 

division of a + 6 by a, which gives 1 + -. Likewise, 

(aa — a6+66):(aa):^ 1 — '- + — . 
^ ■ ' ^ ' a aa 



For the same reason, if we divide 2 o 4" 6 by 2, we obtain 
6 
2 



o + 5 ; and here it may be remarked, that we may write ^ 6, in- 



stead of g, because ^ times 6 is equal to q. In die same manner 

g is the same as ^ 6, and -^ the same as 1 6» 82c» 

244. But when the divisor is itself a compound quantity, division 
becomes more difiicuh. Sometimes it occurs where wc least expect 
it i but when it cannot be performed, we must content ourselves 
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with representing the quotimit by a fracdon, in the manner that we 
have already described. Let us begin by considering some cases, 
in which actual division succeeds. 

245. Suppose it were required to divide the dividend a € — & € 
by the divisor a — 6, the quotient must then be such asj when mudti- 
plied by the 'divisor a — b, toiU produce the dividend a c — be. 
Now it is evident, that this quotient must include c, since without it 
we could not obtain a c. In order, therefore, to try whether c is the 
whole quotient, we have only to multiply it by the divisor, and see if 
that multiplication produces the whole dividend, or only part of it. 
In the present case, if we multiply a — 6 by c, we have ac — 6 c, 
which is exacdy the dividend ; so that c is the whole quotient. It is 
no less evident, that 

{aa + ab):{a + b) =za; {Sua — 2ab) : (3a — 26) = a; 
(6 a a — 9 a 6) : (2 a — 3 6) = 3 a, &c. 

246. fVe cannot faU^ in this tray, to find apart of the quotient; 
if therefore^ what we have founds when multiplied by the divisor ^ 
does not yet exhaust the dividend, we have only to divide the remain^ 
der again by the divisor ^ in order to obtain a second part of the quo* 
tient; and to continue the same method, until we have found the 
whole quotient. 

Let us, as an example, divide aa'\'2ab-^2bbhYa'\-b; it 
is evident, m the first place, that the quotient will include the term a, 
since otherwise we should not obtain a a. Now, from the mukipli- 
cation of the divisor a 4* & by a, arises aa -{- ab ; which quantity 
being subtracted from the dividend, leaves a remainder 2ab'\-2hb. 
This remainder must also be divided by a -^^ b ; and it is evident 
that the quotient of this division must contain the term 2 6. Now 2 b 
multiplied by a + b, produces exactiy 2a& -|-2ii; consequently 
a -}- 2 6 is the quotient required ; which, multiplied by the divisor 
a -{- 6, ought to produce the dividend aa 'i- 2ab '\' 2bb. See 
the whole operation : 

a + 6)aa + 3a6 + 266(a+26 
aa -]- ab 

2ab + 2bb 
2ab + 2bb 

0. 
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247. This operation wiU be facUitaied tf we choose one of the 
terms of the divisor to be written first, and then, in arranging the 
terms of the dividend, begin with the highest powers of that first term 
of the divisor* This term in the precediDg example was a ; the 
following examples will render the operation more clear. 

a — 6)a» — 3aa6 + 3fl66 — 6=»(aa — 2a6 + 66 
a' — aab 



2aab + Sabb 
2aab -f 2abb 

abb — b^ 
abb — b^ 

0. 



a -\' b) aa — 6J(o — 6 
aa -{- ab 



— aft — 66 

— ab — bb 

0. 



2a — 2b)lQaa — Qbb(6a + 4b 
IS aa— 12 ab 



I2ab — Sbb 
i2ab — Qbb 

0. 



a + b)a^ +b^ {aa — ab + bb 
a^ -^ aab 

— aab + 6^ 

— aab — abb 



abb + b^ 
abb + b^ 

0. 
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2o — 6)8a3 — 63(4oo + 2a6 + 6t 
8 a' — A a ah 



Aaah — b^ 
Aaah — 2ab b 



2a6 6 — 68 
2abb — b^ 

0. 



aa — 2ab'\'bb)a^—4a^b + 6aabb — 4a 6^ +6* 
a a — 2 aft + 6 6) a* — 2a3fe + aa6fe 

— 2a3&+5aaJ6 — 4a ft^ 

— 2a3fe4-4aa66 — 2a 6' 

aa66 — 2a63 ^ 54 
aabb — 2a63 + 6* 

0. 



ao — 2 aft + 466) a* + 4aa66 + 16 6* (aa + 2 a6 + 46 6 

a* — 2a'6 +4aa66 



2a3 6 + 16 6* 

2a'6 — 4aa66 + 806' 

4aa66— Ba6' + 166* 
4aa66 — 8ab^ + 166* 

0. 



aa — 2a6 + 26 6)a* +4 6*(aa + 2a6 + 266 

a* — 2a'6 + 2aabb 



2a^b — 2aahb + 46* 
2a^ b — 4aa66 + 4a63 



2aabb — 406' + 46* 
2aa66 — 4a63 + 46* 

0. 
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1 — 2a? + xx) 1 — 6a? -j- iOa?x — 10a?* -^ ^** — ^' 
l_3a? + 3a?a?— a?») 1 — 2a? + a?a? 

— 3a? + 9xx — lOo;* 

— 3a? + 6«a? —3a?' 



3a? a? — 7a?' 4" ^^^ 
3xx — 6x^ + 3a?* 

— a?' + 2a?< — a?* 

— a?' + 2 a?* — a?« 




CHAPTER V. 

Cfthe Resolution of Fractions into Infinite Series. 

248. When the dividend is not divisible by the divisor, the quo- 
tient \s expressed, as we have already observed, by a fraction. 

Thus, if we have to divide 1 by 1 — a, we obtain the fraction 

I . This, however, docs not prevent us from attempting the 

division, according to the rul6s that have been given, and continuing 
it as far as we please. We shall not fail to find the true quotient, 
though under different forms. 

249. To prove this,. let us actually divide the dividend 1 by the 
divisor 1 — a, thus : 



aa 
a 



1 — a) 1 (1 + j^^; or, 1 — a) 1 (1 + a + j-f 
I— a i—a 



remainder a a 

a — aa 



remainder a a 

To find a greater number of forms, we have only to continue 
dividing a a hy I — a; 
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1 — a) aa (a a 4- ,^ , then 1 — a) a^ (a* + \^ " 
ao'-^a^ a' — a* 

and again 1 — a) a^ (a* + , ■ 

cl fl* 



a^9 &c. 

250. This shows that the fraction z may be eidubited under 

all the following forms : 



aa 



v.) 1 + a + <»«.+ a' + a* + , , &c* 

Now, by considering the first of these expresaons, which is 
1 -f* I I ^d remembering that 1 is the same as ^~ , we have 

+ r^r" ri^"'" 1 — a"" l — a ""l — a 

If we follow the same process with regard to the second expres- 
sion I + a + izir'f ^^^ ^ ^ ^y* ^ ^® reduce the integral part 

1 + a to the same denommator 1 — a, we shall have ' S^ ' ■ > to 
which if we add + , ^ , we shall have "*", ^^"^ — , that is to 

a' 

In the third expression 1 + ^ + 0^*+ rUT'* ^® integers re- 

l — a* 

duced to the denominator 1 — a make -s — — ; and if we add to 

1 — a 

a* 1 - 

that the fraction , , we have ^ ; wherefore all these expres- 
sions are equal in value to , , the proposed fraction. 

Eul. JUg. 10 
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251. This being the case, we may condnue the series as far as 
we please, without being under the necessity of performing any more 
calculations. We shall therefore have 

1 a' 

= 1 +a + aa + a*+ a* +«* +«" + a' + i ; 

1 — a ' III I j[ — ^' 

or we might continue this further, and still go on without end. For 
this reason it may be said, that the proposed fraction has been re- 
solved into an infinite series, which is 

to infinity. And there are sufficient grounds to maintain, that the 

value of this infinite series is the same as that of the fraction = . 

1 — a 

252. What we have said may, at first, appear surprising ; but the 
consideration of some particular cases will make it easily understood. 

Let us suppose, in the first place, a = 1 ; our series will become 

l + l+l + l-l-l-j-l^-l, &c. The firaction j-i-^, to which 

it must be equal, becomes \. Now, we before remarked, that \ is 
a number infinitely great; which is, therefore, here confirmed m ft 
satisfactory manner. 
But if we suppose a = 2, our series becomes = l-f-2 + 4-|- 8 

4- 16 -|- 32 -|- 64, kc* to infinity, and its value must* oe := 5, that is 

to say, — Y = — 1 ; which at first sight will appear absurd. But 

it must be remarked, that if we wish to stop at any term of the above 
series, we cannot do so without joining the fraction which remains. 
Suppose, for example, we were to stop at 64, after having written 

1 4" ^ + ^ + 8 -(- 16 -f- 3^ -f- 64, we must join the fraction 

128 128 

= 5, or — r, or — 128 ; we shall therefore have 127 — 128, 

JL — - A •— 1 

that is in fact — 1. 

Were we to continue the series without intermission, the firaction 
indeed would be no longer considered, but then the series would 
still go on. 

253. These are the considerations which are necessary, when we 
assume for a numbers greater than unity. But if we suppose a less 
than 1, the whole becomes more intelligible. 



Chap. 5. Of Compound Quantities. 7i 

For example, let a = ^ ; we shall have 



which will be equal to the following series : 

1 + 1 + i + * + tV + Vi + A + tIt. «K5. to infinity. 
Now, if we take only two terms of this series, we have 1 -f* ti ^^ 
it wants ^, that it may be equal to r— — := 2. If we take three 

terms, it wants { ; for the siim is If. If we take four terms, we 
have If, and the deficiency is only |. We see, therefore, that the 
more terms we take, the less the difference becomes, and that, con- 
sequently, if we continue on to infinity, there will be no difference at 
all between the sum of the series and 2, the value of the firacdon 

1 
1 — a 

264. Let a = I ; our fraction , will be = , =: f = 1^, 

which reduced to an infinite series, becomes 

1 + i + * + iV + tV + ih» &c. 

and to which . is consequently equal. 

When we take two terms, we have 1^, and there wants }• If we 
take three terms, we have 1^, and there will still be wanting y^^* 
Take four terms, we' shall have 1|^, and the difference is j^^. Since 
the error, tlierefore, always becomes three times less, it must evi- 
dendy vanish at last. 

256. Suppose a = | ; we shall have ^ = = = 3, and 

the series 1 + | + * + tV + if + tiSj &c- to infinity. Taking 
first 1|, the error is 1| ; taking three terms, which make 2|, the 
error is { ; taking four terms we have 2^|, and the error is ^f . 

256. If a = j, the fraction is = -r z=: r = 1^; and the series 

becomes 1 + } + tV + tt + ttf> ^' The two first terms mak- 
ing 1 + }, will give t\ for the error ; and taking one term more, 
we have iy'j, that is to say, only an error of ^j. 

267. In the same manner, we may resolve the firaction •s— ; — . into 
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an infinite series by actuaOy dmding tbe numerator 1 by the denom-^ 
bator 1 + a, as follows : 

1 •{- <i) 1 (I -^ ^ + ^ ^ — a^ + ^^ 
1 +a 

— a 



aa 



— a« 

a* 

a* + a* 

— a», 8cc. 

Whence it follows, that the fractioD , v is equal to the series 

1-— a + aa — a» -\^a^ — a* +«''^?'i ^5. 
d68« If we make a ss 1, we have this remarkable comparison : 
J*— s2|2sl — 1 + 1 — 1 + 1 — 1 + 1 — 1, &c. to in- 
finity. This will appear rather contradictory ; for if we stop at — 1, 
the series gives ; and if we finish by + 1, it gives 1. But this is 
precisely what solves the difficulty ; for smce we must go on to in- 
finity without stopping either at — 1 or at + 1, it is evident that 
the sum can neither be nor 1, but that this result must lie between 
these two, and therefore be =s: |. 

259. Let us now make a =: |, and our fi^ction will be | , : = f, 

which must therefore express tbe value of the series 

l — i + i — i + TV — i'i + yVsfiic. to infinity. 

If we take only the two leading terms of this series, we have |, 
which is too small by ^. If we take three terms, we have |, which 
is too much by Vy» If we take four terms, we have f , which is too 
small by ^r, Sic. 

260. Suppose agun a s } ; our firaction will be = rXT ^ ^' 
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and to this the series 1— l + J— i't + tV — tt j + t¥t> ^» 
continued to infinity} must be equal. Now, by considering only two 
terms, we have |, which is too small by ^V' Three terms make }, 
which is too much by jV* ^^^ terms make |f , which is too small 
by T^T' ^^ so on. 

261. The fraction j , may also be resolved into an infinite 
series another way ; namely, by dividing 1 by <» -|- 1, as follows : 

a+ 1)1 ( h-r r + -r 



aa ^ a^ a* * a* 



* a 



1 

a 

l — JL 

a aa 



2_ 

aa 

aa ^ a» 



_i_ 1 

a' a* 

a* 

1.1 

a* "^ a* 

Consequently, our fraction — xT' ^^ e<iu^ to the infinite series 

1- -r— -7 + -; r, &c. Let US make a = 1, and 

a aa ' a* a* • a* a« ' 

we shall have the series 

— 1 + 1 — 1 + 1 — 1, &c. = J, as before. 
And if we suppose a = 3, we shall have the series 

i — i+|-TV+^-vVi&c- = i. 
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S62. In the same manner, by resolving the general fraction ^ 
into an infinite series, we shall have, 

• i\ /^ be , bbe b^c 
a + b) c ( r- j- 

, ftc 

c -\ 



be 

a 

be bbc 

a aa 

bbe 
aa 



bbc b^ 
aa * a' 



b^e 

b^e b*c 



e 



Whence it appears, that we may compare -xi ^^ ^^ series 

c 6c. 66c 6' Co •/.._ 

s- 7", &c. to mnnity. 

a aa * a^ a* ' ^ 

Let a :=: 3j 6 sz 4, c = 3, and we shall have 



a + 6""2 + 4 

Let a == 10, 6 =:: 1, and c := 11, and we have 

c 11 
a+15 ^^ 10 1 ^^ ^ ^^ T^ *"■ tVt + tHt — ttVVtj 8tc* 

If we consider only one term of this series, we have |}, which is 
too much by yV f if we take two terms, we have rVvf which is too 
small by 7779 ^^ ^^ ^^ ^^^ terms, we have \iiz9 which is too 
much by y Ati *2«. 

263. When there are more than two terms in the divisor, we may 
also contmue the divi^on to infinity in the same manner. 
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Thus, if the fracdon j— — -r- were proposed, the infinite 

series to which it is equal would be found as follows : 

1 — a-f-aa)l (1 + « — «' — a* + a« + a'', &c. 

1 — a-\'aa 





a — aa 


— a« 




-a'' 


+ a» 






_ a' + fl* 


jf 




— a* 

— a* 








^e therefore the equation of 

-.— 1 JL n aS /i4 -U 


Ai J- 








/iT 


a'' 
a'' 


—a* 

-«• + 


a* 


• We ha^ 

1 


/t9 . 


_ /vl 1 





1— a-j-aa 

Here, if we make a = 1, we have 

'1 = 1 + 1 — 1— 1 + 1 + 1 — 1— 1 + 1 + 1, &c, 

which series contains twice the series found above, 

1 — 1 + 1 — 1 + 1, &c. 

Now, as we have found this =z |, it is not astonishing that we should 
find }, or 1, for the value of that which we have just determbed. 
Make a = ^, and we shall then have the equation 

1= I = 1 + i- i- tV + A + tK- iH, &c. 
Suppose a = I, we shall have the equation 

I = 4 = 1 + i - tV - A + tKi &c. 

If we take the four leading terms of this series^ we have VV, which 
is only 7}^, less than f • 
Suppose again a = |, we shall have 
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1 = 1 = 1 + i — ,v -H + TVV,fac- 

This series must therefore be equal to the preceding one ; and sub- 
tracting one from the other, \ — -fif — If + lis must be = 0. 
These four terms added together make — /y. 

264. The method which we have explained* serves to resolve, 
generally, aU firactions into infinite series ; and, therefore, it is often 
found to be of the greatest utiliQr. Further, it is remarkable, that 
an infinite series^ though it never ceases, may have a determinate 
•aZue. It may be added, that from thb branch of methematics 
inventions of the utmost importance have been derived, on which 
account the subject deserves to be studied with the greatest attention* 



CHAPTER VI. 

y^--r ' Cfihe Squares of Compound Quantities. 

265. Whsn it is required to find the square of a compound 
quantity, we have only to multiply it by itself, and the product will 
be the square required. 

For example, the square of a -f- ^ is found in the following mfii« 
ner: 

a + b 
a + b 



aa -{- ab 

ab + bb 

aa -f- 2ai-|- bb. 

266. So that, when the root consists of two terms added together, 
as a 4" &, tAe square comprehends, 1st, the square of each term, 
namely, a a and bb; 2dly, twice the product of the tv)o terms, 
namely, 2ab. So that the sum aa + 2a&-t-&&isthe square of 
a -|- 6. Let, for example, a = 10 and 6 = 3, that is to say, let it 
be required to find the square of 13, we shall have 100 + 60+99 
or 169. 
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267. We may easily find, by means of this formula, the squares 
of numbers, however great, if we divide them into two parts. To 
find, for example, the square of 57, we consider that this number is 
= 50 -f- 7 ; whence we conclude that its square is 

= 2500 + 700 + 49 = 3249. 

268. Hence it is evident, that the square of a + ^ will be 
aa '■{'2 a -{-l ; now since the square of a is a a, we find the square 
a + 1 by adding to that 2 a -|- 1 ; and it must be observed, that 
this 2 d -|- 1 is the sum of the two roots a and a -f- 1* 

Thus, as the square of 10 is 100, that of 11 will be 100 -f- 21. 
The square of 57 being 3249, that of 58 is 3249 + 115 = 3364. 
The square of 59 = 3364 + 117 = 3481 ; the square of 

60 = 3481 + 119 = 3600, &c. 

269. The square of a compound quantity, as a -f* i, is repre- 
sented in this manner : (a + by . We have then 

(a + 6)» = aa + 2ab + bbj 

whence we deduce the following equations : 

{a + ly =aa—2a+ 1; (a + 2)«=aa + 4a + 4; 

(a + 3)« =aa + 6o + 9; (a + 4)« =aa -f- 8a + 16; &c. 

270. ^the root m a — hj the square of it is ^^l — 2ab +bb, 
which contains also the squares of the two terms^ but in such a man^ 
ner that we must take from their sum twice the product of those two 
terms. 

Let, for example, a = 10 and 6 = — 1, the square of 9 will be 
found = 100 — 20 + 1 = 81. 

27 1 . Since we have the equation (a — by =zaa — 2a6 + 66, 
we shall have (a — 1)^ =^ aa — 2 a + 1. The square ofz, — 1 
isfoundy therefore, by subtracting from aa ^Ae sum of the two roots a 
and a — 1, namely ^ 2 a — 1. Let, for example, a = 50, we have 
aa=. 2500, and a —A = 49 ; then 49« = 2500 — 99 = 2401. 

272. What we have said may be also confirmed and illustrated 
by fractions. For if- we take as the root f + f (which make 1) 
the squares will be : 

tV + its + if = II, that is 1. 

Further, the square of | — \ (or of \) will be 

I 1-1-1 — 1 

Eu/. Alg, 1 1 



y 
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273. When the root consists of a greater number of terms, the 
method of determining the square is the same. Let us find, for ex- 
ample, the square ©/"a -|- b + c. 

a -f- 6 + c 
a -f- 6 + c 

aa -^ ah '\' ac +ic 



aa'\-2ab'\'2ac-^bb-\'2hc-^cc. 

We see that it includes y firsts the square of each term of the root^ and 
beside thaty the double products of those terms multiplied two by tufo. 
274. To illustrate lliis by an example, let us divide the number 
256 into three parts, 200 -f- 50 -^ 6 ; its square will then be com- 
posed of the following parts : • 

40000 256 

2500 256 

36 

20000 1536 

2400 1280 

600 512 



65536 65536 

which is evidently equal to the product of 2.56 X 256. 

275. When some terms of the root are negative, the square is still 
found by the same rule ; but we must take care what signs we prefix 
to the double products. Thus, the square of a — b — c being 
aa -^ bb -^ cc — 2ab — 2ac -f- 2b c, if we represent the num- 
ber 256 by 300 — 40 — 4, we shall have, 

Positive Parts. Negative Parts. : 

+ 90000 — 24000 

1600 — 2400 

320 

16 —.26400 



+ 91936 
— 26400 




6d536| the square of 256, as before. 
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CHAPTER VII. 

Of the Extraction of Roots applied to Compound Quantities. 

276. In order to give a certain rule for this^operation, we must 
consider attentively the square of the root a + 6, which is 

that we may reciprocally find the root of a given square. 

277. We must consider therefore, first, that as the square 
aa'\' 2 ab -}- bb is composed of several terms, it is certain that 
the root also will comprise more than one term ; and that if we 
write the square in such a manner that the powers of one of the let- 
ters, as a, may go on continually diminishing, the first term will be 
the square of the first term of the root. And since, in the present 
case, the first term of the square is a a, it is certain that the first 
term of the root is a. 

278. Having, therefore, found the first term of the root, that is to 
say a, we must consider the rest of the square, namely, 2 a 6 + i 6, 
to see if we can derive firom it the second part of the root, which 
is i. Now tliis remainder 2 a 6 -}" ^ ^ ^^7 ^^ represented by the 
product, (2 a -|- 6) b. Wherefore the remainder having two factors, 
3 a -f- 6 and &, it is evident that we shall find the latter, &, which is 
the second part of the root, by dividing the remainder 2 a 6 -f- & & 
by 2 a -|- 6. 

279. So that the quotient, arising from the division of the above 
remainder by 2 o + 6 is the second term of the root required. Now 
in this division we observe, that 2 a is the double of the first term a, 
which is already determined. So that although the second term is 
yet unknown, and it is necessary, for the present, to leave its place 
empt}'-, we may nevertheless attempt the division, since in it we 
attend only to the first term 2 a* But as soon as the quotient is 
found, which is here bj we must put it m the empty place, and thus 
render the division complete. 

280. The calculation, therefore, by which we find the root of the 
square aa -{- 2ab -{- bby may be represented thus : 
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aa 



2a + h)2ab + hb 
2ah + hb 



0. 



281. We may, in the same manner, find the square root of other 
compound quantities, provided they are squares, as the following 
examples will show. 

aa + 6a5 + 966 (a + 36 

aa 



2a + 36)6a6 + 966 
6a6 + 966 



0. 



4aa — A ah -|-66(2a — 6 
4a a 



4a — 6) — 4a6 + 66 
— 4a6 + 66 

0. 



9 pp + 24 jp 9 + 16 7y(3p + 4g 
9jp_p 



6p + 4}) 24p5 + 1655 
2Ap g + 16 5 5 



0. 



25a? a; — 60a: + 36 (5a; — 6 
25<ra7 



10 a: — 6) — 60 a: + 36 
— 60 a? + 36 

0. 
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282. When there is a remainder after the division, it is a proof 
that the root is composed of more than two terms. We then con- 
sider the two terms already found as forming the first part, and en- 
deavour to derive the other from the remainder, in the same man- 
ner as we found the second term of the root. The following exam- 
ple will render this operation more clear. 

a a -|- 2ab — 2ac — 26c -{- bh + cc{a-\'b — c 
aa 



2a + b)2ab — 2ac — 26c + J6 + cc 
2ab +66 

2a + 2b — c) — 2ac — 26c + cc 

— 2ac — 26c-{"Cc 

0. 
a* -|- 2a' + 3aa + 2a + l(aa + a + l 



2aa + a)2a^ + 3aa 
2a^ + aa 



2aa + 2a + l)2ao + 2a+ 1 

2aa + 2a + 1 



0. 



a*— 4a3 6 + 8a63 +46*(aa — 2a6 — 266 
a* 



2aa — 2a6) — 4a3 6 + 8a63 +46* 

— 4a'6 + 4aa66 

2aa — 4a6) — 2 66) — 4aa66 + 8a63 +4 6* 

— 4aa66 + ^ab^ + 46* 

0. 
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a« — 6a«6 + 16a*i6 — 20a»63 + 16aaA* — 6aft« -|-i» 
a« (fl3— 3aa6 +3a66 — 6^ 

2a3 — 3aai) — (ja^b + 15a*66 

— 6a«6 + 9a«M 



2a^ — 6aaJ + 3aJi) 6a*t6 — 200^63 + 15aai« 

^a^hh — 18a363 + 9aai* 



2a3 — 6aaft + 6a66 — 63) — 20^63 +6006* — 6a6« + 6« 



0. 



283. We easily deduce from the rule which we have explained, 
the method which is taught in books of arithmetic for the extraction 
of the square root. Some examples in numbers : 



529 (23 
4 




1764 (42 
16 


2304(48 
16 


43) 129 
129 




82) 164 
164 


88) 704 
704 


0. 




0. 


0. 


4096 (64 
36 




9604 (98 
81 


124) 496 
496 






188) 1604 
1504 


0. 






0. 


15625 
1 


(125 




998001 (999 
81 


22) 56 
44 


189) 1880 
1701 


245) 1225 
1225 






1989) 17901 
17901 



0. ^* 
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284. But when there is a remainder after the whole operation, it 
is a proof that the number proposed is not a square, and conse- 
quently that its root cannot be assigned. In such cases, the radical 
sign, which we before employed, is made use of. It is written be- 
fore the quantity, and the quantity itself is placed between parenthe- 
ses, or under a line. Thus, the square root of a a -j- ^ ^ is repre- 
sented by \/{a a + 66), or by \/aaThh) and a^{1 — xx)^ or \/\-^xx, 
expresses the square root of 1 — xx. Instead of this radical sign, 
we may use the fractional exponent ^, and represent the square root 

of a o -f- ^ ^> for instance, by (a a + '^ ^)^j or by aa^hh\ ^. 



CHAPTER Vm. 

Cfthe Calculation of Irrational Quantities. 

285. When it is required to add together two or more irrational 
quantities, this is done, according to the method before laid down, 
by writing all the terms in succession, each with its proper sign. 
And with regard to abbreviation, we must remark that instead of 
\/a, + \/a> for example, we unite 2 \/a ; and that Va — Va = 0, 
because these two terms destroy one another. Thus, the quantities 
3 + V2 and 1 -|- \/2, added together j make 4+2 \/2 or 4 + \/Q ; 
the sum of 5 + \/3 and 4 — ^s is 9 ; and that of 2 \/s + 3 \/2 
and V3 — \/2 is 3 ^3 + 2 VS. 

286. Subtraction also is very easy, since we have only to add the 
proposed numbers, changing first their signs ; the following example 
will show this ; let us subtract the lower number from the upper. 

4 — v^ + 2^3 — 3-V/5 + 4^6 
1 + 2v2 — 2V3 — 5^5 + 6 V6 

3 — 3v2-|-4v'3 + 2v'5 — 2^6 

287. In multiplication we must recollect that \/i multiplied by 
\/a produces a ; and that if the numbers which follow the sign y/ 
are different ^ as a and b, we have \/iih for the product of\/ei mtdti- 
plied by x/h. After this it will be easy to perform the following ex- 
amples : 
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1 + V'2 4 + 2 vS 

1 + V2 2 — V2 



1+^/2 8 + 4 v12 

-f-V2 + 2 — *4v/2 — 4 



1+2^2+2 = 3 + 2^2 8 — 4 = 4 

288. What we have said applies also to imaginary quantities ; we 
shall only observe further, that v— -a multiplied by \/ — a produces 
— a. 

If it were required to find the cube of — 1 + \/ — 3, we should 
take the square of that number, and then multiply that square by 
the same number : see the operation : 

— 1 +V=^ 

— 1 + V-3 

— ^ITs — S 



1 —2^—3 — 3z= — 2— 2 v^^ 

-1+ ^--^ 



2 + 2-v/=^ 
— 2 v^^ + 6 



2 + 6 = 8. 

289. In the division ofsurds, we have only to eocpress the proposed 
quantities in the form of a fraction; this may he then changed into 
another expression having a rational denominator. For if the de- 
nominator be a + \/b^ for example, and we multiply both it and 
the numerator by a — \^b, the new denominator will be an — 6, 
in which there is no radical sign. Let it be proposed to divide 

3 + 2 v2 by 1 + V2 ; we shall first have li-?-^. Multiplying 

now the two terms of the fraction by 1 — \/2y we shall have for the 
numerator : 
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3 + 2\/2 
1— V§ 



3 + 2 V2 
— 8V5 — 4 



3— y^ — 4 = — v5— 1; 

and for the denommator : 

1 + \/2 
1 — v/S 



-^V5 — 2 
1 —2 = — 1 

Our new fraction therefore is ; and if we again mul- 

tiply the terms by — 1, we shall have for the numerator \/2 -(- h 
and for the denommator -(- 1* Now it is easy to show that v3 + i 

IS equal to the proposed fraction -r-^ — ^ ; for v^ -(- 1 being mul- 
tiplied by the^divisor 1 + yg, thus, 

1 + V3 
1 + V^ 



1+V2 

wehave 1 + 2 V2 + 2 = 3 + 2^2. 

Another example : 8 — 6 \/5 divided by 3 — 2 \/5 makes 

5 2r^- Multiplying the two terms of this fraction by 3 + 2 v5j 

o — ii&\/2 

we have for the numerator, 

8 — 6 v2 
3 + 2V3 



24— 15V2 

+ 16v5 — 20 

24 + v3 — 20 = 4 + V2; 
EtJ. JliSg-. 12 
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and for the denominator, 

3 — 2v5 

3 + 2v3 



9 — 6 V2 
+ 6v5 — 8 

9 — 8 = + 1. 

Consequently the quotient will be 4 4- V^* The truth of this 
may be proved in the following manner : 

4 + v5 
3 — 2v/2 



12 + 3 v2 
— 8v2 — 4 



12 — 6V2 — 4 z= 8 — 6V2 

290. In the same manner, we may transform such fractions into 
others, that have rational denominators; If we have, for example, 

the fraction , ^ — =, and multiply its numerator and denominator 

by 5 -f- 2 \/6f we transform it into this 

2 

In like manner, the fraction — r— ; — ■ assumes this form, 

— l+V— 3 



2 + 2 y/— 3 1 + V— 3 
—4 — —2 • 

And ^e±^! becomes = ll+pL^ = n + 2 v3o. 
V6 — V5 1 

291. ^^en ^Ae denominator contains several terms, we may in the 

same manner make the radical signs in it vanish one by one. Let 

the fraction — = = = be proposed : we first multiply these 

terms by y^io + V5 + VS, and obtam the fraction 

ylo + \/2 + yg 
5 — 2 v6 * 

Then multiplying its numerator and denominator by 5 + 2 vBi we 
have 6 ylo + 11 V2 + 9 v5 + 2 v§o. 
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CHAPTER IX. . 

Cf Cubes f and the Eoetraction of Cube Roots. 

292. To find the cube of a root a + b, we only multiplj its 
square aa + 2ab -{-bb again by a -f- 6, thus, 

aa -{- 2ab '\'bb 
a + i . 

a» '+2aab + abb 
. aab 4- 2abb + b^ 



and the cube will be =z a^ + 3aab + Sabb + b^. 

It contains^ therefore, the cubes of the two parts of the rooty and 
beside that, 3aa&-f-3a&&, a quantity equal to (3 a &) X (a -f- i) ; 
that is, the triple product of the two partSy a and b, multiplied by, 
their sum* 

293. So that whenever a root is composed of two terms, it is easy 
to find its cube by this rule. For example, the number 5 = 3 -f- ^ » 
its cube is therefore 27 + 8 + 18 X 5 = 126. 

Let 7 -f- 3 = 10 be the root ; the cube will be 

343 -J- 27 + 63 X 10 = 1000. 

To find the cube of 36, let us suppose the root 36 = 30 + 6, 
and we have for the power required, 

27000 + 216 + 540 X 36 = 46666. 

294. But if, on the other hand, the cube be given, namely, 
a'+ Saab + Sabb + i', and it be required to find its root, 
we must premise the following remarks : 

First, when the cube is arranged according to the powers of one 
letter, we easily know by the first term a^, the first term a of the 
root, since the cube of it is a^ ; if, therefore, we subtract that cube 
from the cube proposed, we obtain the remainder, 

2aab + 3abb + 6», 

which must furnish the second term of the root. 

296. But as we already know that the second term is -{* by we 
have principally to discover how it may be derived from the above 



92 Algebra. Sect. 2. 

remainder. Now tbtt remainder may be expressed by two fac- 
tors, as (3 aa -f- 3 a 6 + 6 6) X (i) ; if» thereforei we divide by 
2aa'{'2ab-\-bbf we obtain the second part of the root 4~ b^ 
which is required. 

296. But as this second term is supposed to be unknown, the 
divisor also is unknown ^ nevertheless we have the first term of that 
divisor, which is sufficient ; for, it is 3 a a, that is, thrice the square 
of the first term already found ; and by means of this, it is not diffi- 
cult to find also the other part, 5, and then to complete the divisor 
before we perform the division, For this purpose, it will be neces- 
sary to join to 3 a a thrice the product of the two terms, otSab, 
and b 6, or the square of the second term of the root. 

297. LfCt us apply what we have said to two examples of other 
given cubes. 

I. o» 4.12aa-|-48o + 64(a + 4 



3aa + 12a + l6) 12aa + 48a -|- 64 

12aa + 48a-l-64 

0. 



n. a«-*6a«4-16a«— .2003 4-1509— 6a -1-1 

a* (oa — 2a 4-1 



3a« — 6a3 + 4aa) — 6a« + 15a« — 20a» 

— 6a«4-12a*— 8a3 



3a« — 12as + 12aa-|-3a> — 6a-f i)3a« — 12as + 15aa— 6a-f 1 

3a* — 12(1' + 16aa — 6a 4- 1 

0. 

298. The analyas which we have given b the foundation of the 
common rule for the extraction of the cube root in numbers^ An 
example of the operation in the number 2197 : 
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2197 (10 + 3 = 13 
1000 



300 

90 

9 



399 



1197 



1197 



0. 



Let us also extract the cube root of 34965783 : 

34965783 (300 + 20 + 7 
27000000 



270000 

18000 

400 


7965783 


288400 


5768000 


307200 

6720 

49 


2197783 


313969 


2197783 



0. 



CHAPTER X. 



Of the WgJier Powers of Compound QuofUiiies* 

299. After squares and cubes come higher powers, or powers 
of a greater number of degrees. They are represented by exponents 
in the manner which we before explained : we have only to remem- 
ber, when the root is compound, to mclose it in a parenthesis. Thus 
(a + by means that a + 6 is raised to the fifth degreOi and 
(a — bY represents the sixth power of a — &• We shall in this 
chapter explain the nature of these powers. 
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300. Let a-^-h be the root, or the first power, and the higher 
powers will be found bj multiplication in the following manner : 

a +h 

a^ ^ab 
J^nb + l^ 

a +^ 



a3 -f-2aa6-f-a6& 

4- aab + 2dbh + h^ 

(a + 6)» = a» + 3aa6 + 3a66 + 6^ 



4- a'ft -f ^aabh 4. 3a&3 + 5« 



(a + 6)* = a* + 4a»6 + 60066 + 4a69 + 6* 
a +6 

aff 4- 4a«6 + 6a366 + 4aa63 + ah^ 

4- a«6-f 4o366 4-6aa63-f 4a6« -f6« 

(a + 6)» zz a» + 6a*6 + 100^66 + 10aa6» +606* + 6« 
a +6 

a«+6a«6 + 10o«66+10c36»-j- 6006* +a6« 

4- a'^6 4- 5a«66 4-10a'6>4-10aa6«4-^^'+^* 
(0+ 6)« = a* + 6a«6 + 15a*66 + 20a» 6» + 15aa6« + 6a6« + &• 

301. The powers of the root a — 6 are found in the same man- 
ner, and we shall immediately perceive that they do not differ from 
the preceding, exceptmg that the 2d, 4th, 6th, be. terms are affected 
by the sign mnm ; 
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(a-J)i=a-6 
a — b 



aa — b 

— oi + iA 

(a — J)«=a»— 2ai + 6A 
a — 6 



a' — Zaab-i- abb 

— aab+2a6b — 6» 

{a— by = a» —Saab + 3abb — b^ 
a —b 



— a»6 + 3aa66 — 3a6» + J* 

(a— by = a* — 4a»A + 6aabb—4tab^ + 6* 
a —b 

a«— 4a*6 + 6a366 — 4aai3 +a6* 

— a*6-f4a366 — 6aai3-f4a6*— i* 

(a— by = a* — 5a«6 + 10o»66— lOoai* + 6a6« —A* 
a —J 

a« — 6a»A + 10a*66— 10a»6»+ 6aai*— oi* 

— a'b+ ba^bb + lOa'i' +10aa6*— 5a6»-|-J« 

(a— 6)»=a«— 6a«6 + 15a*6i— 20a'J»+16aa6*— 6a6* + 6» 

Here we see that all the odd powers of b have the sign — , wh3e 
the even powers retain the sign -{-• The reason of this is evident ; 
for since — - 6 is a term of the root, the powers of that letter will 
ascend in the following series, — A| + bb^ — 6', + 6*, — 6*, 
•4- a*, &x^. which clearly shows that the even powers roust be afl&ct- 
ed by the sign -}-s and the odd ones by the contrary sign — . 

302. An important question occurs in this place ; namely, how 
we may find, without being obliged always to perform the 6ame cal- 
culation, all the powers either of a -{- A, or a — A. 

We must remark, in the first place, that if we can assign all the 
powers oi a'\-b, those of a — A are also found, since we have only 
to change the signs of the even terms, that is to say, of the second. 
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the fourth, the sixth, Szc. The business then is to eatdl£sh it fule^ 
by which any power q^ a -f- b, however highf may be determined 
xmthout the necessity of calculating aU the preceding ones* 

303. Now, if from the powers which we have aLready determin- 
ed we take away the numbers that precede each term, which are 
called the coefficients, we observe in all the terms a sbgular order ; 
first J we see the first term di of the root raised to the power which is 
required; in the following tefms the powers of a diminish continU' 
aUy hy unity j and the powers of b increase in {he same proportion ; 
so that the sum of the exponents of £l and cfh is always Uie same, and 
always equal to the exponent of the power required; and, lastly, we 
find the term b by itself raised to the same power. If, therefore, the 
tenth power of a + b were required, we are certain that the terms, 
without their coefficients, .would succeed each other in the following 
order; a»«,a» 6, a«A«, a'' 6^ a« 6% a* i«, a*b^, a^b\ a* 6% 
ab\b^\ 

304. It remains, therefore, to show how we are to determine the 
coefficients which belong to those terms, or the numbers by which 
they are to be multiplied. Now, vAth respect to the first term, its 
coefficient is always unity ; and with regard to the second, its coeffir 
dent is constantly the exponent of the power ; but with regard to the 
other terms, it is not so easy to observe any order in their coeffi* 
cients. However, if we continue those coefficients, we shall not 
fail to discover a law, by which we may advance as far as we please. 
This the following table will show. 

Powen. Coefficients. 

I. 1, 1 

11. 1, 2, 1 

m. 1, 3, 3, 1 

IV. 1, 4, 6, 4, 1 

V. 1,5, 10, 10, 5, 1 

VI. 1, 6, 15, 20, 15, 6, 1 

VII. 1, 7, 21, 35, 35, 21, 7, 1 

Vin. 1, 8, 28, 56, 70, 56, 28, 8, 1 

IX. 1,9, 36, 84, 126, 126, 84, 36, 9, 1 

X. 1, 10, 45, 120, 210, 252, 210, 120, 45, 10, I, Szc. 

We aee then, that the tenth power of a -|- 6 will be a' * + 
10a«6 + 45o»66 -f- 120o»6» -|-210a«i« +252o*i* + 
210o*6« + 120a»4^ + 45<io6« + 10o6» -f-i»«. 
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305. WUh regard to the coefficienUj it miut be observed^ that far 
each power their mm must be equal to ihe number 2 raised to the 
same poufer. Let a = 1 and 6 =: 1, each term, without the coeffi- 
cients, will be = 1 ; consequently, the value of the power will be 
simply the sum of the coefficients ; this sum, in the<preceding exam- 
jfle, is 1024, and accordingly 

(1 + !)»• =i2»« = 1024. 

It is the same with respect to other powers ; we have for the 

I. 1 + 1 = 2 = 2>, 
11. 1 + 2 + 1 = 4 = 2«, 
m. l + 3 + 3 + l=:8 = 2», 
IV. 1 + 4 + 6 + 4 + 1 =: 16 =: 2*, 

V. 1 + 5 + 10 + 10 + 5 + 1 = 32 = 2«, 

VI. 1 + 6 + 16 + 20 + 16 + 6 + 1 = 64 = 2% 

Vn. 1 + 7 + 21 + 35 + 35 + 21 + 7 + 1 = 128= 2% 
&c. 

306. Another necessary remark, with regard to the coefficients, 
is, that they increase from the beginning to the middle, and then de* 
crease in the same order. In the even powers, the greatest coeffi- 
cient is exacdy in the middle ; but in the odd powers, two coeffi- 
cients, equal and greater than the others, are found in the middle, 
belonging to the mean terms. 

The order of the coefficients deserves particular attention ; for it 
is m this order that we discover the means of determining them for 
any power whatever, without calculating all the preceding powers. 
We shall explain this method, reserving the demonstration however 
for the next chapter. 

307. In order to find ihe coefficients of any power proposed^ the 
seventh^ for exampk^ let us unite the following fractions^ one cfter 
the other ; 

h h f *. h h f 
In this arrangement we perceive that the numerators begin by the 
exponent of the power required^ and that they diminish successively 
by unity ; whUe the denominators follow in the natural order of the 
numbers^ 1,2, 3, 4, 8fc. J^ow^ the first coefficient being always l, 
the first fraction gives the second coefficient. The product of the 
two first fractions^ multiplied together^ represents the third coefficient. 
The product of the three first fractions rqnresents the fourth cotffi' 
cient, and so on. 
Eul. Mg. 13 
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So that the first coefficient =: 1 ; Ae second =z f = 7[; the 
third = ^: X I = 21 ; the fourth =:^X|Xf = 35; the fifth 
= JX f X f X J=35;thesixth=^X|Xf X JX| = 215 
the sevendi = 21 X f = 7 ; the eighth = 7 X | = !• 

SOS. So that we have, for the second power, the two fractions 
f, ^; whence it follows, that the first coefficient = 1 ; the second 
= f = 2 ; and the third =2X^ = 1. 

The third power furnishes the fractions f » f ' ? 9 wherefore the 
first coefficient = 1 ; the second = f = 3; the third = 3 X | = 3; 
the fourdi =:fX|Xi = l. 

We have for the fourth power, the fractions ^, |, |, \} conse- 
quendy the first coefficient =: 1 ; the second f =: 4 ; the third 
I X I = 6 ; the fourdi |XfXf = 4;anddie fifth f X | X | 

X i = 1. 

309. This rule evidendy renders it unnecessary for us to find the 
preceding coefficients, and enables us to discover immediately the 
coefficients which belong to any power. Thus, for the tenth power, 
we write the fracuons V, J, |, J, |, |, 4, |, }, y^j ^7 means of 
which we find 

the first coefficient = 1, 

the second = V = 10, 

the third = 10 X J = 46, 

the fourdi = 45 X | = 120, 

die fifdi = 120 X J = 210, 

the sixth = 210 X | = 262, 

die seventh = 252 X f = 210, 

die eighth = 210 X 4 = 120, 

die nindi = 120 X ? = 45, 

die tendi = 46 X f = 10, 

the eleventh = 10 X tV = !• 

m 

310. We may also write these fractions as they are, vritbout com- 
puting their value ; and in this way it is easy to express any power of 
a •{- i, however high. Thus, the hundredth power of a -|- 6, wiQ be 

100X99X98 ..,^, . 100X99X98X9 7.,.^. , . 
whence the law of the succeeding terms may be easily deduced. 
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CHAPTER XI. 

Cfihe Transposition of the Letters^ on which the Demonstration of 

the preceding Ride is founded. 

311. If we trace back the origin of the coefficients which we 
have been considering, we shall find, that each term is presented, 
as many times as it is possible to transpose the letters, of which that 
term consists } or, to express the same thing differently, the coeffi- 
cient of each term is equal to the number of transpositions that the 
letters admit, of which that term is composed. In the second power, 
for example, the term a i is taken twice, that is to say, its coefficient 
is 2 ; and in fact we may change the order of the letters which com- 
pose that term twice, since we may write a b and b a; the term a a, 
on the contrary, is found only once, because the order of the letters 
can undergo no change or transposition. In the third power of 
a -^^ b^the term aab may be written in three different ways, aab, 
aba^baa; thus the coefficient is 3. Likewise, in the fourth power, 
the term a^b or aaab^ admits of four different arrangements, aaabj 
aab a, abaa^ baaa; therefore its coefficient is 4. The term 
a abb admits of six transpositions, aabb^ abba^ baba, abab, 
bbaa^ baab^ and its coefficient is 6. It is the same in all cases. 

312. In fact, if we consider that the fourth power, for example, 
of any root consisting of more than two terms, as (a + 5 -f- c + d)*, 
is found by multiplying the four factors, I. a -i- b -}- c -^^ d; 

II. a + 6 + c+^^" m* a + ^ + c + d; IV. a + ft -{- c + d; we 
may easily see, that each letter of the first factor must be multiplied 
by each letter of the second, then by each letter of the third, and 
lastly, by each letter of the fourth. 

Each term must therefore not only be composed of four letters, 
but also present itself, or enter into the sum, as many times as those 
letters can be differently arranged with respect to each other, whence 
arises its coefficient. 

313. It is therefore of great importance to know, in how many 
different ways a given number of letters may be arranged. And, in 
this inquiry, we must particularly consider, whether the letters in 
question are the same, or different. When they are the same, there 
can be no transposition of them, and for this reason the simple pow- 
ers, as a', a^f a^, &c.,*'all have unity for the coefficient. 
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S14. Let us first suppose all the letters difl^nt } and be^onbg 
with the simplest case of two letters, or a b, we immediate^ discover 
that two transpositions may take place, namely, a b and b a. 

If we have three letters a & c, to consider, we observe that each 
of the three may take the first place, while the two others will admit 
of two transpositions. For if a b the first letter, we have two ar- 
rangemeints, a be, aeb; if i is in the first place, we have the 
arrangements bacjhca; lastly, if c occupies the first place, we 
have also two arrangements, namely, cab, cba. And consequently 
the whole number of arrangements is 3 X 2 = 6. 

If there are four letters, abed, each may occupy the first place ; 
and in each case the three others may form six difi!erent arrange* 
ments, as we have just seen. The whole number of transpositions 
is therefore 4x6=:24 = 4x3x2x 1. 

If there are five letters, abode, each of the five must be the first, 
and the four others will admit of twenty-four transpo^dons ; so that 
the whole number of transposiuons will be 

6X24 = 120 = 5X4X3X2X1- 

315. Consequently, however great the number of letters may be, 
it is evident, provided they are all dififerent, that we may easily de- 
termine the number of transpo^tions, and that we may make use ol 
the following table': 

Nomber of LettQ^. Number of TkuiipocUioiiB. 
> ^- ^ N V ' 

I. 1 = 1. 

II. 2X1 = 2. 

III. 3X2X1 = 6. 

IV. 4 X 3 X 2 X 1 = 24. 
V. 5X4X3X2X1 = 120. 

VI. 6X5X4X3X2X1 = 720. 

Vn. 7X6X5X4X3X2X1 = 5040. 

Vm. 8X7X6X5X4X3X2X1 = 40320. 

IX. 9X8X7X6X5X4X3X2X1 = 362880. 

X. 10X9X8X7X6X5X4X3X2X1 = 3628800. 

316. But, as we have intimated, the numbers in this table can be 
made use of only when all die letters are di&rent ; for if two or 
more of them are alike, the number of transpositions becomes much 
less ; and if all the letters are the same, we have only one arrange- 
ment. We shall now see how the numbers m the table are to be 
dimmished, according to the number of letters that are alike. 
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317. When mo letters are given, and those letters are the same, 
the two arrangements are reduced to one, and consequently the 
number, which we have found above, is reduced to the half ; that is 
to say, it must be divided by 2. If we have three letters alike, the 
SBX transpositions are reduced to one ; whence it follows that the 
numbers in the table must be divided by6=:3x2xi« And 
for the same reason, if four letters are alike, we must divide the 
numbers found by 24 or 4 X 3 X 2 X 1, 8£C. 

It is easy therefore to determine how many transpositions the let- 
ters a a a & & c, for example, may undergo. They are in number 6, 
and consequently, if they were all different^ they would admit of 
6X5x4X3x2x1 transposdtions. But since a is found 
thrice in those letters, we must divide that number of transpositions 
by 3 X 2 X 1 ; and since h occurs twice, we must again divide it 
by 2 X 1 ; the number of transpositions required will therefore be 

_6X5 X4X3X2X1 _... ... g_gQ 

- 6X2X1X2X1 -^X4X3^60. 

318. It will now be easy for us to determine the coefficients of 
all the terms of any power. We shall give. an example of the sev- 
enth power (a + 6)''. 

The first term is a'', which occurs only once ; and as all the 
other terms have each seven letters, it follows that the number of 
transpositions for each term would be7X6x5x4x3x2Xl9 
if all the letters were different. But since in the second terra, a* ft, 
we find six letters alike, we must divide the above product by 
6X5X4X3X2X1} whence it follows that the coefficient is 
__ 7X6X5X4X3X2X1 __ - 
"• 6X5X4X3X2X1 ""*' 

In the third term a' h i, we find the same letter a five times, and 

the same letter h twice ; we must therefore divide that number first 

by5x4X3x2xl9 and then also by 2 X 1 ; whence results 

t\^^ ^^^n:^:^^. '^ X6X5X4X3X2X1 _ 7x6 
the coefficient^^ ^^3^^^ J ^^^^ = ^^. 

The fourth term a^b^ contains the letter a four times, and the 
letter h thrice ; consequently, the whole number of the transposi- 
tions of the seven letters must be divided, in the first place, by 
4 X 3 X 2 X If and secondly, by 3 X 2 X 1» and the coeffi- 

^;ont W^«i - 7X6X5X4X3X^X 1 _ 7x6x5 
cient becomes - 4x3x2x 1x3x2x1 "" 1x2x3' 

7X6x5X4 
In the same manner we find t v. o w q v> ># for ^e coefficient 

1X2X3X4 
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of tbe fifth term, and so of the rest ; by which the rule before given 
is demonstrated. 

319. These considerations carry us further, and show us also how 
to find all the powers of roots composed of more than two terms. 
We shall ap[dy them to the third power of a -^b -{- c; the terms 
of which must be formed by all the possible combinations of three 
letters, each term having for its coefficient the number of its transpo- 
sitions, as above. 

Without performing the multiplication, the third power of 
(a -{-b -{- c) will be a' -{-3aa& -|-3aac-}-3a6&-}"^^^c 
+ 3acc + &9+3&6c + 36cc+c3. 

Suppose a = 1, 6 = 1, c = 1, the cube of 1 + 1 + 1, or of 3, 
will be 1+3 + 3 + 3+6 + 3+1+3+3 + 1= 27. 

This result is accurate, and confirms the rule. 

If we had supposed a = 1, & = 1, and c = — 1, we should have 
found for the cube of 1 + 1 — 1, that is, of 1, 

l+3_3 + 3 — 6 + 3 + 1— 3 + 3— 1=1- 



CHAPTER XIL 

Cfthe Expression of Irrational Powers by Infinite Series. 

320. As we have shown the method of finding any power of the 
root a + &, however great the exponent, we are able to express 
generally, the power of a + 5, whose exponent is undetermined. It 
is evident that if we represent that exponent by n, we shall have by 
the rule already given (art. 307 and the following) : 

(a + 6)» = a«+Ja»--^6 + jX^^a»--»6>+jX^^X 

It — 2 . ,,^ , n n— 1 , n — 2 it — 3 _ ,,. o 
_— a«-»6» + jX— ^ X —3— X — j— a"-^6S8£c. 

321. If the same power of the root a — b were required, we 
should only change the signs of the second, fourth, sixth, &x^. terms, 
and should have 
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— 3-a»-H» + jX — 2"X— 3— X — 4— a*^JS8K5. 

322. These formulas are remarkably useful ; for they serve also 
to express all kinds of radicals. We have shown that all irrational 
quantities may assume the form of powers, whose exponents are 

fractional, and that ^a =^ a^ , \/a = o*, and ^a=: a^^ See. We 
have therefore, also, 

V(J+T) = (a + *)*; VfHTT) = (a + 6)^ 

4 1 

and Vlo +h) = (a + ly, be. 

Wherefore, if we wish to find the square root of a + 6, we have 
only to substitute for the exponent n the fraction ^, in the general 
formula [art. 320], and we shall have for the first, for the coeffi- 
cients, 

n _ 1 n— 1 1 It — 2 3 it — 3 _ 6 

1*^2' 2 "" 4' 3 "" 6» 4 "-"~8' 

n — 4 _ 7 ^ n — 5 _ ^ 
5 "^ 10' 6 "" 12* 

Then, 

1 111 

a* =z a^ =1 v^Hand fl^""^=: — =: rf»"* = n; d*-*=: =.. 

Sic., or we might express those powers of a m the following manner ; 
a- = v«ja— = - = ii.; «-«=- = ^; 

323. This being laid down, the square root of a -|- 6 may be ex- 
pressed in the following manner : 



324. If a, therefore, be a square number, we may assign the 
value of Va, and consequently, the square root of a -{- & may be 
expressed by an infinite series, without any radical sign. 
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Let, for example, a a= cc, we shall have y^ = e; then 

We see, therefore, that there is do number, whose square root we 
may not extract in the same way ; since every number may be re- 
solved into two parts, one of which is a square represented by c c. If 
we require, for example, the square root of 6, we make 6 = 4 -{- 2, 
consequently c c = 4, c = 2, & = 2, whence results 

V5 = 2 + i — xV + A — t/tt, &c- 

If we take only the two leading terms of this series, we shall have 
2| = f , the square of which, V, is f greater than 6 ; but if we 
consider three terms, we have 2yV = f f , the square of which, 
VtVS is sdll jVV ^^ small. # 

325. Since, in this example, f approaches very nearly to the true 
value of \/6, we shall take for 6 the equivalent quantity V — h 
Thus cc = y; c = |; 6 = — J; and calculating only the two 
leading terms, we find 

the square of this fraction being WV ) exceeds the square of \/6 
only by y^. 

Now, making 6 = WV — tItj so that c = |J and 6 = — ^n^ 
and still taking only the two leading terms, we have 

V6 = H + iX=^ = H-iX^^ = «-„Vir = Hn, 

the square of which is VsViWV * ^ow 6, when reduced to the 
same denominator, is =: VtVVtW j ^^ ^^^^ therefore is only 

326. In the same manner, we may express the cube root of 



3 . 1 



a 4- & by an mfinite series. For since \/(a + &) =: (a -f- ^Y ^^ 
shall have in the general formula n =: |, and for the coefficients, 

n _ 1 n — 1 _ I n — 2 5 n — 8 _ 2 

I""3^ 2 "" 3' 3 •" 9'~r"'"""3' 

5 ~ 15' *^* 

and with regard to the powers of a> we shall have 
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s •- •- *- 

^ a a a a»'' 

then 

3 

327. If a therefore be a cube, or a == c', we have Va = e» and 
die radical signs will vanish ; for we shall have 

328. We bavej therefore, arrived at a formula, which will enable 
us find by approximation^ as it b called, the cube root of any num- 
ber ; since every number may be resolved into two parts, as c' -|- ft, 
the first of which is a cube. • 

If we wish, for example, to determine the cube root of 2, we 
represent 2 by 1 -)- 1, so that c = 1, and 6 = 1, consequently 

V2 =1+1- — T + TTJ ^'9 ^® ^^o leading terms of this series 
make 1} = | the cube of which, 14) ^^ ^^ g^^^^ ^Y It* ^^ "^ 
then make 2 = |4 — Ih ^^ ^^^^ <^ = f and & = — \^j and 

consequendy V2 = f + i X — R- These two terms give 

f — Vt = tIj ^^ ^""^^ of which is ^fffH* 
Now, 2 = IHIIf J so that the error is y^fH?* ^^ this way we 
might still approximate, and the faster in proportion as we take a 
greater number of terms. 



CHAPTER Xm. 

Cfthe Resolution ofJVegative Powers. 

1 

329. We have already shown, that we may express - by a""^ j 

we may therefore also express , , by (a + &)"*; so that the 
Eul. Alg. 14 
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fraction , ^ may be considered as a power of a + 6, namely, that 

power whose exponent is -~ 1 ; and from this it follows, that the 
series already found as the value of (a -{- &)* entends also to this 
case. 

330. Smce, therefore, . . is the same as (a + h)'^\ let us 

suppose, in the general formula, n = — 1 ; and we shall first have 
for the coefficients 

n - ^ n — 1 ^ - ^ n — 2 - ^ n — 3 __ - « 

Then, for the powers of a ; 

1 111 

So that 6 

and this is the same series that we found before by division. 

1 

331. Further, j , , bebg the same with (a + 6)"*, let us 

reduce this quantity also to an infinite series. For this purpose, we 
must suppose n = — 2, and we shall first have for the coefficients 

n_ 2 n— 1 _ 3 it — 2 _ 4 it — 8 _ 5 ^ 

1— 1* 2 "" 2' "3""" 3' —4— — — 4>«». 

Then, for the powers of a ; 

We therefore obtain 
^a i- o; - ^^_^ ^j, -^, ^X^si-jXgX^ — J 

34 6»2 3 4 6 6*„ 

Now, 

4 = 2;|x| = 3;fx|Xi = 4;fX4XiXf = 5,8EC. 

Consequently we have 

1 « * . o 6> . 6» . , 6* ^ 6« . ^ 6* 

a 



(a + 6)« "~a^""^a» + ^i^~'*5» +^5*~®57- + ';^> 



&c. 
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333. Let us proceed and suppose n = — 3^ and we ahall have a 
series expressing the value of r- ^,.3 , or of (a + 6)"'. The co- 
efficients will be 

n^ 8^ n — 1 _ 4 »~a __ 6 n>-3 _ 6 ^^^ 

1"" i' 2 2' 3 =^~3' ""i"""""? 

and the powers of a become, 

which gives 

(a + 6)9 ^a» , l7*"*"l^Sa« l^5^3a»+I 

4 5 6&« o 

a* a* * a* a* ' a^ a* • a* 

— 36 4t + 45 47» *W5- 
Let us now make n == — 4 ; we shall have for die coefficients 



n 4 n— 1 5 ft — 2 
1— J, 3 •"■"2' 3 "" 


6 n — 2 7 . 
3' 4 — ~4'^'' 


and for the powers, 






-3 — L. fl«-4 — 2l foe 


whence we obtain. 




1 ^1 * ^. * , 4 V ^ ^ 


6> 4 6 6 &s 



ia+by 



+ 1X2^3^4^ a«'*^* 



16 6* &3 54 %5 

= ~ — 4 4 — 10 ^ — 20 ^ + 36 -, — 66 ij, fac. 

333. The different cases that have been considered enable us to 
conclude with certainty, that we shall have, generally, for any nega- 
tive power of a + 6 ; 
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(a + &)• "" tf" 1 ^ flt»+i "1" 1 '^ 2 ^ a^T2 i ^ 

!!L±1 X ^i±^ X -^ &c 

And by means of this formula, we may transform all such frac- 
tions into infinite series, subsututing fi^acdons also, or fractional expo- 
Dents, for m, in order to express irrational quantities. 

334. The followmg considerations will illusti*ate this subject fur- 
ther. 

We have seen that, 

1 _ 1 6 6« 6» 6^ ^^ hr: 
a+6"~a a^'^a^ a^ '^ a^ a«' 

If, therefore, we multiply this series by a -{- &, the product ought 
to be = 1 ; and this is found to be true, as we shall see by perform- 
bg the multiplication : 

a a^ '^ a^ a* "i" a» a« ^^ 
a + 6 

"*" a a* ^ a* a* "^ a* ' 

1. 

335. We have also found, that 

1 _ J 26 366 _ i^ , 56^ 66* . 

If, therefore, we multiply this series by (a -|- 6)>, the product ought 
also to be = 1. Now (» + &)' = a a -f- 2a 6 -{- 66. See the 
opeiation : 
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2^_a6 366_46» 56*__66« ^ 

26 , 366 4 6» 6 6* 6 6» ^ 
a ' aa a^ ' a* a* * ' 

, 2» 466 , 66» 86* , 106* 

"a aa * a^ a* * a' ' 

. 66 263 354 4fts 

* aa a^ * a* a* * ' 

1 == the producti which the nature of the thmg required. 
336. If we multiply the series which we found for the value of 
. I rxg , by a + 6 only, the product ought to answer to the fraction 

, , , or be equal to the series already found, namely, 



1 6^ 66 ^,*^ 

a a^ "^ a^ a* "^ c^ 



and this the actual multiplication will confirm. 

J^_26 , 366_46f 56^ 
aa a^ '^ a* a' "^ a^ ^ 

a + b 

1 26 , 366 463 5^4 

— — h — 5- — 1 • &C. 

a aa * a^ a^ * a' ^ 

,6 266 , 36« 46* . 
* aa a' * a* a* ' 



1 6 , 66 6' 6* 
a aa * a^ a^ ' a^ ' 



SECTION IIL 



OF RATIOS Am) PROFORTIOirS. 



CHAPTER I. 

Cf Arkhmeiical RattOj or of the Difference between Two Numbers, 

Article 337. Two quantities are either equal to one another, or 
they are not. In the latter case, where one is greater than the other, 
we may consider their inequality in two difierent points of view : we 
may ask, how much one of the quantities is greater than the other ? 
Or we may ask, h&w many times the one is greater than the other ? 
The results, which consutute the answers to these two questions, are 
both called relations or ratios. We usually call the former arithr 
metical ratio, and the latter geometrical ratio, without however these 
denominations having any connexion with the thing itself : they have 
been adopted arbitrarily. 

338. It is evident that the quantities of which we speak must be 
of one and the same kind ; otherwise we could not determine any 
thing with regard to their equality or inequality. It would be 
absurd, for example, to ask if two pounds and three ells are equal 
quantities. So that, m what follows, quantities of the same kbd only 
are to be considered; and as they may always be expressed by 
numbers, it is of numbers only, as was mentioned at the beginning, 
that we shall treat 

339. When of two given numbers, therefore, it is required to find 
how much one is greater than the other, the answer to this question 
determines the arithmetical ratio of the two numbers. Now, since 
thb answer consists in giving the difference of the two numbers, it 
foUowSf that an arithmetical ratio is nothing but the difference be- 
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tween two ncimbers : and as thb appears to be a better expressioni 
we shall reserve the words ratio and rdaUony to express geometrical 
ratios. 

340. The difference between two numbers is found, we know, 
bjr subtracting the less firom the greater ; nothing therefore can be 
easier than resolving the question, how much one is greater than the 
other. So that when the numbers are equal, the difference being 
nothing, if it be inquired how much one of the numbers b greater 
than the other, we answer. By nothing* For example, 6 being 
= 2 X 3i the di^ence between 6 and 2 X 3 is 0. 

341. But when the two numbers are not equal, as 5 and 3, and 
it is inquired how much 5 is greater than 3, the answer is 2 ; and it 
is obtained by subtractmg 3 from 5. likewise 15 is greater than 5 
by 10 } and 20 exceeds 8 by 12. 

342. We have three things, therefore, to consider on this subject ; 
1st, the greater of the two numbers ; 2d, the less ; and 3d, the dif- 
ference. And these three quantities are connected together in such 
a manner, that two of the three being given, we may always deter- 
mine the third. 

Let the greater number = a, the less = &, and the difference 
= d; the difference d will be found by subtracting b from a, so 
that d =2 a — b; whence we see how to find df, when a and b are 
given. 

343. But if the difference and the less of the two numbers, or i, 
are given, we can determine the greater number by adding together 
the difference and the less number, which gives a = 6 + d. For, if 
we take from b '■\' d the less number &, there remains cf, which is 
the known difference. Let the less number = 12, and the difier- 
ence = 8 ; then the greater number will be == 20. 

344. Lastly, if beside the difference d, the greater number a Js 
given, the other number V is found by subtracting the difference from 
the greater number, which gives b = a — d. For if I take the 
number a — - (2 from the greater number a, there remains d, which 
is the given difference. 

345. The connexion, therefore, among the numbers a, ft, J, is of 
such a nature, as to give the three following results : l*^ d=ia — b; 
2^ a z=:b '■\- d; 3*** 6 = a — d; and if one of these three com- 
parisons be just, the others must necessarily be so also. Wherefore, 
generally, if « = a: + yi i' necessarily follows, that y = « — a?, 
and 0? =s z — y. 
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846. With regard to these arithmetical ratios we must remark, 
that if we add to the two numbers a and b, a number c assumed at 
pleasure^ or subtract it from theniy the difference remains the same. 
That is to say, if d is the difference between a and i, that number d 
will also be the difference between a -{- c and i -f- c, and between 
a — c and b — c. For example, the difference between the num- 
bers 20 and 12 being 8, that difference will remain the same, what- 
ever number we add to the numbers 20 and 12, and whatever num- 
bers we subtract from them. 

347. The proof is evident ; for if a — 6 = d! we have also 
(a -|- c) — (6 + c) = rf ; and also {a^-^c) — (6 — c) = d. 

348. If we double the two numbers a and b, the difference will 
also become double. Thus, when a — b =^ d^ we shall have, 
2a — 2b = 2d ; and, generally^ n a — nb =:nd, whatever 
value we give to n. 



CHAPTER n. 

Cf Arithmetical Proportion. 

349. When two arithmetical ratios, or relations, are equal, this 
equality is called an arithmetical proportion. 

Thus, when a — b = d and p — q = d^ so that the difference 
IS the same between the numbers j? and j, as between the numbers 
a and &, we say that these four numbers form an arithmetical pro- 
portion ; which we write thus, a — b = jp — y, expressing clearly 
by this, that the difference between a and b is equal to the difference 
between p and q. 

350. An arithmetical proportion consists therefore of four terms, 
which must be such, that if we subtract the second from the first, 
the remainder is the same as when we subtract the fourth from the 
third. Thus, the four numbers 12, 7, 9, 4, form an arithmetical 
propordon, because 12 — 7 = 9 — 4.* 

* To show that these terms make such a proportion, some write 
them thus; 12..7::9..4. 
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351 . When wt have an arithmetical proportion^ a« a — b = p — q, 
%De may make the second and third change places^ loriting 

a — p = b — q; 

and this equality vntt be no less true ; for, since a — 6 = j? — q^ 
add 6 to both sides, and we have a=6+^ — q ; then subtract p 
from both sides, and we have a — p =z b — y. 
In the same manner, as 12 — 7 = 9 — 4, so abo 

12 — 9 = 7 — 4. 

352. We may^ in every arithmetical proportion^ put the second 
term also in the place of the firsts if we make the same transposition 
of the third and fourth. That is to say, if a — b =z p — y, we 
have also b — a=z q — p. For b — a is the negative of a — i, and 
q — p is also the negative of p — j. Thus, smce 12 — 7 = 9 — 4, 
we have also 7 — 12 = 4 — 9. 

353. But the great property of every arithmetical proportion is 
this ; that the sum of the second and third term is always equal to 
the sum of the first and fourth. This property, which we must par- 
ticularly consider, is expressed also by saying that the sum of the 
means is equal to the sum of the extremes. Thus, since 

12 — 7 = 9 — 4, 

we have 7 + ^ = 12 + 4; and the sum we find is 16 in both. 

354. In order to demonstrate this principal property, let 

a — b z= p — q ; 

if we add to both 6 + g, we have a -\- q =: b + p ; that is, the 
sum of the first and fourth terms is equal to the sum of the second 
and third. And conversely, if four numbers, a, b, p, q, are such, 
that the sum of the second and third is equal to the sum of the first 
and fourth, that is, if 6 + j? = a + y, we conclude, without a pos- 
sibility of mistake, that these numbers are in arithmetical proportion, 
and that a — b = p — q. For, since a -\- q =z b -{- p, if we 
subtract from both sides 6 + y, we obtain a — b ■=. p — q. 

Thus, the numbei*s 18,. 13, 15, 10, being such, that the sum of 
the means (13 -[- 15 = 28), is equal to sum of the extremes 
(18 + 10 = 28), it is certain, that they also form an arithmetical 
proportion ; and, consequently, that 18 — 13 =i 15 — 10. 

355. It is easy, by meane of this property, to resolve the follow- 
ing question. The three first terms of an arithmetical proportion 

El*/. Alg. 15 
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being given, to find the fourth ? Let rt, ft, p^ be the three first terms, 
and let us express the fourth by 5, which it is required to determine, 
then a-|"3 = ^+P/ by subtracting a from both sides, we obtain 
q =1 b -{- p — a. 

Thus, the fourth term is found by adding together the second and 
third, and subtracting the first from that sum. Suppose, for exam- 
ple, that 19, 28, 13, are the three first terms given, the sum of the 
second and tliird is = 41 5 take from it the first, which is 19, there 
remains 22 for the fourth term sought, and the arithmetical propor- 
tion will be represented by 19 — 28 = 13 — 22, or by 

28 — 19 = 22— 13, 

or lastly, by 28 — 22 = 19 — 13. 

356. When in an arithmetical proportion^ the second term is equal 
to the third, we liave only three numbers ; the property of which is 
this, that the first, minus the second, is equal to the second, minus 
the third ; or, that the difference between the first and the second 
number is equal to the difference between the second and the third. 
The three numbers, 19, 15, 11, are of this kind, since 

19_15 — 15_11. 

357. Three such numbers are said to form a continued arithmeti- 
cal proportion, which is sometimes written thus, 19 : 15 : 11. Such 
proportions are also called arithmetical progressions, particularly jf 
a greater number of terms follow each other according to the same 
law. 

An arithmetical progression may be either increasing, or decreas- 
ing. The former distinction is applied when the terms go on in- 
creasing, that is to say, when the second exceeds the first, and the 
third exceeds the second by the same quantity ; as in the numbers 
4, 7, 10. The decreasing progression is that, in which the terms 
go on always diminishing by the same quantity, such as the numbers 
9, 5, 1. 

358. Let us suppose the numbers a, b, c, to be in arithmetical 
progression ; then a — 6 = 6 — c, whence it follows, from the 
equality between the sum of the extremes and that of the means, 
that 2 6 = +*c; and if we subtract a from both, we have 

c = 26 — a. 

359. So that when the two first terms, a, b, of an arithmetical 
progression are given, the third is found by taking the first from 
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twice the second. Let 1 and 3 be the two first terms of an arith- 
metical progression, the tliird will be =2x3 — 1 = 5. And 
these three numbers 1, 3, 5, give the proportion 1 — 3 = 3 — 5. 
360. By following the same method, we may pursue the arith- 
metical progression as far as we please ; we have only to find the 
fourth by means of the second and third, in the same manner as we 
determined the third by means of the first and second, and so on. 
Let a be tlie first term, and b the second, the third will be = 2 6 -— a, 
the fourth = 46 — 2 a — 6=36 — 2 a, the fifth 

= 66 — 4 a — 26-|-a = 46 — 3 a, 

the sixth = 86 — 6a — 36 + 2a = 56 — 4a, the seventh 

= 106 — 8a — 46 -{-3a = 66 — 5a, &c. 



CHAPTER 111. 

Of Arithmetical Progressions. 

361. We have remarked already, that a series of numbers com- 
posed of any number of terms, which always increase, or decrease 
by the same quantity, is called an arithmetical progression. 

Thus, the natural numbers written in their order, (as 1, 2, 3, 4, 
6, 6, 7, 8, 9, 10, &ic.) form an arithmetical progression, because 
they constantly increase by unity; and the series 25, 22, 19, 16, 
13, 10, 7, 4, 1, &LC. is also such a progression, since the numbers 
constantly decrease by 3. 

362. The number, or quantity, by which the terms of an arith- 
metical progression become greater or less, is called the difference. 
So that when the first term and the difference are given, we may 
continue the arithmetical progression to any length. 

For example, let the first term = 2, and the difference = 3, and 
we shall have the following increasing progression; 2, 5, 8, 11, 14, 
17, 20, 23, 26, 29, &c. in which each term is found, by adding the 
difference to the preceding term. 

363. It is usual to write the natural numbers, 1, 2, 3, 4, 5, &c. 
above the terms of such an arithmetical progression, in order that 
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we may immediately perceive the rank whi(^ any term holds in the 
progression. These numbers written above the teirms, may be called 
indices; and the above example is written as follows : 

Indices, 12 3456789 10 

Arith.Prog. 2, 5, 8, 11, 14, 17, 20, 23, 26, 29, &c. 

where we see that 29 is the tenth term. 

364. List a be the first term, and d the difference, the arithmeti- 
cal progression will go in the following order : 

12 3 4 6 6 7 

a, a-j-d, a + 2£f, a'\-3d, a4-4d, a-^ 5dy a-|-6d, &c. 

whence it appears, that any term of the progression might be easily 
found, without the necessity of finding all the preceding ones, by 
means only of the first term a and the difference d. For example, 
the tenth term will be = a -|- 9 eZ, the hundredth term = a -f- 99 <f, 
and generally, the term n will be = a -[- (n — l)d, 

365. When we stop at any point of the progression, it is of im- 
portance to attend to the first and the last term, since the index of 
the last will represent the number of terms. If, iherefort, ike first 
term =: b, the difference = d, and the number of terms = n, iiTe 
shall have the last term = a -f- (q — 1) d, which is consequently 
found by multiplying the difference by the number of terms, minus 

one, and adding the first term to that product. Suppose, for exam- 
ple, in an arithmetical progression of a hundred terms, the first term 
IS = 4, and the difference == 3 ; then the last term will be 

= 99 X 3 + 4 = 301. 

366. When we know the first term a and the last z, with the 
number of terms n, we can find the difference d. For, since the 
last term 2? = a -|- (n — 1) d, if we subtract a fi-om both sides, we 
obtain z — a = (» — 1) d. So that by subtracting the first term 
from the last, we have the product of the difference multiplied by 
the number of terms minus 1. We have, therefore, only to divide 
z — abyn — 1 to obtain the required value of the difference i, 

which will be = . This result furnishes the following rule : 

Subtract the first term from the last, divide the remainder by the 
number of terms minus 1, and the quotient will be the difference : by 
means of which we may write the whole progression. 

367. Suppose, for example, that we have an arithmetical pro- 
gression of nine terms, whose first is = 2, and l^st = ^6, and that 



Chap. S. Cf Ratios and Proportion* 117 

it is required to find the difierence. We must subtract the first 
term, 2, from the last, 26, and divide the remainder, which is 24, by 
9 — 1, that is, by 8 ; the quotient 3 will be equal to the dijSerence 
required, and whole progression will be 

123456 7 89 
2, 5, 8, 11, 14, 17, 20, 23, 26. 

To give another example, let us suppose, that the first term = 1, 
the last = 2, the number ef terms =10, and that the arithmetical 
progression, answering to these suppositions, is required ; we shall 

2 1 1 

immediately have for the difference .^ . = g, and thence con- 
clude that the progression is 

123 45 6789 10 
1, U, If, If, If, If, If, If, If 2. 

Another Example, Let the first term = 2f , the last = 12|, 
and the number of terms = 7 ; the difference will be 



7—1 ~ 6 ~"36 


— '36' 


and ooisequentlj the progression 


• 


12 3 4 5 


6 7 


2i, 4jV, 5}|, 7tV. 9*. 


lOff, 12i. 



368. If now the first term a, the last term z, and the difierence d, 
are given, we may from them find the number of terms n. For 
since z — a = (n — 1) rf, by dividing the two sides by d, we have 

= n — 1. Now, n being greater by 1 than n — 1, we have 



a 



d 

% - a 

It = — '-j [- 1 ^ consequendy, the number of terms is found by 

a 

dividing the difference between the first and the last term^ or z — a, 

by the difference of tlie progression, and adding unity to the quotient, 

z — a 

For example, let the first term = 4, the last = 100, and the 
difierence = 12, the number of terms will bet — j^ [- 1 =: 9 ; 

and these nine terms will be 

123466789 
4, 16, 28, 40, 52, 64, 76, 88, 100. 



= 1}, the number of terms will be = ° ,^ — ^ +1=4; which 
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If the first term = 3, tlie last = 6, and difierence = 1^, the 

4 
number of terms will be jr + 1 = 4 ; and these four terms will be, 

12 3 4 

2, 3^, 4|, 6. 

Again, let the first terra = 3^, the last = 7|, and the diflference 

7#--3Jr 

are, 

31, 4|, Cf, 7|. 

369. It must be observed, however, that as the number of terms 
is necessarily an integer, if we had not obtained such a number for 
n, in the examples of the preceding article, the questions would have 
been absurd. 

Whenever we do not obtain an integral number for the value of 

— ^ — , it will be impossible to resolve the question; and conse- 

quendy, in order that questions of this kind may be pos^ble, z — a, 
must be divisible by d. 

370. From what has been said, it may be concluded, that we 
have always four quantities, or things, to consider in arithmetical 
progression ; 

I. The first term a. 

II. The last term z. 

III. The difference d, 

IV. The number of terms n. 

And the relation of these quantities to each other are such, that if 
we know three of them, we are able to determine the fourth ; for, 

I. Jjfa, d, and n are knowriy we have z = a + (n — T) d. 
II. /jTz, d, and n are known^ we have a = z — (n — 1) d. 

III. jfj^a, z, and n are known^ we have d = r. 

IV. ^a, z, and d are known^ we have n = — -5 1- 1. 
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CHAPTER IV. 

Of the Summation of Arithmetical Progressions. 

371. It is often necessary also to find the sum of an arithmetical 
progression. This might be done by adding all the terms together ; 
but as the addition would be very tedious, when tlie progression con- 
sisted of a great number of terms, a rule has been devised, by which 
the sum may be more readily obtained. 

372. We shall first consider a particular given progression, such 
that the first term = 2, the diflference = 3, the last term = 29, 
and the number of terms = 10 ; 

123 45 678 9 10 
2, 5, 8, 11, 14, 17, 20, 23, 26, 29. 

We see, in this progression, that the sura of the first and the last 
term = 31 ; the sum of the second and the last but one == 31 ; 
the sum of the third and the last but two = 31, and so on ; and 
thence we conclude that the sum of any two terms equally distant, 
the one from the first, and the other from the last term, is always 
equal to the sum of the first and the last term. 

373. The reasons of this may be easily traced. For, if we sup- 
pose the first = fl, the last = z, and the diflference = rf, the sum 
of the first and the last term is = a -f- ^ ; and the second term 
being =z a -{- d, and the last but one = z — d, the sum of these 
two terms is also = a -[- «. Further, the third term being a -{- 2d, 
and the last but two = z — 2 d, it is evident that these two terms 
also, when added together make a -[- z. The demonstration may 
be easily extended to all the rest. 

374. To determine, therefore, the sum of the progression pro- 
posed, let us write the same progression term by term, inverted, and 
add the corresponding terras together, as follows : 

2 + 5 + 8 + 11 + 14+17 + 20 + 23 + 26 + 29 
29 + 26 + 23+20 + 17-1-14+11+ 8+ 5+ 2 

31 + 31 + 31 + 31 + 31 + 31 + 31 + 31 + 31 + 31. 

This series of equal terms is evidently equal to twice the sum of 
the given progression ; now the number of these equal terms is 10, 
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as in the progression, and their sum, consequently, 

= 10 X 31 = 310. 

So that, since this sum is twice the sum of the arithmetical progres- 
sion, the sum required roust be = 155. 

375. If we proceed in the same manner, with respect to any 
arithmetical progression, the first term of which is = a, the last 
= Zf and the number of terms = n ; writing under the given pro- 
gression the same progression inverted, and adding term to term, 
we shall have a series of n terms, each of which will be = a -|- ^r ; 
the sum of this series will consequently be := n (a 4* ^)> ^^nd it will 
be twice the sum of tlie proposed arithmetical progression ^ which 

therefore will be = ^ I* - g . 

376. This result furnishes an easy method of finding the sum of 
any arithmetical progression ; and may bo reduced to the following 
rule : 

Mvliiply the sum- of the first and the last term by the numher of 
termsj and half the product wUl he the sum of the whole progression. 

Or, which amounts to the same, multiply the sum of the first and 
the last term by half the number of terms. 

Or, multiply half the sum of die first and the last term by the 
whole number of terms. Each of these enunciations of the rule will 
give the sum of the progression. 

377. It may be proper to illustrate this rule by some examples. 
First, let it be required to find the sum of the progression of the 

natural numbers, 1, 2, 3, be. to 100. This will be, by the first rule, 

100 X 101 ^^ ,^, ^^^^ 
= ^ = 50 X 101 = 5050. 

If it were required to tell how many strokes a clock strikes in 
twelve hours ; we must add together the numbers 1, 2, 3, &lc. as 
far as 12 ; now this sum is found immediately 

= li^i^ = 6 X 13 z= 78. 

If we wbhed to know the sum of the same progression continued to 
1000, we should find it to be 500500 ; and the sum of this progres- 
»on continued to 10000, would be 50005000. 

378. Another Question. A person buys a horse, on condition 
that for the first nail he shall pay 5 halfpence, for the second 8, for 
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the third 11, and so on; always inCrea^iDg 3. halfpence mor^ fbr 
each following one ; the horse having 32 nails, it is required to tell 
bow much he will cost the purchaser. 

In this question, it is required to find the sum of an arithmetical 
progression, the first term of which is 5, the difference = 3, and 
the number of terms = 32. We must therefore begin by deter- 
mining the last term ; we find it (by the rule in articles 365 and 370) 
= 5 -{- 31 X 3 = 98. After which the sum required is easily 

103 V 32 

found = 5 — = 103 X 16 ; whence we conclude that the 

horse costs 1648 halfpence, or 21. Bs. 8(2. 

379. GeneraUy, let the first term be = a, the difiTerence = d, 

and the number of terms = n; and let.it be required to find, by 

means of these data, the sum of the whole progression. As the last 

term must be = a -{- (n — 1) c2, the sum of the first and last will be 

:s 2 a -f- (n -^ 1) J. Multiplying this sum by the number of terms 

n, we have 2na -{^ n{n — i)d; the sum required therefore will 

, , n in — l)d 
be = It a -| i^ — g — '~. 

This formula, if applied to the preceding example, or to a = 5, 
(2 = 3, and n = 32, gives 

5 X 32 + g^ X 31 X 3 _ jg^ ^ j^gg _ jg^g ^ 

the same sum that we obtained. before. 

380. If it be required to add together all the natural numbers 

fit)m 1 to n, we have, for finding this sum, the first term = 1, the 

last term = n, and the number of terms = n; wherefore the sum 

. J. nn4-n n(n4-l) 
required is = — ^ — = J — ^. 

If we make n = 1766, the sum of all the numbers, from 1 to 
1766, will be = 883 X 1767 = 1660261. 

381. Lei the progression of uneven numbers he proposed^ 1> 3, 6, 
7, &c. continued to n terms, and let the sum of it be required : 

Here the first term is =: 1, the difierence =: 2, the number of 
terms = n ; the last term will therefore be 

= 1 + (n— l)2 = 2n— 1, 

and consequently the sum required z= n n. 

The whole therefore consists in multiplying the number of terms 
by itself. So that whatever number of terms of this progression we 

Eul. Alg. 16 
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add together, the sum wiU be always a square, namdy, Ae square of 
the number of terms. This we shall exemplify as follows : 

Indices, 123456789 10 be. 
Progress. 1, 3, 5, 7, 9, 11, 13, 16, 17, 19, &c. 
Sum, 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, fee. 

382. Let the first term be == 1, the difference =: 3, and the 
number of terms = n; we shall have the progression 1, 4, 7, 10, 
&c. the last term of which will be l+(n— l)3 = 3n — 2; 
wherefore the sum of the first and the last term == 3 n — 1, and 
consequendy, the sum of this progression 

n(3n — 1) 3nn — n 

a 2 

If we suppose n^^ 20, die sum will be = 10 X 59 = 500. 

383. Again, let the first term = 1, the difference := d, and the 
number of terms = n ; then the last term wiU be =: 1 -|- (n — 1) d. 
Adding the first, we have 2 -|- (n — l)d, and mulUplying hj the 
number of terms, we have 2 n -f- n (n — i)d; whence we deduce 

the sum of the progression = n -{ — ^ ~ — i— . 

We subjoin the following small table : 

If d = 1, the sum b = n -|- n~ 



d — 2, 
dszS, 
<2 = 4, 
<2 = 5, 
d = 6, 

<Ir=8, 
d=z9, 
d=ilO, 



, 2fl(n — 



, 3ii(n — 



2 

, 4 n (n — 



, 6 n (« — 
6n(ii — 






, 8n(n — 



gn(n — 



, I0ft(n 



nn -}- n 

"" 5 

= nn 

3nn -^n 

a 

= 2nn — n 

5nn^3n 

■" 2 

= 3nn — 2n 

7nn — 5n 

^ 2 

= 4nn — 3n. 

9nn ^7» 



2 



M 



= 5 nn-— 4it. 
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CHAPTER V. 

Cf Geometrical Ratio* 

S84. The geometrical ratio of two numbers is found by resolving 
tbe question, how many times is one of those numbers greater than 
the other ? This is done by dividing one by the other ; and the 
quotient, therefore, expresses the ratio required* 

385. We have here three thmgs to consider ; 1st, the first of the 
two given numbers, which is called the antecedent ; 2dly, the other 
number, which is called the consequent; 3dly, the ratio of the two 
numbers, or the quotient arising from the division of the antecedent 
by the consequent. For example, if the relation of the numbers 18 
and 12 be required, 18 is the antecedent, 12 is the consequent, and 
the ratio will be || = 1^ ; whence we see, that the antecedent con- 
tains the consequent once and a half. 

386. It is usual to represent geometrical relation by two points, 
placed one above the other, between the antecedent and the conse- 
quent. Thus a : h means the geometrical relation of these two num- 
bers, or the ratio of i to a. 

We have already remarked, that this sign is employed to repre- 
sent division, and for this reason we make use of it here ; because, 
in order to know the ratio, we must diidde a by h. The relation 
expressed by this sign, is read' simply, a is to i. 

387. Relation therefore is expressed by a fraction, whose nume- 
rator is the antecedent, and whose denominator is the consequent. 
Perspicuity requires that this fraction should be always reduced to 
its lowest terms; which is done, as we have aheady shown, by 
dividing both the numerator and denominator by their greatest com- 
mon divisor. Thus, the fraction || becomes |, by dividing both 
terms by 6. 

388. So that relations only differ according as their ratios are 
different ; and there are as many difibrent kinds of geometrical rela- 
tions as we can conceive di£[erent ratios. 

The first kind is undoubtedly that in which the ratio becomes 
unity ; this case happens when the two numbers are equal, as in 
3:3; 4:4; aia^^ the ratio is here 1, and for this reason we call 
it the relation of equality. 
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Next follow those relations in which the ratio is another whole 
number ; in 4 : 2 the ratio is 2, and is called double ratio ; in 12 : 4 
the ratio is 3, and is called triple ratio ; * in 24 : 6 the ratio is 4, and 
is called quadruple ratio, he. 

We may next consider those relations whose ratios are expressed 
by fractions, as 12 : 9, where the ratio is ^ or 1 J; 18 : 27, where 
the ratio is |, be. We may also distinguish those relations in which 
the consequent contains exactly twice, thrice, he. the antecedent ; 
such are the relations 6 : 12, 5:15, &c. the ratio of which some 
call, subdupk, subtriph, he. ratios. ' 

Further, we call that ratio rational, which is an 'expressible 
number ; the antecedent and consequent being integers, as in 1 i : 7, 
8 : 15, he* and we call that an irrational or surd ratio, which caa 
neither be exactly expressed by integers, nor by fractions, as in 
^5 : 8, 4 : \/5. 

389. Let a be the antecedent, h the consequent, and d the ratio, 

we know already that a and h being given, we find <I = t- 

If the consequent h were given with the ratio, we should find the 
antecedent a z=bd, because b d divided by b gives d. Lastly, 
when the antecedent a is given, and the ratio d, we find the conse- 
quent b ^:z29 for, dividing the antecedent a by the consequent ^ we 

obtain the quotient dj that is to say, the ratio, 

390. Every relation a : b remains the same, though we roukipty 
or divide the antecedent and consequent by the same oumber, be- 
cause the ratio is the same. Let d be the ratio of a : &, we have 

cl = r ; now the ratio of the relation nambis also t = ^^^ and that 

of the relation - : - is likewise t = d. 

an b 

39 L When a ratio has been reduced to its lowest termSi it is easy 

to perceive and enunciate the relation. For example, when the 

ratio ▼ has been reduced to the fraction s we say 

a : b =ip : q, a :b ::p : q, 

which is read, a is to 5 as p is to ;. Thus, the ratio of the relation 
6 : 3 being f, or 2, we say 6 : 3 = 2 : 1. We have likewise 
18 : 12 =2 3 :2, and 24 : 18 = 4 : 3, and 30 : 45 = 2 : 3, «ic. 
But if the ratio cannot be abridged, the relaticm will not become 
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more endeot ; we do not simplify the fektian by saying 

9:7 = 9:7. 

392. On the other hand, we may sometimes change the relation 
of two very great numbers into one that shall be more simple and 
evident, by reducing both to their lowest terms. For example, we 
can say 28844 : 14422 = 2 : 1 ; or, 

10566 : 7044 = 3:2; or, 67600 : 25200 = 16 : 7. 

393. In order, therefore, to express any relation in the clearest 
manner, it is necessary to reduce it to the smallest possible numbers. 
This is easily done, by dividing the two terms of the relation by their 
greatest common divisor. For example, to reduce the relation 
57600 : 25200 to that of 16 : 7, we have only to perform the single 
operation of dividing the numbers 576 and 252 by 36, which is their 
greatest common divisor. 

394. It is important, therefore, to know how to find the greatest 
common divisor of two given numbers; but this requires a rule, 
which we shall explain in the following chapter. 



CHAPTER VI. 

Of the greatest Common Divisor of two given Xfumbers. 

395. There are some numbers which have no other common 
divisor than unity, and when the numerator and denominator of a 
fraction are of tliis nature, it cannot be reduced to a more conven- 
ient form. The two numbers 48 and 35, for example, have no 
common divisor, though each has its own divisors. For this reason 
we cannot express the relation 48 : 35 more simply, because the 
division of two numbers by 1 does not diminish them. 

396. But when the two numbers have a common divisor, it is 
found by the foUowing rule : 

Divide the greater of the two numbers by the less ; nexty divide 
the preceding divisor by the remainder ; what remains in this second 
division toiU afterwards become a divisor for a third division, in 
which the remainder of the preceding dioidon wiU be the 
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We muit contmue thii operation ttU ws anioe at a dSunsion (hat 
leaves no remainder ; the divisor of this division^ and consequendy 
the last divisor f vnU he the grecUest common divisor of the two given 
numbers. 
See this operation for the two numbers 576 and 352. 

262) 676 (2 . 
504 



72) 252 (3 
216 



36) 72 (2 
72 

0. 

So that, in this instance, the greatest common divisor b 36. 

397. It will be proper to illustrate this rule bj some other exam- 
ples. Let the greatest common divisor of the numbers 504 and 
312 be required. 

312) 504 (1 
312 



192) 312 (1 
192 



120) 192 (I 
• 120 



72) 120 (1 

72 



48) 72 (1 
48 



24) 48 (2 
48 

0. 

' So that 24 is the greatest common divisor, and consequently the 
relation 504 : 312 is reduced to the form 21 : 13. 

398. Let the relation 625 : 529 be given, and the greatest com- 
mon divisor of these two numbers be required. 
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6351 
539 
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96) 


529 
480 


(5 










49] 


|96 
49 


(I 










47) 

* • 


49 
47 

2) 


(1 

m 

47 (23 
46 

1)2(2 
2 



0. 

Wherefore 1 is, in this case, the greatest common divisor, and 
consequently we cannot express the relation 625 : 529 by less num« 
bers, nor reduce it to less terms. 

399. It may be proper, in this place, to give a demonstration of 
the rule. In order to this, let a be the greater and ft. the less of the 
given numbers ; and let d be one of their common divisors ; it is 
evident that a and b being divisable by d, we may also divide the 
quantities a — - 6, a — 2 b, a — 3 &, and, in general, a — - n ft by d. 

400. The converse is no less true ; that is to say, if the numbers 
h and a — n & are divisible by d, the number a will also be divisible 
by d. For n b being divisible by d, we could not divide a — n ft by 
djita were not also divisible by d. 

401. We observe further, that if d be the greatest common divisor 
of two numbers, b and a — n i, it will also be the greatest common 
divisor of the two numbers a and b. Since, if a greater common 
divisor could be found than d, for these numbers, a and i, that num- 
ber would also be a common divisor of b and a — nb; and conse- 
quently, d would not be the greatest common divisor of these two 
numbers. Now we have supposed d the greatest divisor common 
to b and a — nb ; wherefore d must also be the greatest common 
divisor of a and b. 
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402. These three things being laid down, let us diiddei accord- 
ing to the rule, the greater number a by the less h ; and let us sup- 
pose the quotient = n ; the remainder will be a — n ft, which must 
be less than 6. Now this remainder a — nb having the same great- 
est common divisor with &, as the given numbers a and ft, we have 
only to repeat the division, dividing the preceding divisor h by the 
remainder a — nh ; the new remainder, which we obtain, will still 
have, with the preceding divisor, the same greatest common divisor, 
and so on. 

403. We proceed in the same manner, till we arrive at a division 
without a remainder ; that is, in which the remainder is nothing. 
Let p be the last divisor, contained exactly a certam number of 
times in its dividend ; this dividend will therefore be divisible by p, 
and will have the form tap ; so that the numbers p and m p, are 
both divisible hy p ; and it is certain, that they have no greater com- 
mon divisor, because no number can actually be divided by a number 
greater than itself. Consequently, this last divisor is also the great- 
est common divisor of die given numbers a and &, and the rule, 

^ which we laid down, is demonstrated. 

404. We may give another example of the same rule, requiring 
the greatest common divisor of the numbers 1728 and 2304. The 
operadon is as follows : 

1728) 2304 (1 
1728 



676) 1 728 (3 
1728 



0. 

From this it follows, that 576 is the greatest common divisor, and 
that the relation 1728 : 2304 is reduced to 3 : 4 ; that is to say, 
1728 is to 2304 the same as 3 is to 4. 
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CHAPTER Vn. 

Of Geometrical Proportions. 

405. Two geometrical relations are equal, when their ratios are 
equal. This equality of two relations is called a geometrical pro^ 
portion ; and we write for example a:b =zc:dj or a : i : : c : d, to 
indicate that the relation aibis equal to the relation cid; but this 
is more simply expressed by saying a is to & as c to d. The fol- 
lowing is such a proportion, 8 : 4 z=: 12:6; for the ratio of the 
relation 8 : 4 is f>, and this is also the ratio of the relation 12 : 6. 

406. So that a :b =^ c : d being a geometrical proportion, the 

a c 
ratio must be the same on both sides, and r^ = ^ ; and reciprocally, 

if the fractions -r and ^ are equal, We have a:b::c:d. 

407. A geometrical proportion consists therefore bf four terms, 
such, that the first, divided by the second, gives the same quotient 
as tlie third divided by the fourth. Hence we deduce an important 
property, common to all geometrical proportion, which is, that the 
product of the first and the last term is always equal to the product 
of the second and third; or, more simply, th^it the product of the eay 
tremes is equal to the product of the means. 

408. In order to demonstrate this property, let us take the geo- 

a c 
metrical proportion a:b=:cidj so that t = n« If we multiply both 

these fractions by b, we obtain a = -r, and multiplying both sides 

further by J, we have ad =i be. Now a d is the product of the 
extreme terms, 5 c is that of the means, and these two products are 
found to be equal. 

409. Reciprocally, if the four numbers a, b, c, d, are such that the 
product of the two extremes a and d is equal to the product of the two 
means h and c, we are certain that they form a geometrical propor- 
tion. For since ad •=^bcj we have only to divide both sides by » 

in 1 . , . ad b c a c m , 

a, which gives "s r-g = r^ or r = ^ , and consequently 

a lb ^=, c : d. 
Eul. Alg. 17 
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410. The four terms of a geometrical proportiouj <u a : b =: c : d, 
may be transposed in different ways, without destroying the propor- 
tion. For the rule being always, that the product of the extremes is 
equal to the product of the means, or a d = b c, t£;e may say : 

P«-b:a = d:c; 2^^5^- a 2C = b :d ; 3*y-d:b = c:a; 

A'^^r- d : c = b : a. 

411. Besides these four geometrical proportions, we may deduce 
some others from the same proportion, a : b = c : d, FVe may say, 
the first term, plus the second, is to the first, as the third -j- ^^ 
fourth is to the third; that is, a + 6 : a = c + rf : c. 

We may further say ; the first — the second is to the first, as the 
third — the fourth is to the third, or a — b i a =z c — d:c. 

For, if we take the product of the extremes and means, we 
have ac — be =^ ac — ad, whlcii evidently leads to the equality 
ad ^=:.bc. 

Lasdy, it is easy to demonstrate, that a+6:6=c + d:d; and 
that a — 6:6 = c — did. 

412. All the proportions which we have deduced from a:b zizcid, 
may be represented, generally, as follows : 

For the product of the extreme terms is 

mpac -^^ npbc'\' mqad -{- nqbd; 

which, since ad =ibc, becomes 

mp ac -{- np bc-^-mqbc-^nqbd. 
Further, the product of the mean terms is 

mpac '■\' mqbc + npad -^ nqb d; 

or, since ad z=^hc,\\.\^mpac -\- mqbc •\' npbc-^- nqb d ; so 
that the two products are equal. 

413. It is evident, therefore, that a geometrical proportion being 
• given, for example, 6 : 3 = 10 : 5, an infinite number of others 

may be deduced from it. We shall give only a few : 

3:6 = 5:10; 6:10 = 3:5; 9:6 = 15:10; 
3:3 = 5: 5; 9:15 = 3:5; 9:3 = 15: 5. 

414. Since, in every geometrical proportion, the product of the 
extremes is equal to the product of the means, we may, when (be 
three first terms are known, find the fourth from them. Let the 
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three first terms be 24 : 15 = 40 to .... as the product of the 
means is here 600, the fourth term multiplied by the first, that is, by 
24, must also make 600 ; consequently, by dividing 600 by 24, the 
quotient 25 will be the fourth term required, and the whole propor- 
tion will be 24 : 15 = 40 : 25. In general, therefore, if the three 
first terms are a : ft = c : .... we put d for the unknown fourdi let- 
ter ; and since ad =zhcj we divide both sides by a and have 

rf = — . So that the fourth term is = — , and is found by multi- 
plying the second tenn by the thirds and dividing that product by 
the first term, 

415. This is the foundation of the celebrated Rule of Three in 
arithmetic j for what is required in that rule ? We suppose three 
numbers given, and seek a fourth, which may be in geometrical pro- 
portion ; so that the first may be to the second, as the third is to the 
fourth. 

416. Some particular circumstances deserve attention here. 
First, if in two proportions the first and the third terms are the 

same^ as in a : ft := c:d, and a :f=: cig, I say that the two second 
and the two fourth term^ vnll also be in geometrical proportion, and 
that ft : d ^=ifig. For, the first proportion being transformed into 
this, a : c = ft : (/, and tlie second into this, a : c =if: g^h follows 
that the relations ft : d and f:g are equal, since each of them is 
equal to the relation a : c. For example, if 5 : 100 == 2 : 40, and 
5 : 15 = 2 : 6, we must have 100 : 40 z= 15 : 6. 

417. But if the two proportions are such, that the mean terms are 
the same in both, I say that the first terms will be in an inverse pro- 
portion to the fourth terms. That is to say, if a : ft = c : d, and 
/: ft = c :^g-, it follows that a :f =: g : d. Let the proportions be, for 

example, 24 : 8 = 9 : 3, and 6 : 8 = 9 : 12, we have 24 : 6 = 12 : 3. 
The reason is evident; the first proportion gives ad =zbc; the 
second gives fg =zbc; therefore, 

a d =fg, and a:f=:g:d, or a :g::f:d. 

418. Two proportions being given, we may always produce a 
new one, by separately multiplying the first term of the one by the 
first term of the other, the second by the second, and so on, with 
respect to the other terms. Thus, the proportions a:b=zc :d and 
e :/= g : A will furnish this, a e : ft/= eg :dh. For the first giving 
ad=ibCf and the second giving e h =fg, we have also 
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adeh zzihcfg. 

Now adehis the product of the extremes, and h cfg is the pro- 
duct of the means in the new proportion ; so that the two products 
being equal, the proportion is true. 

419. Let the two proportions, be, for example, 6 : 4= 15 : 10 
and 9 : 12 = 15 : 20, their combination will give the proportion 

6 X 9 :4 X 12 = 15 X 15 : 10 X 20, 

or 64 : 48 =j^225 : 200, 
or 9: 8= 9: 8. 

420. We shall observe lastly, that if two products are equal, 
adzubcywe may reciprocally convert this equality into a geometri- 
cal proportion ; for we shall always have one of the factors of the 
first product, in the same proportion to one of the factors of the 
second product, as the other factor of the second product is to the 
other factor of the first product; that is, in the present case, 
a:c=zb :dj or a :b = c id. Let 3X8 = 4X6, and we may 
form fi*om it this proportion, 8:4 = 6:3, or this, 3:4 = 6 :8. 
likewise, if 3 X 5 = 1 X 15, we shall have 

3 : 15 = 1 : 5, or 5 : 1 = 15 : 3, or 3 : 1 = 15 : 5. 



CHAPTER Vra. 

Observations on the Rules of Proportion and their Utility. 

421. This theory is so useful in the occurrences of common life, 
that scarcely any person can do without it. There is always a pro- 
portion between prices and commodities ; and when different kinds 
of money are the subject of exchange, the whole consists in deter- 
mming their mutual relations. The exainples, furnished by these 
reflections/ will be very proper ^or illustrating the principles of pro- 
portion, and showing their utility by the application of them. 

422. If we wished to know, for example, the relation between 
two kinds of money ; suppose an old louis d'or and a ducat ; we 
must first know the value of those pieces, when compared to others 
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of the same kind. Thus, ao old louis bemg, at Berlin, wordi 5 rix 
dollars^ and 8 drachms, and a ducat being worth 3 rix dollars, we 
may reduce these two values to one denomination ; either to rix dol- 
lars, which gives the proportion 1L:1D = 5^R:3R, orz=:J6:9; 
or to drachms, in which case we have 1 L : 1 D = 128 : 72 = 16 : 9. 
These proportions evidently give the true relation of the old louis to 
the ducat ; for the equality of the products of the extremes and the 
means gives, in both, 9 louis =16 ducats ; and, by means of this 
comparison, we may change any sum of old louis into ducats, and 
vice versa. Suppose it were required to tell how many ducats there 
are in 1000 old louis, we have this rule of three. If 9 louis are 
equal to 16 ducats, what are 1000 louis equal to f The answer will 
be 1777J ducats. 

If, on the contrary, it were required to find how many old louis 
d'or there are in 1000 ducats, we have the following proportion. If 
16 ducats are equal to 9 louis; what are 1000 ducats equal to? 
Answer, 562^ old louis d'or. 

423. Here (at Petersburg), the value of the ducat varies, and 
depends on the course of exchange. This course determines the 
value of tlie ruble in stivers, or Dutch half-pence, 105 of which 

r 

make a ducat. • 

So that when the exchange is at 45 stivers, we have this propor- 
tion, 1 ruble : 1 ducat = 45 : 105 = 3 : 7 ; and hence this equality, 
7 rubles = 3 ducats. 

By this we shall find the value of a ducat in rubles ; for 3 du- 
cats : 7 rubles = 1 ducat : Answer, 2^ rubles. 

If the exchange were at 50 stivers, we should have this propor- 
tion, 1 ruble : 1 ducat = 50 : 105 = 10 : 21, which would give 21 
rubles =10 ducats; and we should have 1 ducat = 2yV rubles. 
Lasdy, when the exchange is at 44 stivers, we have 1 ruble : 1 du- 
cat = 44 : 105, and consequendy 1 ducat = 2^^ rubles = 2 rubles 
38y'V copecks.f 

424. It follows from this, that we may also compare different 
kinds of money, which we have frequently occasion to do in bills of 
exchange. Suppose, for example, that a person of this place has 

* The rix dollar of Germany is valued at 92 cents 6 mills, and a 
drachm is one twenty-fourth part of a rix dollar. 

t A copeck is j^^ part of a ruble, as is easily deduced firom the 
above. 
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1000 rubles to be paid to him at Berlin, and that he wishes to know 
the value of this sum in ducats at Berlin. 

The exchange is here at 47^, that is to say, one ruble makes 47 J 
stivers. In Holland, 20 stiyers make a florin ; 2\ Dutch florins 
make a Dutch dollar. Further, the exchange of Holland with Ber- 
lin is at 142, that is to say, for 100 Dutch dollars, 142 dollars are 
paid at Berlin. Lastly, the ducat is worth 3 dollars at Berlin. 

425. To resolve the questions proposed, let us proceed step by 
step. Beginning therefore with the stivers, since 1 ruble = 47^ 
stivers, or 2 rubles = 95 stivers, we shall have 2 rubles : 95 stivers 
= 1000 : . . . . Answer y 47500 stivers. If we go further and say 
20 stivers : 1 florin = 47500 slivers : . . . . we shall have 2375 
florins. Further, 2\ florins = 1 Dutch dollar, or 5 florins = 2 
Dutch dollars ; we shall therefore have 5 florins : 2 Dutch dollars 
= 2375 florins : . . . . Answery 950 Dutch dollars. 

Then taking the dollars of Berlin, according to the exchange at 
142, we shall have 100 Dutch dollars : 142 dollars = 950 : the 
fourth term, 1349 dollars of Berlin. Let us, lastly, pass to the du- 
cats, and say 3 dollars : 1 ducat = 1349 dollars : . . . . Answer ^ 
449| ducats. 

426. In order to render these calculations still •lore complete, let 
us suppose that the Berlin banker refuses, under some pretext or 
other, to pay this sum, and to accept the bill of exchange without 
five per cent, discount ; that is, paying only 100 instead of 105. In 
that case, we must make use of the following proportion ; 105 : 100 
= 449| : a fourth term, which is 428^| ducats. 

427. We have shown that six operations are necessary, in making 
use of the Rule of Three ; but we can greatly abridge those calcu- 
lations, by a rule, which is called the Rule of Reduction, To ex- 
plain this rule, we shall first consider the two antecedents of each of 
the six operations. 



I. 2 rubles 

11. 20 stivers 

ni. 5 Dutch flor. 

IV. 100 Dutch doll. 

V. 3 dollars 

VI. 105 ducats 



95 stivers. 

1 Dutch flor. 

2 Dutch doll. 
142 dollars. 

1 ducat. 
100 ducats. 



If we DOW look over the preceding calculations, we shall observe, 
that we have always muhiplied the given sum by the second terms. 
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and that we have divided the products by the first ; it Is evident 
therefore, that we shall arrive at the same results, by multiplying, at 
once, the sum proposed by the product of all the second terms, and 
dividing by the product of all the first terms. Or, which amounts to 
the same thing, that we have only to make the following proportion ; 
as the product of all the first terras is to the product of all the second 
terms, so is the given number of rubles to the number of ducats pay- 
able at Berlin. 

428. This calculation is abridged still more, when amongst the 
first terms are found some that have common divisors with some of 
the second terms ; for, in this case, we destroy those terms, and sub- 
stitute the quotient arising from the division by that commpn divisor. 
The preceding example will, in this manner, assume the following 
form.* 



Rubles i. 


: 19;0^ stiv. 1000 rubles. 


m. 


1 Dutch flor. 


$. 


i Dutch dollars. 


100. 


142 dollars. 


3. 


1 ducat. 


^0^,21. 


$yt00 ducats. 


6300 


: 2698 = 1000 : — 



7) 26980. 
9) 3854(2 

428 (2. Answer J 428^ f ducats. 

429. The method which must be observed, in using the rule of 
reduction, is this ; we begin with the kind of money in question, and 
compare it with another, which is to begin the next relation, in which 
we compare this second kind with a third, and so on. Each rela- 
tion, therefore, begins with the same kind, as the preceding relation 
ended with. This operation is continued, till we arrive at the kind 
of money which the answer requires ; and, at the end, we reckon 
the fractional remainders. 



* Divide the 1st and 9th by 2, the 3d and 12th by 20, the 5th and 
12th (which is now 5) by 5, also the 2d and 11th by 5. 



136 Algebra. Sect. 3. 

430. Other examples are added to facilitate the practice of this 
calculation. 

If ducats gain at Hamburg 1 per cent on two dollars banco ; that 
is to say, if 50 ducats are worth, not 100, but 101 dollars banco ; 
and if the exchange between Hamburg and Konigsberg, is 119 
drachms of Poland; that is, if 1 dollar banco gives 119 Polish 
drachms, how many Polish florins will 1000 ducats give i 

30 Polish drachms make 1 Polish florin. 



Ducat 1 : 
t00,5O : 

1 ! 

30 


fi doll. BO. 1000 due. 
101 doll. BO. 
119 Pol. dr. 
: 1 Pol. flor. 


1500 


: 12019 = 1000 due. : 


a 


1) 120190 




s 


40063 (1 





8012 (3. Answer, 8012| P. fl. 

431. We may abridge a little further, by writing the number, 
which forms the third term, above the second row ; for then the 
product of the second row, divided by the product of the first row, 
will give the answer sought. 

Question. Ducats of Amsterdam are brought to Leipsic, hav- 
ing in the former city the value of 5 flor. 4 stivers current ; that is 
to say, 1 ducat is worth 104 stivers, and 5 ducats are worth 26 
Dutch florins. If, therefore, the agio of the bank* at Amsterdam is 
6 per cent, that is, if 105 currency are equal to 100 banco, and if 
the exchange from Leipsic to Amsterdam, in bank money, is 33^ 
per cent, that is, if for 100 dollars we pay at Leipsic 133 J dollars; 
lastly, 2 Dutch dollars making 5 Dutch florins ; it is required to find 
how many dollars we must pay at Leipsic, according to these ex- 
changes, for 1000 ducats ? 

* The difference of value between bank money and current money. 
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^, i000 ducats. 



Ducats P 

i0$j 21 
400, a 



26 flor. Dutch curr. 
4, )20, i00 flor. Dutch banco. 
533 doll, of Leipsic* 
H doll, banco. 



21 : 3)65432(1. 



7) 18477 (4. 

2639. 
Answer^ 2639^f dollars, or 2639 dollars and 15 drachms. 



CHAPTER IX. 

Of Compound Relations, 

432. Compound relations are obtained, bj multiplpng the 
terms of two or more relations, the antecedents by the antecedents, 
and the consequents by the consequents ; we say then, that the rela- 
tion between those two products is compounded of the relations given. 

Thus, the relations a : i, c id, e :/, give the compound relation 
ace : bdf.* 

433. A relation continuing always the same, when we divide both 
its terms by the same number, in order to abridge it, we may greatly 
facilitate the above composition by comparing the antecedents and 
the consequents, for the purpose of making such reductions as we 
performed in the last chapter. 

For example, we find the compound relation of the following 
given relations, thus ; 

* Each of these three ratios is said to be one of the roots of the 
compound ratio. 

Eul. Alg. 18 
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Relations 


• 

given. 




: 25, 28 : 33, 


and 55 : 


56 


ifi, 4, 2 : 


b,ft$. 




m 


ii, 00. 




$$,it : 


}i,$$- 





2 : 6. 

So that 2 : 5 is the compound relation required. 

434. The same operation is to be performed, when it is required 
to calculate generally by letters ; and the most remarkable case is 
that, in which each antecedent is equal to the consequent of the pre- 
ceding relation. If the given relations are 

a : ^ 
b : c 
c : d 
die 
e : a 

the compound relation is 1 : 1. 

435. The utility of these principles will be perceived, when it is 
observed, that the relation between two square fields is compounded 
of the relations of the lengths and the breadths. 

Let the two fields, for example, be A and B ; let A have 500 
feet in length by 60 feet in breadth, and let tlie length of B be 360 
feet, and its breadth 100 feet ; the relation of the lengths will be 
500 : 360, and that of the breadths 60 : 100. So that we have 

^00,5 : 6,000. 
00 : i00. 



Wherefore the field A is to the field B, as 5 to 6. 

436. Another Example. Let the field A be 721 feet long, 88 
feet broad ; and let the field B be 660 feet long, and 90 feet broad ; 
the relations will be compounded in the following manner. 

Relation of the lengths, !if^0, 8 : 15, 00, 000 

Relation of the breadths, 00, $, 2 : 00 



Relation of the fields A and B, 16 : 15. 
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437. Further, if it be required to compare two chambers with 
respect to the space, or contents, we observe that that relation is 
compounded of three relations ; namely, of that of the lengths, that 
of the breaddis, and that of the heights. Let there be, for example, 
the chamber A, whose length = 36 feet, breadth =: 16 feet, and 
height =14 feet, and the chamber B, whose length = 42 feet, 
breadth = 24 feet, and height = 10 feet; we shall have these 
three relations ; 

For the length 0$,$ : Jf , 4fi. 
For the breadth i$, 4,2 : 0, fi4. 
For the height i4, 2 : 5, i0. 



So that the contents of the chamber A : contents of the chamber B, 
as 4 : 5. 

438. When the relations which we compound in this manner are 
equal, there result multiplicate relations. Namely, two equal rela- I, 
tions give a duplicate ratio or ratio of the squares ; tliree equal rela- ' 
tions produce the triplicate ratio or ratio of the cubes^ and so on ; for 
example, the relations a : b and a : b give the compound relation 

aa ibb; wherefore we say, that the squares are in the duplicate 
ratio of their roots. And the ratio a : b multiplied thrice, giving the 
ratio a' : b^, we say that the cubes are in the triplicate ratio of 
their roots. 

439. Geometry teaches, that two circular spaces are in the dupli- 
cate relation of their diameters ; this means, that they are to each 
other as the squares of their diameters. 

Let A be a circular space having the diameter = 45 feet, and B 
another circular space, whose diameter = 30 feet ; the first space 
will be. to the second, as 45 X 45 to 30 X 30 ; or, compounding 
these two equal relations, 

4$,0,S : 2,0,00. 
rf^,0,3 : 2,0,00. 



9 : 4. 

Wherefore the two areas are to each other as 9 to 4. 

440. It is also demonstrated, that the solid contents of spheres are 
in the ratio of the cubes of the diameters. Thus, the diameter of a 
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^loibe A, being 1 foot, and the diameter of a globe B, being 2 feet, 
die solid contents of A will be to those of B, as 1 * : 2' ; or, as 1 
to 8. 

If, therefore, the spheres are formed of the same substance, the 
sphere B will weigh 8 times as much as the sphere A. 

441. It is evident, that we may, in this manner, find the weight 
of cannon balls, their diameters and the weight of one, being given. 
For example, let there be the ball A, whose diameter = 2 inches, 
and weight ;= 5 pounds; and, if the weight of another ball be 
required, whose diameter is 8 inches, we have this proportion, 
2' : 8^ = 5 to the fourth terra,* 320 pounds, which gives the 
weight of the ball B. For another ball C, whose diameter = 15 
inches, we should have, 

2» : 16* = 5 : Anstver, 2109| lb. 

442. When the ratio of two fractions, &s ^ : ^ is required, we 

may always express it in integer numbers ; for we have only to mul- 
t^ly the fractions by b d, in order to obtain the ratio ad : bcj which 
is equal to the other ; from which results the proportion 

-^1^=2 ad I be. 

« 

If, therefore, a d and b c have common divisors, the ratio may be re- 
duced to less terms. Thus, «. 

H : II = 15 X 36 : 24 X 25 = 9 : 10. 

443. If we wished to know the ratio of the fractions - and ?, it is 

a b 

11 

evident, that we should have - : t = 6 : a ; which is expressed by 

saying, that two fractums^ which have unity for their numeratoTj are 
in the reciprocal^ or inverse ratio of their denominators. The same 
may be said of ttw fractions, which have any common numerator; for 

- : 2 =: 6 : a. But if two fractions have their denominators equals 

as -: -, they are in the direct ratio of the numerators; namely, as 
a : 6. Thus, | : tV = tV ^ tt = 6 : 3 = 2 : 1, and 

V : V = 10: 16, or, = 2:3. 
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444. It is observed, that in the free descent of bodies, a bod/ 
falls 16^ feet in a second, that in two seconds of time it falls 64 feet, 
and that in three seconds it falls 144 feet ; heuce it is concluded, 
that tlie heights are to one another as the squares of the times ; and 
tl)at, reciprocally, the times are in the subduplicate ratio of the 
heights, or as the square roots of the heights. 

If, therefore, it be required to find how long a stone must take to 
fall from the height of 2304 feet; we have 16 : 2304 = 1 to the 
square of the time sought. So that the square of the time sought is 
144 ; and, consequently, the time required is 12 seconds. 

445. It is required to find how far, or through what height, a 
stone will pass, by descending ,for the space of an hour ; that is, 
3600 seconds. We say, therefore, as the squares of the times, that 
is, 1^ : 3600' ; so is the given height =16 feet, to the height 
required. 

1 : 12960000 = 16 : . . ) . 207360000 height required. 
16 



77760000 
1296 



207360000 

< 

If we now reckon 19200 feet for a league, we shall find this height 
to be lOSOO ; and consequently, nearly four times greater than Uie 
diameter of the earth. 

446. It is the same with regard to the price of precious stones, 
which are not sold in the proportion of their weight ; every body 
knows that their prices follow a much greater ratio. The rule for 
diamonds is, that the price is in the duplicate ratio of the weight, that 
is to say, the ratio of the prices is equal to the square of the ratio of 
the weights. The weight of diamonds is expressed in carats, and a 
carat is equivalent to 4 grains ; if, therefore, a diamond of one carat 
is worth 10 livres, a diamond of 100 carats will be worth as many- 
times 10 livres, as the square of 100 contains 1 ; so that we shall 
have, according to the rule of three, 

1« : 100« = 10 livres, 
or 1 : 10000 = 10 : . . . . Answer j 100000 livres. 

* 15 is used in the original, as expressing the descent in Paris feet 
It 18 here altered to EInglish feet 
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There is a diamond in Portugal, which weighs 1680 carats ; its price 
will be found, therefore, by making 

1« : 1680^ = lOliv. : or 

1 : 2822400 = 10 : 28224000 liv. 

447. The posts, or mode of travelling, in France furnish exam- 
ples of compound ratios, as the price is according to the compound 
ratio of the number of horses, and the number of leagues or posts. 
For example, one horse cosUng 20 sous per post, it is required to 
find how much is to be paid for 28 horses and A\ posts. 

We write first the ratio of horses, 1 : 28, 

Under this ratio we put that of the stages or posts, 2. : 9, 

And, compounding the two ratios, we have 2 : 252, 

Or, 1 : 126 = 1 livre to 126 francs, or 42 crowns. 

Another Question. If I pay a ducat for eight horses, for 3 Ger- 
man miles, how much must I pay for thirty horses for four miles ? 
The calculation is as follows : 



1 : 5, =: 1 ducat : the 4th term, which will be 5 ducats. ^ 

448. The same composition occurs, when workmen are to be 
paid, since those payments generally follow the ratio compounded of 
the number of workmen, and that of the days which they have been 
employed. 

If, for example, 25 sous per day be given to one mason, and it is 
required to find what must be paid to 24 masons who have worked 
for 50 days ; we state this calculation ; 

1 : 24 
1 : 50 



1200 = 25 : . . . . 1500 francs. 
25 



20) 30000 (1500. 

As, in such examples, five things are given, the rule, which serves 
to resolve them, is sometimes called, in books of aridunetic. The 
Rule of Five. 
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CHAPTER X, 
Cf Geometrical Progressions. 

449. A SERIES of numbers, which are always becoming a certain 
number of times greater or less, is called a geometrical progression, 
because each term is constantly to the following one in the same geo- 
metrical ratio. And tiie number which expresses how many times 
each term is greater than the preceding, is called the exponent. 
Thus, when the first term is 1 and the exponent = 2, the geo- 
metrical progression becomes, 

Terms 12346678 9 8cc. 
Prog. 1, 2, 4, 8, 16, 32, 64, 128, 256, fcc. 

the numbers 1, 2, 3, he. always marking the place which each term 
holds in the progression. 

450. If we suppose, in general, the first term = a, and the expo- 
nent = i, we have the following geometrical progression ; 

1, 2, 3, 4, 5, 6, 7, 8 n 

Prog, a, ab, ah^, ab^, ai*, at*, a J', aJ^ . . . . aJ"""*. 

So that, when this progression consists of n terms, the last term is 
= a J"~^. We must remark here, that if the exponent 6 be greater 
than unity, the terms increase continually ; if the exponent b = 1, 
the terms are all equal ; lastly, if the exponent b be less than 1, or a 
fraction, the terms continually decrease. Thus, when a = 1 and 
ft = ^, we have this geometrical progression ; 

1111111 1 ftr/t 

451. Here therefore we have to consider ; 

I. The first term, which we have called a. • 
II. The exponent, which we call b. 

III. The number of terms, which we have expressed by n. 

IV. The last term, which we have found = a4"~^ 

So that, when the three first of these are given, the last term is found 
by multiplying the n — I power of 6, or 6""*, by the first term a. 

If, therefore, the 50th term of the geometrical progression 1, 2, 
4, 8, &c. were required, we should have a = 1, 6 = 2, and 
n = 50; consequently the 50th term =2**. Now 2* being 
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= 612 ; 2 » • win be = 1024. Wberefore the square of 2» ♦, or 2* •, 
= 1048576, and the square of this number, or 109951 1627776 = 
2* •. Multiplying therefore this value of 2* • by 2*, or by 612, we 
have 2«» equal to 562949953421312. 

452. One of the principal questions, which occurs on this subject, 
is to find the sum of all the terms of a geometrical progression ; we 
shall therefore explain the method of doing this. Let there be given, 
first, the following progression, consisting of ten terms ; 

1, 2, 4, 8, 16, 32, 64, 128, 256, 612, 

the sum of which we shaU represent by ^, so that 

1 = 1 +2 + 4 + 8 + 16 + 32 + 64 + 128 + 256 + 612; 

doubling both sides, we shall have 

2 « = 2 + 4 + 8 + 16 + 32 + 64 + 128 + 256 + 512 + 1024. 

Subtracting from this the progression represented by «, there remains 
t = 1024 — 1 = 1023 ; wherefore the sum required is 1023. 

453. Suppose now, in the same progression, that the number of 
terms is undetermined and = n, so that the sum in question, or 

*, = 1 + 2 + 2« + 2» + 2* 2»-^ If we multiply by 2, 

we have 2* = 2 + 2» + 2' + 2* 2", and subtracting from 

this equation the preceding one, we have * = 2" — 1. We see, 
therefore, that the sum required is found, by multiplying the last 
term, 2"""^ by the exponent 2, in order to have 2", and subtracting 
unity from that product. 

454. This is made still more evident by the following examples, 
in which we substitute successively, for n, the numbers I9 2, 3, 4, 
be. 

1 = 1; 1+2 = 3; 1+2 + 4 = 7; 1+2+4+8 = 15; 
I +2 + 4 + 8 + 16 =31; 1+2 + 4 + 8 + 16 + 32 = 6J,&c. 

455. On this subject the following question is generally proposed. 
A man offers to sell his horse by the nails in his shoes, which are in 
number 32 ; he demands 1 liard for the first nail, 2 for the second, 
4 for the third, 8 for the fourth, and so on, demanding for each nail 
twice the price of the preceding. It is required to find what would 
be tlie price of the horse ? 

This question is evidently reduced to finding the sum of all the 
terms of the geometrical progression, 1, 2, 4, 8, 16, &c. continued 
tbthe 32d term. Now this last term is 2'> ; and, as we bav« 
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already found 2*^ ^ 1048576, and3*<* = 1024, we shaU have 
2«» X 2«» =:2»* equal to 1073741824 j and multiplying again 
by 2, the last term 2»> = 2147483648; doubling therefore this 
number, and subtracting unity from the product, the sum required 
becomes 4294967295 liards. These liards make 1073741823| 
sous, and dividing by 20, we have 53687091 livres, 3 sous, 9 de- 
niers for the sum required. 

456. Let the exponent now be = 3, and let it be required to 
find the sum of the geometrical progression 1, 3, 9, 27, 81, 243» 
729, consisting of 7 terms. Suppose it =: «, so that 

1 = 1 + 3 + 9 + 27 + 81 + 243 + 729 ; 

we shall then have, multiplying by 3, 

3* = 3 + 9 + 27 + 81 + 243 + 729 + 2187; 

and subtracting the preceding series, we have 

2* = 2187 — 1 =2186. 

So that the double of the sum is 2186, and consequently the sum 
required = 1093. 

457. In the same progression, let the number of terms = n, and 
the sum = * ; so that 5 = I + 3 + 3« + 3» + 3* + . . . . 3"-^. 

If we multiply by 3, we have 3 5 z= 3 + 3« + 3» + 3* + 3». 

Subtracting from this the value of ^, as all the terms of it, except the 
first, destroy all the terms of the value of 3 5, except the last, we 

shall have 25 = 3* — 1 ; therefore a = — 5 — . So that the sum 

required is found by multiplying the last term by 3, subtracting 1 
from the product, and dividing the remainder by 2. This will ap- 
pear, also, from the following examples ; 

1 = 1; l+3 = ^2<|=li=4; 1 + 3 + 9 = i>i|=i = 13; 
14.3 + 9 + 27 = ^^^~^ = 40; 1 + 3 + 9 + 27 + 81 = 

«2i^ = 121. 

458. Let us now suppose, generally, the first term = a, the ex- 
ponent = i, the number of terms = n, and their sum = 5, so that 

If we multiply by 6, we have 
Efd. JX^. 19 
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. &# = aft + a6« -f-<i5» + a6* +fl6«+ al^^ 

and subtracting the above equation, there remains 

(6 — 1)« = ai" — -a; 

whence we easily deduce the sum required * = . . . Const" 

qutntly the sum of any geometrical progression is found by multiply^ 
ing the last term by the exponent of the progression^ subtracting the 
first term from tfie product, and dividing the remainder by the expo^ 
nent minus unity. 

459. Let there be a geometrical progression of seven terras, of 
which the first = 3 ; and let the exponent be == 2 ; we shall then 
have a = 3, & = 2, and n = 7 j wherefore the last term = 3x2*, 
or 3 X 64 = 192 3 and the whole progression will be 

3, 6, 12, 24, 48, 96, 192. 

Furtherf if we multiply the last term 192 by the exponent 2, we 
have 384 ; subtracting the first term, there remains 381 ; and divid- 
ing this by 6 — 1, or by 1, we have 381 for the sum of tlie whole 
progression. 

460. Again, let there be a geometrical progression of six terms ; 
let 4 be the first, and let the exponent be = |. The progression is 

4 6 3781243 

If we multiply this last term ^f ' by the exponent |, we shall 
have W ; the subtraction of the first term 4 leaves the remainder 
V/> which, divided by 6 — 1 = i> gives «f « = 83}. 

461. When the exponent is less than 1, and consequently, when 
the terms of the progression continually diminish, the sum of such a 
decreasing progression, which would go on to infinity,'may be accu- 
rately expressed. 

For example, let the first term = 1, the exponent = |, and the 
sum = «, so that 

5 = 1 + i + i + i + tV + ^V + irV 4- *tc. 

ad infinitum* 

If we multiply by 2, we have 

2i = 2 + i + i + i + A + Vi 4- fiw5. 

ad infinitum. 
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Andy subtracting the preceding progressibn, there remains 5 =; 2 
for the sum of the proposed infinite progression. 

462. If the first term = 1, the exponent = \y and the sum =: «; 
so that 

5 = 1 + I + J + ^Y + Y T + ^' ^^ infinitum. 

Multiplying the whole by 3, we haive 

35 = 3-|-l^i-j-|-[-y\y-[- &c. ad infinitum ; 

and subtracting tlie value of s, there remains 2 5 = 3; wherefore 
the sum 5=1^. 

463. Let there be a progression, whose sum = *, first term = 2, 
and exponent = | ; so that * = 2 + | 4- | + |J + yVV + &c. 
ad infinitum. ^ 

Multiplying by A, we have |5 = f + 2 + I + I + H + H + 
Sz;c. ad infinitum. Subtracting now the progression s^ there remains 
^ J z=: I ; wherefore the sum required = 8. 

464. If we suppose, in general, the first term = a, and the expo- 
nent of the progression = -, so that this fraction may be less than 1, 

and consequently c greater than b ; the sum of the progression car- 
ried on, ad infinitum, will be found thus ; 

Make s =ia -4 1 1 r — I 7- + &c. 

Multiplying by -, we shall have 

c 

b ab , ab^ . ab^ . ab* . ^ j • c •, 

-* = — +-^+-^ + -^ + 81C. ad mfinitum. 

And, subtracting this equation from the precedmg, there remains 

Consequently 

a 






1 — 6' 

e 

If we multiply both terms of this fractions by c, we have 

ae 

8= r. 

c — 6 
The sum of the infinite geometrical progression proposed b, there- 
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fore found, by dmding the first term a by 1 minus the exponent, or 
by multiplying the first term a by the denominator of the expaoent, 
and dividing the product by the same denominator diminished by 
the numerator of the exponent* 

465. In the same manner, we find the sums of progressions, the 
terms of which are alternately yfiTected by the signs 4* ^d — • Let 
for example, 

ab , ab^ ab^ , ah* ^ 

r 

Multiplying by -, we have 

c 

b __ db ab* . g&^ a&* n^ 

c ""•"€* c* '^ c^ c* 

And| addbg this equation to the preceding, we obtain 

Whence we deduce the sum reqmred, 

a ac 

c 

466. We see, then, that if the first term a = |, and the expo- 
nent = f , that is to say, b = 2 and c = 5, we shall find the sum 
of the progression 1 + ^1 + tYj + VW + *«5. = 1 ; since, by 
subtracting the exponent from 1, there remains |, and by dividing the 
first term by that remainder, the quotient is 1* 

Further, it is evident, if the terms be alternately positive and neg- 
ative, and the progression assume this form ; 

J If ^ TIT ¥TT "T «*5* 

the sum will be 

3 






1 + 6-J-7* 
c 

467. Anoiher Example. Let there be proposed the infinite pro- 
gressbn, 

tV 4" tIf + ttVf "4" tttItt + tttVtt + &c. 
The first term is here t^, and the exponent is j\. Subtracting 
this last from 1, there remains iVi tuid, if we divide Uie first term by 
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tbis fraction, we have |- for the sum of the given progression. So 
that taking only one term of the progression, namely, yV) ^^ ^^^^ 
would be y^T* 

Taking two terms yV + tI tt = tVtj ^^^ would still be wanting 
tIt ^ make the sum = |. 

468. Another Example. Let there be given the infimte pro- 
gression, 

9 + A + tU + tAt + TirtrT + &c. 
The first term is 9, the exponent is yV* ^ ^^^ ^' mmus the 
exponent, = tV y and ^ 9= 10, the sum required. 
This series b expressed by a decimal fraction, thus 9,9999999, be. 



CHAPTER XI. 

Cf Infinite Decimal Fractions. 

469. It will be very necessary to show how a vulgar fraction may 
be transformed into a decimal fraction ; and, conversely, how we 
may express the value of a decimal fraction by a vulgar fraction. 

■ a 

470. Lei it be required^ in general^ to change the fraction r, into 

" a dedmcd fraction; as this fraction expresses the quotient of the dir 
vision of the numerator a by the denominator b, let us write^ instead 
of a, the quantity a,0000000, whose value does not at all differ from 
that of a, since it contains neither tenth partSj nor hundredth parts, 
fyc. Let us now divide this quantity by the number b, according to 
the common rules of division, observing to put the point in the proper 
place, which separates the decimal and the integers. This is the 
whole operation, which we shall illustrate by some examples. 

Let there be given first the fraction ^, the division in decimals 
will assume this form, 

2) 1,0000000 _ 1 
0,5000000 "" 2* 

Hence it appears, that ^ is equal to 0,5000000 or to 0,5 ; which 
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is sufficiently evident, since this decimal fraction represents ^7, 
which is equivalent to |. 

471. Let \ be the given fraction, and we have, 

3) 1,0 00000 » _ 1 
0,3333333 "" 3* 

This shows, that the decimal fraction, whose value is = |, can- 
not, strictly, ever be discontinued, and that it goes on ad infinitum, 
repeating always the number 3. And, for this reason, it has been 
akeady shown, that the fractions j\ + yj^ + j^\^ + ttI tt ^• 
ad infinitum, added together make ^. 

The decimal fraction, which expresses the value off, is also con- 
tinued ad infinitum for we have, 

. 3) 2,0000000 o_ _ 2 
0,66666§6 ^- — 3- 

And besides, this is evident firom what we have just said, because 
I is the double of \. 

472. If I be the fraction proposed, we have 

4) 1,0000000 o_ _ 1 
0,2500000 ^ 4' 

So that i is equal to 0,2500000, or to 0,25 ; and this is evident, 
since /y -|- 1-f Y 1= yYt = h 

In like manner, we should have for the fraction |, 

4) 3,00 00000 _ 3 
0,7500000 ■" 3* 

So that f = 0,75 ; and in fact y\ + yf ^ = yW = I- 
The fraction f is changed into a decimal fraction, by making 

4) 5,0000000 __ 5 
1,2500000 "" 4' 

Now 1 + yVir = f • 
^ 473. In the same manner, | will be found equal to 0,2 ; | =: 0,4 ; 
I = 0,6; i = 0,8 ; f = 1 ; I = 1,2, fac. 

When the denominator is 6, we find | = 0,1666666, fcc. which is. 
equal to 0,666666 — 0,5. Now 0,666666 = |, and 0,5 = i, 
wherefore 0,1666666 = | — J 1= |. 

We find, also, f = 0,333333, &c. = i; but | becomes 
0,5000000 = i. Further, i = 0,833333 = 0,333333 + 0,5, 
that is to say, | + ^ = f . 
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474. When the denoniinator is 7, the decimal fractions become 
more complicated. For example, we find } = 0,142857, however 
it must be observed, that these six figures are repeated continually. 
To be convinced, therefore, that this decimal fraction precisely ex- 
presses the value of |, we may transform it into a geometrical 
progression, whose first term is = tV/AVt ^^^ ^^^ exponent 

= tittKtt 5 and, consequently, the sum (art. 464) = ^ ^ "^ 

(multiplying both terms by 1000000) = i||f f | = |. 

475. We may prove, in a manner still more easy, that the deci- 
mal fraction which we have found is exactly = t^ ; for substitutbg 
for its value the letter 5, we have 

s == 0,142857142857142857, fac. 

10 s = 1, 42S57142S57142857, &c. 

100 s = 14, 2857142857142857, &c. 

1000* = 142, 857142857142857, &c- 

10000 s = 1428, 57142857142857, &c. 

100000 s = 14285, 7142857142857, &c. 

1000000 s = 142857, 142857142857, &c. 

Subtract s = 0, 142857 14285J, &c. 



999999 s = 142857. 

And, dividing by 999999, we have s = ^HIII = 7- Where- 
fore the decimal fraction, which was made = «, is = |. 

476. In the sarhe manner f may be transformed into a decimal 
fraction, which will be 0,28571428, &c. and this enables us to find 
more easily the value of the decimal fraction, which we have sup- 
posed =13; because 0,28571428 &c. must be the double of it, and 
consequently = 2 *. For we have seen^that 

100 5 = 14,28571428571 &c. 
So that subtracting 2 s =z 0,28571428571 &c. 

there remains 98 * = 14 

wherefore * = ^f = j. 

We also find ^ = 0,42857142857 8cc. which, according to our 
supposition, must be = 3 « ; now we have found that 

10 5 = 1,42857142857 &c. 
So that subtracting 3* = 0,42857142857 &c. 

we have 7 5=1, wherefore 5 = 4. 
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477. When a proposed fractioD, therefore, has the denominator 7, 

the decimal fraction is infinite, and 6 figures are continually repeated. 
The reason is, as it is easy to perceive, that when we continue the 
division we must return, sooner or later, to a remainder which we 
have had already. Now, in this division, 6 different numbers only 
can form the remainder, namely, ] , 2, 3, 4, 5, 6 ; so that, after the 
sixth division, at furthest, the same figures must return ; but when 
the denominator b such as to lead to a division without remainder, 
these cases do not happen. 

478. Suppose, now, that 8 is the denominator of the firacdon pro- 
posed ; we shall find the following decimal firacdons ; 

\ = 0,126 ; f = 0,26 ; | = 0,376 ; f = 0,5 ; f = 0,625 ; 

I = 0,75 } f = 0,875 ; &c. 

If the denominator be 9, we have | = 0,111 Sic. ; | = 0,222 
&c. ; i = 0,333 &c. 
If the denominator be 10, we h^ve 

,.^ = 0,1; t't = 0,2; tV = 0,3. 

This is evident from^e nature of the thing, as also that j\^ = 0,01 ; 
that tVV = 0>37 ; that ^A*if = 0>256 ; that ^ AVt = 0,0024 &c. 

479. If II be die denominator of the given firaction, we shall have 
y'y = 0,0909090 &c. Now, suppose it were required to find 
the value of this decimal fraction ; let us call it ^ , we shall have 
t = 0,090909, and 10 j = 00,909090 ; further 100 » = 9,09090. 
If therefore, we subtract from the last the value of «, we shall have 
99 » = 9, and consequendy * = ^\ = yy- ^^ shall have, also, 
/r = 0,181818 Stc. 5 fV = 0,272727 &c. ; j\ = 0,646454 &c. 

480. There is a great number of decimal fractions, therefore, in 
which one, two, or more figures constantly recur, and which con- 
tinue thus to infinity. Such fractions are curious, and we shall show 
how their values may be easily found. 

Let us first suppose, that a single figure is constandy repeated, 
and let us represent it by a, so that s = O^cuuumaa. We have 

10« z=: a,aacuiaaa 
and subtracting s = O^aaaaaaa 

we have 9$ z=z a; wherefore « = §• 
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When two figures are repeated, as a by we have s = OjObababa. 
Therefore 100 s = ah^ababab ; and if we subtract s from it, there 

remains 99 « = a 6 ; consequently s = ^. 

When three figures, as abc^ are found repeated, we have 
« z= 0,abcabcaic; consequently, 1000 « ^abc^abcabc; and sub- 
tracts from it, there remains 999* = abc; wherefore s = -g^g, 

and so on. 

Whenever, therefore, a decimal fraction of this kind occurs, it is 
easy to find its value. Let there be given, for example, 0,296296, 
its value will be f f | = ^"y, dividing both terms by 27. 

This fraction ought to give again the decimal fraction proposed } 
and we may easily be convinced that this is the real result, by divid- 
ing 8 by 9, and then that quotient by 3, because 27 = 3 X 9* We 
have 9) 8,0000000 

3) 0,8888888] 

[0,2962962, &c. 

which is the decimal fraction that was proposed. 

481. We shall give a curious example by changing the fraction 

1X2X3X4X5X6X7X8X9X10 * '°'° " ^^''^'^ *"""'^°"' 
The operation is as follows : 

2) 1,00000000000000 

3) 0,50000000000000 

4) 0,16666666666666 



5) 0,04166666666666 

6) 0,00833333333333 

7) 0,00138888888888 

8) 0,00019841269841 

9) 0,00002480168730 

10) 0,00000275573192 

0,00000027557319. 
Eul. Alg. 20 



SECTION IV. 



OF ALGEBRAIC ZQXJATIONS9 AND OF THB RESOLUTION OF THOSE 

EQUATIONS. 



CHAPTER I. 

Cfihe Solution of Problems in general. 

Article 482. The principal object of Algebra, as well as of aU 
the parts of Mathematics, is to determine the value of quantities 
which were before unknown. This is obtained by considering atten- 
tively the conditions given, which are always expressed in knowa 
numbers. For this reason Algebra has been defined, The science 
which teaches how to determine unknown quantities by means of 
hnown quantities. 

483. The definition, which we have now given, agrees with all 
that has been hitherto laid down. We have always seen the know- 
ledge of certain quantities lead to that of other quantities, which be- 
fore might have been considered as unknown. 

Of this, addition will readily furnish an example. To find the 
sum of two or more given numbers, we had to seek for an unknown 
number which should be equal to those known numbers taken to- 
gether. 

In subtraction we sought for a number which should be equal to 
the difference of two known numbers. 

A multitude of other examples are presented by multiplication, 
division, the involution of powers, and the exoraction of roots. The 
question is always reduced to finding, by means of known quantitieSi 
another quantity till then unknown. 
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484. In the last section also, difierent questions were resolved, in 
which it was required to determine a number, that could not be de- 
duced from the knowledge of other given numbers, except under 
certain conditions. 

All those questions were reduced to finding, by the aifl of some 
given numbers, a new number which should have a certain connex- 
ion with them ; and this connexion was determined by certain condi- 
tions, or properties, which were to agree with the quantity sought. 

485. fVhen we have a question to resolve^ we represent the numr 
her sought by one of the last letters of the alphabet^ and then consider 
in what manner the given conditions can form an equality between 
two quantities. This equality, which is represented by a kind of for- 
mula, called an equation^ enables us at last to determine the value 
of the number sought, and consequendy to resolve the question. 
Sometimes several numbers are sought ; but they are found in the 
same manner by equations. 

486. Let us endeavour to explain this further by an example. 
Suppose the following question, or problem was proposed. 

Twenty persons, men and women, dine at a tavern ; the share of 
the reckoning for one man is 8 sous,* that for one woman is 7 sous, 
and the whole reckoning amounts to 7 livres 5 sous ; required, the 
number of men, and also of women ? 

In order to resolve this question, let us suppose that the number 
of men is =i x; and now considering this number as known, we 
shall proceed in the same manner as if we wished to try whether it 
corresponded with the conditions of the question. Now, the number 
of men being = a?, and the men and women making together twenty 
persons, it is easy to determine the number of the women, having 
only to subtract that of the men from 20, that is to say, the number 
of women =20 — a?. 

But each man spends 8 sous ; wherefore x men spend 8 x sous. 

And, since each woman spends 7 sous, 20 — x women must 
spend 140 — 1 x sous. 

So that adding together 8 x and 140 — 1 x^ we see that the 
whole 20 persons must spend J40 -(- a? sous. Now, we know 
already how much they have spent ; namely, 7 livres 5 sous, or 145 
sous ; there must be an equality therefore between 140 -{- ^ ^d 

* A sous is ^ of a livre ; a livre | of a crown, or 17 cents 6 mills. 
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146 5 that is to say, we have the equation 140 -f- a? = 146, and 
thence we easily deduce a? = 6. 

So that the company consisted of 6 men and 15 women. 

487. Another question of the same kind. 

Twenty persons, men and women, go to a tavern ; the men spend 
24 florins, and the women as much ; but it is found that each man 
has spent 1 florin more than each woman. Required, the number 
of men and the number of women f 

Let the number of men = x. 

That of the women will be = 20 — x. 

Now these x men having spent 24 florins, the share of each man 

24 

is — florins. 

X 

Further, the 20 — x women having also spent 24 florins, the 

24 

share of each woman is xtt florbs. 

20 — X 

But we know that the share of each woman is one florin less than 

that of each man ; if, therefore, we subtract 1 from the share of a 

man, we must obtain that of a woman ; and consequently 

24_^ _ 24 



X "20— X 

This, therefore, is the equation from which we are to deduce the 
value of X. This value is not found with the same ease as in the 
preceding question ; but we shall soon see that j? = 8, which value 
corresponds to the equation ; for^Y — l = |j includes the equal- 
ity 2 = 2. 

488. It is evident how essential it is, in all problems, to consider 
the circumstances of the question attentively, in order to deduce 
from it an equation, that shall express by letters the numbers sought 
or unknown. After that, the whole art consists in resolving those 
equations, or deriving from them the values of the unknown num- 
bers ; and this shall be the subject of the present section. 

489. We must remark, in the first place, the diversity which sub- 
sists among the questions themselves. In some, we seek only for 
one unknown quanuty }\ in others, we have to find two, or more ; and 
it is to be observed, with regard to this last case, that in order to de-* 
termine tliem all, we must deduce from the circumstances, or the 
conditions of the problem, as many equations as there are unknown 
-"^antities^ 
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490. It must have already been perceived, that an equation con- 
sists of two parts separated by the sign of equality, =, to show that 
those two quantities are equal to one another. We are often obKged 
to perform a great number of transformations on those two parts, in 
order to deduce from tliem the value of the unknown quantity ; but 
these transformations must be all founded on the following princi- 
ples ; that two quantities remain equals whether we add to them, or 
subtract from them equal quantities ; whether we multiply them, or 
divide them by the same number ; whether we raise them both to the 
same power, or extract their roots of the same degree. 

491. The equations, which are resolved most easily, are those in 
which the unknown quantity does not exceed the first power, after 
the terras of the equation have been properly arranged ; and we caU 
them simple equations, or equations of the first degree. But if, after 
having reduced and ordered an equation, we find in it the square, 
or the second power of the unknown quantity, it may be called an 
equation of the second degree, which is more difficult to resolve. 



CHAPTER n. 

Cf the Resolution of SiHhple Equations, or Equations of the First 

Degree, 

492. When the number sought, or the unknown quantity, is re- 
presented by the letter x, and the equation we have obtained is such, 
that one side contains only that x, and the other simply a known 
number, as for example, x == 25, the value of x is already found. 
We must always endeavour, therefore, to arrive at such a form, how- 
ever complicated the equation may be when first formed. We shall 
give, in the course of this section, the rules which serve to facilitate 
these reductions. • 

493. Let us begin with the simplest cases, and suppose, first, that 
we have arrived at the equation x -^^ 9 =:z 16*, we see immediately 
that 0? = 7. And, b general, if we have found a? -|- a = 6, where 
a and b express any known numbers, we have only to subtract a 
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from both sides, to obtain the equation o^ == & — • a, which indicates 
the value of j?. 

494. If the equation which we have found \sx — a = &, we add 
a to both sides, and obtain the value of <r =: & -|~ ^- 

We proceed in the same manner, if the equation has this form, 
X — a = a a + 1 5 for we shall have immediately x^=.aa^a'\'\. 
In this equation, x — 8a=:20 — 6a,we find 

X = 20 — 6 rt + 8 a, or J? = 20 + 2 a. 

And in this, a? + 6a = 20 + 3a, we have a? = 20 + 3a — 6 a, 
or a? = 20 — 3 a. 

495. If the original equation has this form, x — a -|- 6 = c, we 
may begin by adding a to both sides, which will give x '\'hz=,C'^a; 
and then subtracting b from both sides, we shall find xzzic-^-a — &. 
But we might also add ^ a — h at once to both sides ; by this we 
obtain immediately x =z c -\- a^b. 

So in the following examples : 
If J? — 2 a + 3 i = 0, we have a? = 2 a — 3 6. 
If a? — 3 a + 2 ft = 25 + a + 26, we have a? :t= 25 + 4a. 
Ifa? — 9 -|- 6a=25 -}-2a, we have a: = 34 — 4 a. 

496. When the equation which we have found has the form 

aa? = 6, we only divide the two sides by a, and we have x = -. 

But if the equation has the form aa^-|~^ — c = «?, we must first 
make the terms that accompany a x vanish, by adding to both sides 
— ft + c ; and then dividing the new equation, ax =: d — ft+c, 

by a, we shall have x = 3I-, 

We should have found the same value by subtracting -f- & — ^ 
from the given equation ; that is, we should have had, in the same 

form, ax=zd — ft + c, and x = ^^C_. Hence, 

If 2 a? + 5 = 17, we have 2 a? = 12, and a? = 6. 
If 3 a: — 8 = 7, we have 3 a? = 15, and a? = 5, 
If 4a? — 5 — 3a = 15 + 9a, we have 4a? = 20-|- 12 a, and, 
consequently, a? = 5 + 3 a. 

497. When the first equation has the form - = ft, we multiply 

both sides by a, in order to have x =: ab. 

But if we have - 4- 6 — • c = d, we must first make 

a 
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- = d — b + c» 
a * 

after whichi we find xz=z {d — 6-|-c)a = ad — ab + c» 
Let ix — 3 = 4, we have | a? = 7, and x = 14. 
Let \x — 14-3a = 3 +^ ^® h^^^ I d? = 4 -* a, and 

X = 12 — 3a. 

Let ; 1 = a. we have =• = a + Ij and a? = a a — 1. 

a — 1 a — 1 ' 

ox 

498. When we have arrived at such an equation as -j- = c, we 

first multiply by 6, in order to have ax =ibcj and then dividing by 
a, we find xz=z — . 

If -T- ^^ c = cl, we begm by giving the equation this fonn 

after which we obtain the value ofaa?=:6e{-|-ftc, and that of 

bd + bc 
a 

Let us suppose ^x — 4 = 1, we shall have | x = 5, and 2 a? = 15 ; 
wherefore x == y, or 7|. 

If J a? + i = ^> we have |a? = 5 — i=f5 wherefore 3a? = 18, 
and X = 6. 

499. Let us now consider ihe case, which may frequently occur, 
in which two or more terms contain the letter x^ either on one side 
of the equation or on both. 

If those terms are all on the same side, as in the equation 
a?+Ja? + 5=ll,we have a? + ^ a? = 6, or 3 a? = 12, and lasdy, 
X =z4. 

Let a: + |a? + |'3j = 44, and let the value of x be required : if we 
first multiply by 3, we have 4a?-}-|a?= 132; then multiplying by 
2, we have 11 a? = 264 ; wherefore a? = 24. We might have pro- 
ceeded more shordy, beginning with the reduction of the three terms 
which contain Xj to the single terni y x ; and then dividing the 
equation V a? = 44 by 1 1, we should have had ^ a? = 4, wherefore 
a? = 24. 

Let \x — J a?+ ia?= 1, we shall have, by reduction, /^ a?= 1, 
and 0? = 2f . 
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Let, more generally, ax — bx -{-ex ^=z d; this is the same as 
(a — h + c) X =z d. whence we derive x = r— i — • 

500. When there are terms containing x on both sides of the 
equation, we begin by making such terms vanish from the side from 
which it is most easily done ; that is to say, in which there are few- 
est of them. 

If we have, for example, the equation S x •}- 2 = x -^^ ]0^ we 
must first subtract x from both sides, which gives 2a?4~^=10; 
wherefore 2 a? = 8, and a: = 4. 

Let a? + 4 = 20 — x; it is evident that 2 a: + 4 = 20 5 and 
consequently 2 j? = 16, and x =1 S. 

Let a? + 8 = 32 — 3 a?, we shall have 4 a? + 8 = S2 ; then 
4 a? = 24, and a? = 6. 

Let 15 — a? = 20 — 2 a?, we shall have 15 -|- a; =: 20, and 
ap = 5. 

Let 1 -^ X =: 5 — I a?, we shall have 1 + I * = ^ 5 after that 
fa? = 4 5 3a? = 8 5 lastly, a? = f = 2f . 

If I — jX ==, I — J a?, we must add | a?, which gives | = | + 
tV^/ subtracting |^, there remains t7^ = 7» ^^ multiplying by 
12, we obtain x =z2. 

Ifl| — |a?=J4"¥^>w® a^^ I ^5 which gives 1| = 1. -}- J a?. 
Subtracdng J, we have ^ a? = 1 J, whence we deduce a? = 1 y'y = ^J, 
by muhiplying by 6, and dividing by 7. 

501. If we have an equation, in which the unknown number a? is 
a denominator, we must make the fraction vanish, by multiplying the 
whole equation by that denominator. 

100 

Suppose that we have found 8 = 12, we first add 8, and 

100 

have — = 20 ; then multiplying by a?, we have 100 = 20 a? ; and 

dividing by 20, we find a? := 5. 
Let ^ = 7. 

X — 1 

K we multiply by a? — 1, we have 5a? + 3 = 7a? — 7. 
Subtracting 5 a?, there remains 3 = 2 a? — 7. 
Adding 7, we have 2 a? = 10. Wherefore a? = 5. 

502. Sometimes, also, radical signs are found in equations of the 
first degree. For example, a number x below 100 is required, and 
such, that the square root of 100 — x may be equal to 8, or 
V(100— a?) = 8 J the square of both sides will be 100 — « = 64, 
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and adding x we have 100 =64 + 07; whence we obtain 

a? = 100 — 64 = 36. 

Or, since 100 ^> a? = 64, we might have subtracted 100 from 
both sides ; and we should then have had — a? = »- 36 ; whence, 
multiplying by ^> 1, a? = 36. 



CHAPTER in. 

Cfthe Solution of Questions relating to the preceding Chapter. 

503. Question I. To divide 7 into two such parts, that the 
greater may exceed the less by 3. 

Let the greater part = or, the less will be = 7 — x; so that 
a? = 7 — a7 + 3, ora; = 10 — x; adding a?, we have 2 a? = 10 ; 
and, dividing by 2, the result is x = 5. 

Answer. The greater part is therefore 5, and the less is 2. 

Question II. It is required to divide a into two parts, so that the 
greater may exceed the less by b. 

Let the greater part = a?, the other will be a^^^ x; so that 
a: = a — x + b; adding a?, we have 2 a? = a + 6 ; and dividing by 

2, a? = ~^. 

Another Solution. Let the greater part = a; ; and, as it exceeds 
the less by &, it is evident tiiat the less is smaller than the other by 
6, and therefore must be = a? — i. Now these two parts, taken 
together, ought to make a ; so that 2 a? — - & = a ; adding 6, we 

have 2 a? = a + ^> wherefore x = ^ , which is the value of the 
greater part ; that of the less will be 

fl + 6 , a+6 2'6 a — b 
_ b, or -31 -5-, or-^-. 

504. Question III. A father, who has three sons, leaves them 
1600 crowns. The will specifies, that the eldest shall have 200 
crowns more than the second, and that the second shall have 100 
crowns more than the youngest. Required the share of each ? 

Eul. Alg. 21 
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Let the share of the third son = a? ; then, that of the second 
will he =z X + 100, and that of the first = a? + 300. Now these 
three shares make up together 1600 crowns. We have, therefore, 

3x + 400 = 1600 
3 X = 1200 
and X = 400. 

Answer. The share of the youngest is 400 crowns ; that of the 
second is 500 crowns ; and that of the eldest is 700 crowns. 

605. Question IV. A father leaves four sons, and 8600 livres ; 
according to tlie will, the share of the eldest is to be double that of 
the second, minus 100 livi*es ; the second is to receive three times 
as much as the third, minus 200 livres ; and the third is to receive 
four times as much as the fourth, minus 300 livres. Required, the 
respective portions of these four sons ? 

Let us call x the portion of the youngest ; that of the third son 
will be = 4 a? — 300 ; that of the second = 12 a; — 1100, and 
&at of the eldest = 24 a? — 2300. The sum of these four shares 
must make 8600 livres. We have, therefore, the equation 

41 a? — 3700 = 8600, or 41 a? = 12300, and a? = 300. 

Answer. The youngest must have 300 livres, the third son 900, 
the second 2500, and the eldest 4900^ 

506. Question V. A man leaves 11000 crowns to be divided be- 
tween his widow, two sons, and three daughters. He intends that 
the mother should receive twice the share of a son, and each son to 
receive twice as much as a daughter. Required, how much each 
of them is to receive ? 

Suppose the share of a daughter =: a?, that of a son is conse- 
quently = 2 a?, and that of the widow = 4 a? ; the v^ole inherit- 
ance is therefore 3a?-|-4a5-j-4a?; so that 11a? = 11000, and 
X = 1000. 

Answer. Each daughter receives 1000 crowns. 

So that the three receive in all 3000 

Each son receives 2000 prowns. 

So that both the sons receive 4000 

And the mother receives 4000 



Sum 11 000 crowns. 
507. Question VI. A father intends, by his wiU, that bis three 
sons should share his property in the following manner ; the eldest 
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is to receive 1000 crowns less than half die whole fortime; the 
second is to receive 800 crowns less than the third of the whole' 
property ; and the third is to have 600 crowns less tlian the fourth 
of the property. Required, the sum of the whole fortune, and the 
portion of each son ? 
Liet us express the fortune by x. 

The share of the first son is ^ a? — 1000 
That of the second J a? — 800 

That of the third } a; — 600. 

So that the three sons receive in all i a? + -J x + J a? — 2400, 
and this sum must be equal to x. 

We have, therefore, the equation ^f x — 2400 = x. 
Subtracting a?, there remains, ^V ^ — 2400 = 0. 
Adding 2400, we have ^V ^ = 2400. Lastly, multiplying by 12, 
the product is x equal to 28800. 

Answer. The fortune consists of 28800 crowns, and 
The eldest of the sons receives 13400 crowns 
The second 8800 

The youngest 6600 

28800 crowns. 

508. Question VII. A father leaves four sons, who share his 
property in the following manner : 

The first takes the half of the fortune, minus 3000 Uvres. 

The second takes the third, minus 1000^ livres. 

The third takes exactly the fourth of the property. 

The fourth takes 600 livres, and the fifth part of the property. 

What was the whole fortune, and how much did each son re- 
ceive ? 

Let the whole fortune be = x ; 

The eldest of the sons will have ^x — 3000 
The second J a? — 1000 

The third \ x 

The youngest ^ i ^ + 600. 

The four will have received inallja? + |a? + ia?-|-ja? — 3400, 
which must be equal to x. 

Whence results the equation J J a — 3400 = a: ; 

Subtracting jc, we have }lx — 3400 = ; 

Adding 3400, we have Ux = 3400 ; 
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Dividing by 17| we have ^V ^ = ^^ 9 
Multiplying by 60, we have x = 12000. 
Answer. The fortune consisted of 12000 livres* 

The first son received 3000 

The second 3000 

The third 3000 

The fourth 3000 

509. Question VIII. To find a number such, that if we add to 
it its half, the sum exceeds 60 by as much as the number itself is 
less to 65. 

Let the number = a?, then x -{- \x — 60 = 65 — x; that is 
to say, fa? — 60 = 65 — x; 

Adding Xj we have f « — 60 = 65 ; 
Adding 60, we have f a? =: 125 ; 
Dividing by 5, we have | a? = 25 ; 
Multiplying by 2, we have x = 50. 
Answer. The number sought is 50. 

510. ^esiion IX. To divide 32 into two such parts, that if the 
less be divided by 6, and the greater by 5, the two quotients taken 
together may make 6. 

Let the less of the two parts sought =: x ; the greater will be 

= 32 — 0?; the first, divided by 6, gives «; the second, divided 

by 6, gives — = — ; now, ^ -| ^— =6. So that multiplying 

by 5, we have | a? +* 32 — a? = 30, or — |a? + 32 = 30. 
Adding | x, we have 32 = 30 -|- | a:. 
Subtracting 30, there remains 2 = 1 07. 
Multiplying by 6, we have x = 12. 
Answer. The two parts are ; the less = 12, the greater = 20. 

511. Question X. To find such a number, that if multiplied by 
5, the product shall be as much less than 40, as the number itself is 
less than 12. 

Let us call this number x. It is less than 12 by 12 — x. Tak- 
ing the number x five times, we have 5 a?, Which is less than 40 by 
40 — 5 a?, and this quantity must be equal to 12 — - x. 

We have therefore 40 — 5 a? = 12 — a:. 

Adding 5 a?, we have 40 = 12 -|- 4 x. 

Subtracting 12, we have 28 = 4 a?. 

Dividing by 4, we have a? :p 7, the number sought. 
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512. Question XL. To divide 25 into two such parts, that the 
greater may contain the less 49 times. 

Let the less part be = a:, then the greater will be = 25 — x. 
The latter divided by the former ought to give the quodent 49 ', we 

have therefore — ^^^ = 49. 

X 

Multiplying by a?, we have 25 — a? = 49 x. 

Adding x 25 = 50 x. 

And dividing by 50 x = i. 

Answer. The less of the two numbeos sought is |, and the 
greater is 24 J ; dividing therefore the latter by |, or multiplying by 
2, we obtain 49. 

513. Question XII. To divide 48 into nine parts, so that every 
part may be always ^ greater than the part which precedes it. 

LfCt the first and least part = x, the second will be = x + i, the 
third =z X •}- ly &c. 

Now [these parts form an arithmetical' progression, whose first 
term = a? ; therefore the ninth and last will he :=z x ^ 4. ^Adding 
those two terms together, we have 2 a? -f- 4 ; multiplying this quan- 
tity by the number of terms, or by 9, we have 18 a? + 36; and di- 
viding this product by 2, we obtain the sum of all the nine parts 
=: 9 a? -f 18 ; which ought to be equal to 48. We have, there- 
fore, 9 a? + 18 = 48. 

Subtracting 18, there remains 9 a? = 30. 

And dividing by 9, we have x = 3^.- 

Jlnswer. The first part is 31, and the nine parts succeed in the 
followbg order : 

1 23456*789 

H + 3|.+ ^+^ + ^'\^^ + ^ + ^+ ^i, 

which together make 48. 

514. Question XIII. To find an aritiimetical progression, whose 
first term = 5, last = 10, and sum = 60. 

Here, we know neither the di^erence, nor the number of terms ; 
but we know that the first and the last term would enable us to ex- 
press the sum of the progression, provided only the number of t^rms 
was given. We shall, therefore, suppose this number = a?, and 

15 X 

express the sum of the progression by -^ ; now we know also that 

15 z 
this sum is 60; so that -^ = 60; \x = 4, and a? = 8. 
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Now, since the number of terras is S, if we suppose the difference 
= Zj we haver only to seek for the eighth term upon this supposition, 
and to make it = 10. The second term is 5 -j- ^9 the third is 

6 + 2Zy and the eighth is 5 + 7 2r ; so that 

6 + 7;r = 10 

7z= 6 
and z = 4- 

Answer. The difference of the progression is 4f smd the number 
of terms is 8 ; consequently the progression is 

12345678 

6 + 54 -f 64 + 74 -f 7| + 84 + 9f + 10 

the sum of which = 60. » 

515. Question XIV. To find such a number, that if 1 be sub- 
tracted from its double, and the remainder be doubled, then if 2 be 
subtracted, and the remainder divided by 4, the nun!iber resulting 
from 4hese operations shall be 1 less than the number sought. 

Suppose this number =: ^; the double is 2 a?; subtracting 1, 
there remains 2x — 1 ; doubling this, we have 4x — 2 ; subtract- 
ing 2, there remains 4 a? — 4 5 dividing by 4, we have x — 1 ; and 
this must be one less than a?; so that, x — 1 = x — 1. 

But this is what is called an identical equation ; and shows that 
X is indeterminate ; or that any number whatever may be substituted 
for it. 

516. Question XV. I bought some ells of cloth at the rate of 

7 crowns for 3 ells, which I sold again at the rate of 1 1 crowns for 
7 ells, and I gained 100 crowns by the traffic. How much cloth 
was there ? 

Suppose that there were x ells of it ; we must fii;st see how much 
the cloth cost. This is found by the following proportion : 

If five ells cost 7 crowns ; what do x ells cost ? 

Answer J ^ x crowns. 

This was my expenditure. Let us now see my receipt ; we must 
make tlie following proportion ; as 7 ells are to 11 crowns, so are 
X ells to y X crowns. 

This receipt ought to exceed the expenditure by 100 crowns ; 
we have, therefore, this equation, 

V a? = J » + 100 ; 

Subtracting | x^ there remains /^ a? z= 100. 
Wherefore 60: = 3500, and « =: 583|. 
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Answer. There were S83| ells, which were bought for 816| 
crowns, and sold again for 916| crowns, by which means the profit 
was 100 crowns. 

517. Question XVI. A person buys 12 pieces of cloth for 140 
crowns. Two are white, three are black, and seven are blue. A 
piece of the black cloth costs two crowns more than a piece of the 
white, and a piece of blue cloth costs three crowns more than a 
piece of black. Required the price of each kind ? 

Let a white piece cost x crowns ; then the two pieces of this kind 
will cost 2 X. Further, a black piece costing a; -|- 2, the three 
pieces of this colour will cost 3 a; -j* 6. Lastly, a blue piece costs 
X -{- 5; wherefore the seven blue pieces cost T x •\- 35. So that 
the twelve pieces amount in all to 12 x -f" ^^« 

Now, the actual and known price of these twelve pieces is 140 
crowns ; we have, therefore, 12 x -|* "^1 = 1^0> ^Q^ 12 x = 99 ; 
wherefore x = S^ ; 

So that a piece of white cloth costs 8^ crowns ; a piece of black 
cloth costs 10} crowns, and a piece of blue cloth costs ISj- crowns. 

518. Question XVII. A man, having bought some nutmegs, says 
that three nuts cost as much more than one sous as four cost him 
more than ten liards : Required, the price of ttiose nuts ? 

We shall call x the excess of the price of three nuts above one 
sous, or four liards, and shall say ; If three nuts costs a? -|- 4 liards, 
four will Gpst, by the condition of the question, a? -f- 10 liards. Now, 
the price of three nuts gives that of four nuts in another way also, 
namely, by the rule of three. We make 3 : a: + ^ = 4 : Answer , 
4x4-16 
3 • 

4x -I- 16 

So that — -^ — = a? + 10; or, 4a? + 16 = 3 a; + 30; where- 
fore a? + 16 =1 30. 
and X = 14. 

Answer. Three nuts cost 18 liards, and four cost 6 sous ; 
wherefore each cost 6 liards. 

519. Question XVIII. A certain person has two silver cups, 
and only one cover for both. The first cup weighs 12 ounces, and 
if the cover be put on it, it weighs twice as much as the other cup ; 
but if the other cup be covered, it weighs three times as much as 
the first : Required, the weight of the second cup and that of the 
cover? 
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Suppose the weight of the cover =: a? ounces ; the first cup being 
covered will weigh a? -f- ^^ ounces. Now this weight being double 
that of the second cup, tills cup must weight \x '\'^, If it be cov- 
ered, it will weigh | x -f~ 6 ; and this weight ought to be the triple 
of 12, that is, three times the weight of the first cup. We shall 
therefore have the equation 1x4-6 = 36, or|a7 = 30; where- 
fore |a? = 10 and x == 20. 

Answer. The cover weighs 20 ounces, and the second cup 
weighs 16 ounces. 

520. Question XIX. A banker has two kinds of change ; there 
must be a pieces of the first to make a crown ; and there must be b 
pieces of the second to make the same sum. A person wishes to 
have c pieces for a crown ; bow many pieces of . each kind must the 
banker give him i 

Suppose the banker gives x pieces of the first kind ; it is evident 
that he will give c — x pieces of the other kind. Now, the x pieces 

« 

of the first are worth - crown, by the proportion a : 1 = « : -; and 
the c — X pieces of the second kind are worth ~ ■ crown, be- 
cause we have J : 1 = c — x i — r — . So that 

— r — = 1; or r ^^ — ^ =6; ox hx-^- ac — ax=:a6c 

or rather, bx — ax =^ ah — ac; whence we have 



Consequently, 



ah — ^ ac a{h — c) 

X — — ^ ■ • or X — ^ ■ t 

b — a ^ b — a 



he — ah h{c — a) 

— ^— "6="F — b — a ' 



Amwer. The banker wiH give , ^ ' pieces of the first kind, 

and -4— — ' pieces of the second Idnd. 

Remark* These two numbers are easily found by the rule of 
three, when it is required to apply the results which we have obtain- 
ed. To find the first we say ; 

. , a(h — c) 

o — aib — c ^=' a I -4 '• 

6 — a 
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The seco d number is found thus ; 

- y b{c — a) 

— a 

It ought to be observed also that a is less than &, and that c is also 
less than b; but at the same time greater than a, as the nature of 
the thingfrequires. 

521. Question XX. A banker has two kinds of chmga; 10 
pieces of one make a crown, and 20 pieces of the other make a 
crown. Now, a person wishes to change a crown into 17 pieces of 
money : How many of each must he have ? 

We have here a = 10, i = 20, and c = 17 ; which furnishes 
the following proportions ; 

I. 10 : 3 = 10 : 3, so that the number of pieces of the first kind 
is 3. 

IT. 10:7 == 20 : 14, and there are 14 pieces of the second kind. 

522. QuesUoH XXI. A father leaves at his death several chil- 
dren, who share his property in the following manner : 

The first receives a hundred crowns and the tenth part of the 
remainder* 

The second receives two hundred crowns and the tenth part of 
what remains. 

The third takes three hundred crowns and the tenth part of what 
remains. 

The fourth takes four hundred crowns and the tenth part of what 
then remains, and so on. ^ 

Now it is found at the end, that the property has been divided 
equally among all the children. Required, how much it was, how 
many children there were, and how much each received f 

This question is rather of a singular nature, and therefore deserves 
particular attention. In order to resolve it more easHy, we shall 'sup- 
pose the whole fortune = z crowns ; and since all the children 
receive the same sum, let the share of each = x^ by which means 

the number of children is expressed by -. This being laid down, we 

may proceed to the solution of the question, which will be as foDows : 
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Akrehra. 



Sect. .4, 



SttiDf or pro* 
diTideo* 



X 



2x 



z — So? 



z — 4x 



z — bx 



Order of 



V 



2«- 

gd. 

4tii« 



6^ 



Furtkuiof etdia 



a?=:100 + 
a? = 200 + 
X = 300 + 
aj = 400 + 
a? = 600 + 



2—10 

10 
2 — X — 200 

10 
«_22— 300 



10 
2;_3x — 400 



10 
2 — 4z — 600 



^^ x = 600 + 



10 
a — 5k — 600 



10 



100 — 



100 — 



100 — 



100 — 



X — 100 

10 
X— 100 

10 
X — 100 

10 
X— 100 



10 



O 






and so on. 



We have inserted, in the last column, the difierences which we 
obtain by subtracting each portion from that which follows. Now 
all the portions being equal, each of the differences must be = 0. 
And as it happens that all these differences are expressed exactly 
alike, it will be sufficient to make one of them equal to nothing, and 

we shall have the equation 100 ^^^jr — = 0. Multiplying by 

10, we have 1000 — a? — 100 = 0, or 900 — a? = ; conse- 
quently x =: 900. 

We Qow know, therefore, that the share of each child was 900 
crowns ; so that taking any one of the equations of the third column, 
the first for example, it becomes, by substituting the value of op, 

900= 100 + ^~Q^^ , 

whence we immediately obtain the value of 2r; for we have 
9000 = 1000 + z— 100, or 9000 = 900 + z; 

wherefore z = 8100 ; and consequently - = 9. 

Answer. So that the number of children =: 9 ; the fortune left 
by the father = 8100 crowns ; and the share of each child =: 900 
crowns. 
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CHAPTER IV. 

Cf the Resolutioru of Two or more Equations of the First Degree. 

523. It frequently happens that we are obliged to introduce mto 
algebraic calculations two or more unknown quantities, represented 
by the letters x^y^ z; and if the question is determinate, we are 
brought to the same number of equations ; from which, it is then 
required to deduce the unknown quantities. As we consider, at 
present, those equations only which contain no powers of an un- 
known quantity higher than the first, and no products of two, or 
more unknown quantities, it is evident that these equations will all 
have the form az-^-hy-^-cxzrzd. 

524. Beginning, therefore, vdth two equations, we shall endeavour 
to find from them the values of x and y. That we may consider 
this case in a general manner, let the two equations be, 

I. a a? + 6 y = c, and II./o? -|" fif y = ^ 

in which a, &, c, and f g. A, are known numbers. It is required, 
therefore, to obtain, from these two equations, the two unknown 
quantities x and y. 

525. The most natural method of proceeding will readily present 
itself to the mmd ; which is to determine, from both equations, the 
value of one of the unknown quantities, x for example, and to con- 
^der the equality of those two values ; for then we shall have an 
equation in which the unknown quantity y will be found by itself, 
and may be determined by the rules which we have already given. 
Knowing y, we have only to substitute its value in one of the quanti- 
ties that express x. 

526. According to this rule, we obtain from the first equation, 

x = "^ — ^, and tcom the second x = ~i^^ ; stating these two 

values equal to one another, we have this new equation ; 

c — hy __ h—gy 

—ir-—j—> 

multiplying by a, the product is 
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multiplying by ^ the product is fc — fby =:ah — og y ; adding 
ag*y, we have fc — fby +og'y = oA; subtractmg fc there 
remains 

— /*y + ^gy = «* — /c; or {ag — bf)y = aA — /c; 
lasdy, dividing by ag — bf we have 

ah — fc 

In order now to substitute this value of y in one of the two values 

which we have found of a?, as in the first, where x = 2, we shall 

' ' a 

first have 

, ahhA-hcf 

— by = vr ; 

^ s ag — bf' 

whence 

• ahh 4-bcf 

^ ag — bf' 

or 

, flc^ — bcf^^abh-^-bcf ac^ — abk^ 

y ■" ag — bf ■" ag — bf" ' 

and dividing by a, 

c — 6y eg ^~bh 

"^ a ^ ag — bf 

527. Queff^ion I. To iUustrate this method by examples let it be 
proposed to find two numbers, whose sum may be = 15, and dif- 
ference = 7. 

Let us call the greater number x, and the less y. We shall have, 

I. a: + y = 15, and II. x — y = 7. 

The first equation gives a? = 15 — y, and the second a? = 7 -j- y / 

whence results the new equation 15 — y = 7+y« So that 

15 = 7 + 2y; 2y = 8, and y = 4 ; by which means we find 

x= II. 

Answer. T%e less number is 4, and the greater is 1 K 

528. ^eation II. We may also generalize the preceding ques- 
tion, by requiring two numbers, whose sum may be = a, and the 
difiference = b. 

Let thefgreater of the two be = a?, and the less = y. 
We shall have I. a? + y = a, and II. x — y = 6 ; the first 
equation gives « = a — y ; and the second a; = 6 -|- y. 
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Wherefore a — y = 6-f*y> fl=i+2y; 2y =z a — b ; 
lastly, y = -—5 — , and coDsequently, 

a — b a +6 

Answer. The greater number, or a?, is = "~S~> ^^^ ^^ less, or 

y, is = — g — ^, or which comes to the same, « = ^ a + 1 ^5 and 

y = ^a — ^6; and hence we derive the following theorem. 
When the sum of any two numbers is a, and their difference is b, the 
greater of the two numbers will be equal to half the sum plus lialfthe 
difference : and the less of the two numbers will be equal to half the 
sum minus half the difference. 

529. We may also resolve the same question in the following 
manner : 

Since the two equations are a? + y = a, and x — y = J ; if we 
add one to the other, we have 2 a? = a 4- ^* Wherefore 

_ a+b 

Lastly, subtracting the same equation from the other, we have 
2 y = a — b; wherefore y = — ^ — • 

530. Question III. A mule and an ass were carrying burdens 
amounting to some hundred weight. The ass complained of his, 
and said to the mule, I need only one hundred weight of your load, 
to make mine twice as heavy as yours. The mule answered. Yes, 
but if you gave me a hundred weight of yours, I should be loaded . 
three times as much as you would be. How many hundred weight 
did each carry ? 

Suppose the mule's load to be x hundred weight, and that of the 
ass to be y hundred weight. If the mule gives one hundred weight 
to the ass, the one will have y + I) ^^ there will remain for the 
other X ^^ I ; and since, in this case, the ass is loaded twice as 
much as the mule, we have y+ 1 =2a? — 2. 

Further, if the ass gives a hundred weight to the mule, the latter 
has X -{• If and the ass retains y — 1 ; but the burden of the for- 
mer being now three times that of the latter, we have 

« + 1 — 3y — 3. 
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Our two equations will consequently be, 

I. y 4- 1 = 2a? — 2, II. a? + 1 = 3y — 3. 

V -I- 3 
The first gives x = ^"^ , and ^he second gives a? = 3y — 4 ; 

whence we have the new equation ^^ = 3 y — 4, which ^ves 

y = y , and also determines the value of a?, which becomes 2|. 

Ansvoer. The mule carried 2f hundred weight, and the ass car- 
ried 2\ hundred weight. 

531. When there are three unknown numbers, and as many equa- 
tions ; as, for example, \> x -{• y — z = 8, 11. a?-j-2f — y=:9, 
ni. y+z — X z=z 10, we begin, as before, by deducing a value of 
0? from each, and we have from the !•*, a? = 8 + 2? — y ; from 
the II* , a? = 9 + y — ^; a°d from the III*, a? = y -f z — 100. 

Comparing the first of these values with the second, and after that 
with the third also, we have the following equations : 

I. 8 + ^ — y = 9+y — z, II. 8 +« — y = y + z — 10. 

Now, the first gives 2z — 2y = 1, and the second gives 
2 y = 18, or y =: 9 ; if therefore we substitute this value of y in 
2z — 2 y = 1, we have 2 5? — 18 = 1, and 2^? = 19, so that 
z = 9^ ; it remains therefore only to determitie a:, which is easily 
found = 8^. 

Here it happens, that the letter z vanishes in the last eqiiatioD, 
and that the value of y is found immediately. If this had not been 
the case, we should have had two equations between z and y, to be 
resolved by the preceding rule. 

532. Suppose we had found the three following equations. 

I. 3a? + 5y — A:Z = 25, 11. 5a? — 2y + 32f = 46, 

III. 3y + 5 2f — a? = 62. 
If we deduce from each the value of a?, we shall have 

m. a? = 3y + 5 2? — 62. 

Comparing these three values together, and first the third with the 
first, we have 

3y + 5^-62= ^-^y+ .if; 
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multiplying by 3, 9y + 15 « — 186 = 25 — 5y + 4z ; so that 
9y 4- 152? = 211 — 5y + 4;r, and 14y + 11^ = 211 by the 
first and the third. Comparing also the third with the second, we 
have 

3y + 5 z — 62 = — '^ 1 

or46 4-2y — 2z = 15y + 25z — 310, which when reduced 
is 356 = 13y + 28 2?. 

We shall now deduce, from these two new equations, the value 

ofy; 

I. 211 = 14y + 11 z; wherefore 14y = 211 — 11 z, and 

211— 11 z 

y = — 14— 

n. 356 = 13 y + 28 2? ; wherefore 13 y = 356 — 28 z, and 

356 — 28« 

y = — 13— 

These two values form the new equation 

211 — llg _ 356 — 28z 
14 "" 13 ' 

which becomes, 2743 — 143 a? = 4984 — 392 a?, or 249 2? = 2241,' 
whence 2? = 9. 

This value being substituted in one of the two equations of y and 
Zj we find y = 8 ; and lastly a similar substitution, in one of the 
three values of a?, will give a; = 7. 

533. If there were more than three unknown quantities to be de- 
termined, and as many equations to be resolved, we should proceed 
in the same manner ; but the calculations would often prove very 
tedious. 

It is proper, therefore, to remark, that, in each particular case, 
means may always be discovered of greatly facilitating its resolution. 
These means consist in introducing into the calculation, beside the 
principal unknown quantities, a new unknown quantity arbitrarily 
assumed, such as, for example, the sum of all the rest ; and when a 
person is a litde practised in such calculations he easily perceives 
what is most proper to do. The following examples may serve to 
facilitate the application of these artifices. 

534. Question IV. Three persons play together; in the first 
game, the first loses to each of the other two, as much money as 
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each of them has. In the oext, the second person loses to each of 
the other two, as much money as they have akeady. Lastly, in the 
third game, the first and the second person gain each, from the third, 
as much money as they had before. They then leave off, and find 
that they have all an equal sum, namely 24 louis each. Required, 
with how much money each sat down to play ? 

Suppose that the stake of the first person was x louis, that of the 
second y, and that of the third z. Further, let us make the sum of 
all the stakes, or a? + y + -2? = *• Now, the first person losing in 
the first game as much money as the other two have, he loses 
s — J? ; (for he himself having had a?, the two others must have 
had 5 — a?) ; wherefore there will remain to him 2 a? — s ; the 
second will have 2 y, and the third will have 2 z. 

So that, after the first game, each will have as follows : 

the I. 2a? — Sy the II. 2y, the III. 2 z. 

In the second game, the second person, who has now 2 y, loses 
as much money as the other two have, that is to say s — 2y ; so 
that he has left 4 y — s. With regard to the others, they will each 
have double what they had; so that after the second game, the 
three persons have ; 

the I. 4 a? — 2 5, the II. 4 y — » 5, the III. 4z. 

In the third game, the third person, who has now 4 z, is the loser ; 
he loses to the first 4 a? — 2 5, and to the second 4 y ^- « ; conse- 
quently after this game the three persons will have ; 

the I. 8 a? — 4 «, the U. 8y — 2 5, the III. 8 2r — .9. 

Now, each haying at the end of this game 24 louis, we have three 
equations, the first of which immediately gives a?, the second y, and 
the third z ; further, 5 is known to be = 72, since the three per- 
sons have in all 72 louis at the end of the last game ; but it is not 
necessary to attend to this at first. We have 

I. 8 a? — 4 « = 24, or 8a? = 24 + 45, or a? = 3 + i* ; 

11. 8y — 25 = 24, or8y = 24 + 2*, ory = 3 4- }*; 
III. 82? — 5 = 24, or 8z = 24 + «, or ;? = 3 -f- \s; 

Adding these three values, we have 

So that, smce a? + y + ^ = *i we have 5 = 9 + } 5 ; where- 
fore |i = 9, and s = 72. 
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If we now substitute this value of « in the expressions which we 
have found for Xj y, and Zy we shall find that before they began to 
play, the first person had 39 louis ; the second 21 louis ; and the 
third 12 louis. 

This solution shows, that by means of an expression for the sum 
of the three unknown quantities, we may overcome the difficulties 
which occur in the ordinary method. 

535. Although the preceding question appears difficult at first, it 
may be resolved even without algebra. We have only to try to do 
it inversely. * Since the players, when they left ofiT, had each 24 
louis, and, in the tliird game, the first and the second doubled the 
money, they must have had before that last game ; 

The I. 12, the II. 12, and the III. 48. 

In the second game the first and the third doubled their money ; 
80 that before that game they had ; 

The I. 6, the 11. 42, and the m. 24. 

Lastly, in the first game, the second and the third gained each as 
much money as they began with ; so that at first the three persons 
had; 

I. 39, n. 21, m. 12. 

The same result as we obtained by the former solution. 

536. Question V. Two persons owe 29 pistoles; they have 
both money, but neither of them enough to enable him, singly to 
discharge this common debt ; the first debtor says therefore to the 
second, if you give me | of your money, I singly will immediately 
pay the debt. The second answers, that he also could discharge 
the debt, if the other would ^ve him | of his money. Required, 
how many pistoles each had f 

Suppose that the first has x pistoles, and that the second has y 
pistoles. 

We shall firsthave, a? + |y = 29 ; 

then also, y + |a?=29. 

The first equation g^ves a? = 29 — | y, and tlie second, 

116 — 4y *u*oft . 116 — 4y 
X = g — ^ ; so that 29 — |y = g — i. 

From this equation, we get y = 14J ; wherefore a? = 19^. 
Ed. A^. 23 
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Answer. The first debtor had 19f pistoles, and tibe second had 
14^ pistoles. 

557. Question VI. Three brothers bought a vineyard for a 
hundred louis. The youngest says, that he could pay for it alone, 
if the second gave him half the money which he bad; the sec- 
ond says, that if the eldest would give him only the third of his 
money, he could pay for the vineyard singly ; lastly, the eldest a^ 
only a fourth part of the money of the youngest, to pay for the 
Vineyard himself. How much money had each ? 

Suppose the first had x louis; the second, y louis; the third, z 
louis ; we shall then have tbe three following equations ; 

L 0? + Jy = 100. n. y + 1 2f =: 100. III. ;r + Jo? = 100 ; 

two of which only give the value of a?, namely, 

L a? = 100 — 1 y. HI. x = 400 — 4 z. 

So that we have the equation, 

100 — i y = 400 — 42r, or 4^: — ly = 300, 

which must be combined with the second, in order to determine y 
and z. Now the second equation was y-f-|2r = 100;we there* 
fore deduce from it y = 100 — ^z; and the equation found last 
being 4:Z — i y = 300, we have y = 8z — 600. Consequently 
the final equation is, 100 — Lz = 8z — 600 ; so that 8 i z = 700, 
or V z = 700, and z = 84. Wherefore 

y = JOO — 28 = 72, and a? = 64. 

Answer. The youngest had 64 louis, the second had -72 louis, 
and the eldest had 84 louis. 

538. As, in this example, each equation contains only two un* 
known quantities, we may obtain the solution required in an easier • 
way. 

The first equation gives y = 200 -^^x; so that y is determined 
by x; and if we substitute this value in the second equation, we 
have 200 — 2 a? + i z c= 1^ ; wherefore ^z = 2x — 100, 
and 2r = 6 a? — 300. 

So that z is also determined by x; and if we introduce this value 
into the third equation, we obtain 6 a? — 300 + Ja? r= 100, in 
which X stands alone, and which, when reduced to 25 a? — 1600 = 0, 
gives X = 64. Consequendy, y = 200 — 128 = 72, and 

2r z= 384 — 300 r= 84. 
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539. We may follow the same method, when we have a greater 
Dumber of equations. Suppose, for example, that we have in general ; 

X t/ 2 

I. u -j- - = n, II. J? 4- f = **! lU' y + - = ^> 

rV. z + T = n ; or, reducing the fractions^ 

I. au -{- X z=: an, II.i2-|-y = Jn, HI. c y + « = c n, 

IV. dz -{• u =: dn. 

Here, the first equation gives immediately a? = a s -^ a u, and 
this value being substituted in the second, we have 

abn — abu'{'yz=zbn; so that y = bn — abn -\- abu; 

the substitution of this value, in the third equation, gives 

b en — abcn-^-abcu-^-z^cn; 

wherefore z =i en -^ben -^ ab en — abev ; substituting this 
in the fourth equation, we have 

edn — bcdn -{- abcdn — abedu -j- u z= dn. 

So that dn^^edn + bedn — abedn =^ — abcdu -i^ u^ or 
(abed — 1) u = abcdn — bcdn + edn — dn; whence we 
have 

abcdn — bcdn -\- edn — dn {c^cdm — bed -^ed — d) 

abed — 1 abcd-^^ ' 

Consequently, we shall have, 

abcdn — acdn + adn — an {abed — acd -|- od — a) 

abed — 1 abed — 1 

abcdn — abdn -|- abn — bn (abed — abd -|- afi — b) 

y- abed- I "^ abcd-1 ' 

abcdn — aben + ben — en {abed — cAc -{-be — c) 

abed— < I abed — I ' 

abcdn — bcdn -f- edn — dn ^^ {abed — bed -\- cd — d) 

"~" abed— I ""'*^ abed— I 

540. Question VH. A captain has three companies, one of 
Swiss, another of Swabians, and a third of Saxons. He wishes to 
storm with part of these troops, and he promises a reward of 901 
crowns, on the followbg condition : 
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That each soldier of the company, which assaults, shall receive 
1 crowD, and that the rest of the money shall be equally distributed 
among the two other companies. 

Now it is found, that if the Swiss make the assault, each soldier 
of the other companies receives ^ of a crown ; that, if the Swabians 
assault, each of the others receives | of a crown ; lastly, that if the 
Saxons make the assault, each of the others receives ^ of a crown. 
Required the number of men in each company f 

Let us suppose the number of Swiss = x, that of Swabians = y, 
and that of the Saxons =^z. And let us also make x-|-y + ^ = 'f 
because it is easy to see, that by this, we abridge the calculatioa 
considerably. If, therefore, the Swiss make the assault, their num* 
her bebg x, that of the other will be s — x; now, the former re- 
ceive 1 crown, and the latter half a crown ; so that we shall have, 

z + i$ — i« = 901. 

We find in the same manner, that if the Swabians make tfao 
assault, we have, 

y + i# — iy=:901. 
And lasdy, that if the Saxons mount the assault, we have 

z + ii — iz = 90l. 

Each of these three equations will enable us to determine one of 
the unknown quantities x^y^z; 

For the first gives x = 1802 — «, 
the second gives S y = 2703 — i, 
the third gives 3 2? = 3604 — «• 

K we now take the values of 6 x, 6 y, and 6 jt, and write those 
values one above the other, we shall have, 

6a?=: 10812 — 6«, 
6y= 8109 — 31, 
&z= 7208 — 21, 

and adding ; 6 1 = 26129 — 11 1, or 17 1 = 26129 ; so 

that t =: 1537; this is the whole number of soldiers, by which 
means we find, 

»= 1802 — 1537 =265; 
2y = 2703 — 1537 = 1166, or y = 583; 
3^; = 3604 — 1537 = 2067, oxz = 689. 
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Answer. The company of Swiss consists of 265 men ; that of 
Swabians 583 ; and that of Saxons 689. 



CHAPTER V. 

(}fihe Resolution of Pure Quadratic Equations. 

541. An equation is said to be of the second degreCj when it con- 
tains the square or the second power of the unknown quantity^ withr 
out any of its higher powers. An equation, containing likewise the 
third power of the unknown quantity, belongs to cubic equations, and 
its resolution requires particular rules. There are, therefore, only 
three kinds of terms in an equation of the second degree. 

1. The terms in which the unknown quantity is not found at all, 
or which are composed only of known numbers. 

2. The terms in which we find only the first power of the un- 
known quantity. 

3. The terms which contam the square, or the second power of 
the unknown quantity. 

So that X signifying an unknown quantity, and the letters a, h, c, d^ 
8cc. representing known numbers, the terms of the first kind will 
have the form a, the terms of the second kind will have the form bxj 
and the terms of the third kind will have the form cxx. 

542. We have already seen, how two or more terms of the same 
kind may be united together, and considered as a single term. 

For example, we may consider the formula axx — bxx + cxx 
as a single term, representing it thus (a — b +c)xxf smce, in 
fact, (o — 6 + c) is a known quantity. 

And also, when such terms are found on both sides of the sign =:, 
we have seen how they may be brought to one side, and then re- 
duced to a single term. Let us take, for example, the equation, 

2a?a? — 3a? + 4 = 5a?« — 8ir + ll; 

We first subtract 2 a? x, and there remains 

— 3a? + 4 = 3a?ap — 8a?+ 11; 

then adding 8 x, we obtain. 
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5« + 4 = 3a?« + 11; 

Lastly, subtracting 11, there remains 3xx =z 5x^-^1. 

543. We may also bring all the terms to one side of the sign =, 
so as to leave only on the other. It must be remembered, bow- 
ever, that when terms are transposed from one side to the other, 
their signs must be changed.* 

Thus, the above equation will assume this form, 

3a? 0? — 5a? + 7 z= 0; 

and, for this reason also, the fottotoing genercd formula represmis aU 
eqtuxiions of the second degree. 

axx±:bx±:C=zOj 

in which the sign d= is read plus or nUnuSy and indicates that such 
terms may be sometimes positive and sometimes negative. 

544. Whatever be the original form of a quadratic equation, it 
may always be reduced to this formula of three terms. If we have, 
for example, the equation 

ax -^ b ex +/" 

ex '\' d gx-\-V 

we must, first, reduce the fractions ; multiplying, for this purpose, 
by c a; + d, we have 

ax + h = ^^^^ + ^f^+^dx-]rfd 

g^ + h ' 

then by g a; -j- A, we have 

agxx -{-hgx -{- ahx + bh z^ cexx + cfx -{- edx +fdj 

which is an equation of the second degree, and reducible to the 
three following terms, which we shall transpose by arranging them 
in the usual manner : 

= agxx + Jg-o? + ^ A5 
-^ cexx + ahx — /d, 

— cfx, 

— edx. 

We may exhibit this equation also in the following form, which is 
still more clear : 

0=:iag — ce)xx + (]bg + ah — cf—ed)x+bh—fd. 



* That is, the quantity thus transposed is added to or subtracted 
from each side of the equation. 
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545. Equations t)f ^e second degree, in which all the three kinds 
of terms are found, are called compUte^ and the resolution of them is 
attended with greater difficulties ; for which reason we shall first 
consider those, in which one of the terms is wanting. 

Now, if the term x x were not found in the equation, it would not 
be a quadratic, but would belong to those of which we have ah-eady 
treated. ^ the term^ which contains only known numbers y were 
waniingj the equation would have this form^ axx zb bx = 0, 
which being dimsible by x, may be reduced ^o a x =b b = 0, whuA 
is likewise a simple equation^ and belongs not to the present doss. 

546. But when the middle term, ufhich contains the first power'of 
X, is wanting, the equation assumes this form, axxdbc=:0, or 
axx= =F c ; as the sign of c may-be either positive or negative. 

We shall call such an equation a pure equation of the second de- 
gree, since the resolution of it is attended with no difficulty ; for v>e 

c 
have only to divide by a, which gives x x = - ; and taking the square 

root of both sides, we find x = I- 5 ^y means of which the equation 

is resolved. 

547. But there are three cases to be considered here. In the 

first, when -is a square number (of which we can therefore really 
a 

assign the root) we obtain for the value ofna rationed number, which 

may be either integer or fractional. For example, the equation 

a? 0? = 144 gives x =: 12. And a? a? = yV g^^^s a? = f . 

The second variety is when - is not a square, in which case we 

mtut therefore be contented with the sign \/. If, for example, 
XX •=! 12, we have x = \/i2, the value of which may be deter- 
mined by approximation, as we have already shown. 

_ ft 

T}he third case is that in which - becomes a negative number ; then 

the value of xis altogether impossible and imaginary ; and this re- 
suit proves that the question, which leads to such an equation, is in 
itself impossible. 

548. We shall also observe before proceeding further, that when- 
ever it is required to extract the square root of a number, that root, 
as we have already remarked, has always two values, the one posi- 
tive and the other negative. Suppose we have the equation x x = 49, 
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the wdue ofx vfitt be not only -^ Ifbvt aUo — 7, tMek is eocpren^ 
edbyxssztil. So that all those questions admit of a double 
answer ; but it will be easily perceived that in several cases, in those, 
for example, which relate to a certain number of men, the negative 
value cannot exist 

549. In such equations also, as axx = 5x, where the known 
quantity c is wanting, there may be two values of «, though we find 
only one if we divide by x* In the equation a? x = 3cr, for exam- 
ple, in which it is required to assign such a value of x, that x x may 
become equal to 3 x, this is done by supposing x = 3, a value which 
is found by dividing the equation by x ; but beside this value, there 
is also another, which is equally satisfactory, namely a; =: ; for 
then XX z=,0^ and 3 a? = 0. Equations^ therefore, of the second 
degree^ in generalj admit of two solutions^ whilst simple equations 
admit only of one. 

We shall now illustrate, by some examples, what we have said 
with regard to pure equations of the second degree. 

550. Question I. Required a number, the half of which multi- 
plied by the third may produce 24. 

Let this number =zx; ^x^ multiplied by | x, must give 24 ; we 
shall therefore have the equation ^xx z=z 24. 

Multiplying by 6, we have xx -=, 144 ; and the extraction of the 
root gives « = rfc 12. We put =t ; for if a? = + 12, we have 
]^ 27 = 6, and ^ x = 4 ; now the product of these two numbers is 
24 ; and if a? = — 12, we have J a? = — 6, and \x zn — 4, the 
product of which is likewise 24. 

551. Question 11. Required a number such, that by adding 5 
to it, and subtracting 5 from it, the product of the sum by the dif- 
ference would be 96. 

Let this number be x, then :e -|- 5, multiplied hj x — 5, must 
give 96 ; whence results the equation, xx — 25 = 96. 

Addmg 25, we have xx ^:=z 121; and extractmg the root, we 
have a? = 1 L Thus a? -f* 5 = 16, also x — 5=6; and lastly, 
6 X 16 = 96. 

552. Question III. Required a number such, that by adding it 
to 10, and subtracting it from 10, the sum, multiplied by the remam- 
der, or difference, will give 51. 

Let X be this number ; \0 ^ x, multiplied by 10 — cr, must 
make 51, so that 100 — a?a? = 51. Adding xx^ and subtractmg 
51, we have a? op = 49, the square root of which gives « = 7. 
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553. Question IV. Three persons, who had been playing, leave 
off;, the first, with as many times 7 crowns, as tlie second has 
3 crowns; and the second, with as many times 17 crowns, as 
the third has 5 crowns. Further, if we multiply the money of the 
first by the money of the second, and the money of the second by 
the money of the third, and lastly, the money of the third by that of 
the first, the sum of these three products will be 3830|. How much 
money has each ? 

Suppose that the first player has x crowns ; and since he has as 
many times 7 crowns, as the second has 3 crowns, we know that his 
money is to that of the second, in the ratio of 7 : 3. 

We shall therefore make 7 : 3 = a? to the money of the second 

* 

player, which- is therefore ^ x. 

Further, as the money of the second player is to that of the third 
in the ratio of 17 : 5, we shall say, 17 : 5 =: | x to the money of 
the third player, or to ^y^ ^r-. 

Multiplying x, or the money of the first player, by | x, the money 
of the second, we have the product ^ xx. Then | x, the money of 
the second, multiplied by the money of the third, or by y'/y x, give^ 
rVf ^ '^- Lastly, the money of the third, or yV^ x multiplied by x, 
or the money of tlie first, gives yV, ^*^* '^h^ sum of these three 
products is ^ XX -|- ^Vr^^ "h ttV^^/ ^^^t reducing these frac- 
tions to the same denominator, we find their sum fH x x, which 
must be equal to the number 3830f . 

We have, therefore, iilxx = 3830|. 

So that V/j* X X = 1 1492, and 1521 x x being equal to 9572836^ 
dividing by 1521, we havexx = •YtVt *; an^ taking its root, 
we find X = '||*. This fraction is reducible to lower terms if we 
divide by 13 ; so that x = *f • = 79^; and hence we concludci 
that 4 X = 34, and yVV x =z [0. 

Answer. The first player has 79^ crowns, the second has 34 
crowns, and the third 10 crowns. 

Remark. This calculation may be performed in an easier man- 
ner ; namely, by taking the factors of the numbers which present 
themselves, and attending chiefly to the squares of those factors. 

It is evident, that 507 = 3 X 169, and that 169 is the square of 
13 ; then, that 833 = 7 X 119, and 119 = 7 X 17. Now we 

3 X 169 

have j= — j^z X X = 3830 1, and if we multiply by 3, we have 

Eul. Alg. 24 
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-- — -—-a? a? = 11492. Let us resolve this number also into 
17 X 4y 

its factors ; we readily perceive, that the 6rst is 4, that is to saj, that 

11492 =4 X 2873; furtlier, 2873 is divisible by 17 ; so that 

2873 = 17 X 169. Consequently our equation will assume the 

9 X 169 
following form ; .^ -^^ a? a: = 4 X 17 X 169, which, divided by 

9 

169, is reduced to 17 w Iq^^ ^= ^ X 17 ; multiplying also by 

17 X 49, and dividing by 9, we have a?a? = jr , in which 

all the factors are squares ; whence we have, without any further cal- 
culation, the root 

^_2X 17X7 _ 238 __, 

as before. 

554. Question V. A company of merchants appoint a factor at 
Archangel. Each of them contributes for the trade, which they 
have in view, ten limes as many crowns as there are partners. The 
profit of the factor is fixed at twice as many crowns per cent., as 
there partners. Further, if we multiply the yj^^ P^^t of his total 
gain by 2|, the number of partners will be found. Required, what 
that number is. 

Let it be = x; and since each partner has contributed 10 a;, the 
whole capital is = 10 a? a?. Now, for every hundred crowns, the 
factor gains 2:p, so that with the capital of 10 a; a; his profit will be 
\x^. The jl^ part of this gain is ji^^x^ ; multiplying" by 2f, or 
by V, we have tIJt^'j or ^^y a?', and this must be equal to the 
number of partners, or x. 

We have, therefore, the equation ^' j a:' = a?, or x' = 225 x ; 
which appears, at first, to be of the third degree ; but as we may 
divide by a;, it is reduced to the quadratic xx = 225, whence 
a; = 15. 

Answer, There are fifteen partners, and each contributed 150 
crowns. 
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CHAPTER VI. 

Of the Resolution ofMixt Equations of the Second Degree. 

555. An equation of the second degree is said to be mixt, or com- 
plete,* when three kinds of terms are fovnd in tf, namely, that which 
contains the square oftlie unknovm quantity y a« a x x ; that^ in which 
the unknown quantity is found only of the first power y 05 b x ; lastly y 
the kind of terms which is composed only of known quantities. And 
since we niay unite two or more terms of the same kind into one, 
and bring all the terms to one side of the sign =, the general form 
of a mixt equation of the second degree will be 

axx=pbx^c = 0. 

In this chapter, we shall show, how the value of x is derived from 
such equations. It will be seen that there are two methods of ob- 
taining it. 

556. An equation of the kind that we are now considering may 
be reduced, by division, to such a form, that the first term may con- 
tain only the square xx o( the unknown quantity x. We shall leave 
the second term on the same side with Xy and transpose the known 
term to the other side of the sign =• By these means our equa- 
tion will assume the form xx dt px =. da qy in which j9 and q 
represent any known numbers, positive or negative ; and the whole 
is at present reduced to determining the true value of x. We shall 
begin with remarking, that \{ xx -{'px were a real square, the reso- 
lution would be attended with no difficulty, because it would only be 
required to take the square root of both sides. 

557. But it is evident that xx -^ px cannot be a square ; since 
we have already seen, that if a root consists of two termsy for exam- 
ple^ X 4- n, its square always contains three termSy namely y tunce the 
product of the two partSy besides the square of each part ; that is to 
say, the square of x -{- n is xx-f-^nx-f-nn* Now we have 
already on one side xx ^ px ; we may, therefore, consider x x tw 
the square of the first part of the rooty and in this case p x must 
represent twice the product of x, the first part of the root by the 

* Sometimes called also affected. 
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Second pari ; consequently^ tkis second part must be | p, and in fad 
the square ofx + i P> is found to 6e x x 4" P x + i p p. 

658. JSTow xx + px + iPP ^6*«g" ^ ^^f^ square^ which has for 
its root X + i P> if v>e resume our equation xx -\- px z=z q^ we 
have only to add ipp to both sides^ which gives us 

xx + px + Jpp = q + JPPj 

the first side being actually a square^ and the other containing only 
knoum quantities. If thertforCy we take the squnte root of both 
sides y we find 



x + ip = V(ipp + q); 

and subtracting | p, we obtain 



x = — ip+V(ipp + q); 

andf as every square root may be taken either affirmatively or negtt- 
iiveiyj we shall have for x two values expressed thus ; 



^-~lp=^jipp + i- 



559. This formula contdlns the rule by which all quadratic equa^ 
tjons may be resolved, and it will be proper to commit it to memory, 
that it may not be necessary to repeat, every time, the whole opera- 
tion which we have gone through. We may always arrange the 
equation, in such a manner, that the pure square x x may be found 
on one side, and the above equation have the form xx -\' px z=: q^ 
Where we see immediately that 



xz± — \p±^^ppj^q. 



560. The general rule, therefore, which we deduce from this, in 
brder to resolve the equation xx =i — j^jj-f-y, is founded on this 
consideration : 

That the unknown quantity x is equal to half the coefficient, or 
multiplier of x on the other side of the equation, plus or minus the 
square ^oot of the square of this number, and the known quantity 
which forms the third term of the equation. 

Thus if we had the equation xx =i ^x -{-1^ we should imme- 
diately say, that a? = 3 rfc v9T7 = 3 =h 4, whence we have these 
two valij^es of or, I. a? = 7 ; II. a? = — 1. In the same manner, 
the equation x^ :=t\Qx — 9, would gi^d 
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a? = 6 db V25 — 9 = 6 db 4, 

that is to say, the two values of x are 9 and 1 . 

5Cl. This rule will be still belter understood, by distinguishing 
the following cases. I. when /? is an even number ; 11. when p is 
an odd nutnber ; and III. when p is a fractional numbei'. 

I. Let ji be an even number, and the equation such, that 

XX = 2px 4" j; 

we shall, in this case, have a? = jp ± Vpp ^q^ 

II. Let p be an odd number, and the equation xx = px •{- q ; 
we shall here have 

'!' = *^=*= JiPi^ + y' 
and since 

iPP + q= ^^ f 
we may extract the square root of the denominator, and write 



III. Lastly, if /; be a fraction, the equation may be resolved in 
the following manner ; let the equation be 

r I bx . c 

axx=:bx4-c. orxa?= — , 

* a * a 

and we shall have by the rule, 

b 



2a 



\^aa * a 
Now, 

• bb c^^bb'\'4ac 
4aa ' a Aaa ' 

the denominator of which is a square ; aQ that 

b ± \/bb + 4ac 



X = 



2a 



562. The other method of resolving mixt quadratic equations, is 
to transform them into pure equations. This is done by substitution ; 
for example, in the equation xx = px -{' q^ instead of the un- 
known quantity Xj we may write another unknown quantity y, such 
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that X =1 y •■\' \p; by which means, when we have detennined y, 
we may immediately 6nd the value of a?. 

If we make this substitution o( y + ip instead of Xy we have 
xx=:iyy-^py + ipPf and p a? = py + iPP > consequently our 
equation will become yy + |>y -f" iPP ^i'y + \PP + ?f 
which is first reduced, by subtracting p y, to 

yy + \pp = \pp + q> 

and then, by subtracting ippy toyy = Ti^p + J* '^^^ '^ ^ P^^i^ 
quadratic equation, which immediately gives 



Now, since a? = y -J- Jp, we have 

as we found it before. We have only, therefore, to illustrate this 
rule by some examples. 

563. Question I. There are two numbers ; one exceeds the 
other by 6, and their product is 91. What are those numbers? 

If the less is x, the otlier is a? -f^ 6, and their product 

a?a? + 6a? = 91. 

Subtracting 6 «, there remains a?a? = 9l — ^6x, and the rule gives 

« = — 3=b v9+91 = — 3± 10; so that a? = 7, and a? = — 13. 

Answer. The question admits of two solutions ; 

By one, the less number a? is =: 7, and the greater a? 4~ ^ = I^* 

By the other, the less number a? = -— 13, and the greater 

a? + 6 = — 7. 

564. Question 11. To find a number such, that if 9 be taken 
from its square, the remainder may be a number, as many units 
greater than 100, as the number sought is less than 23. 

Let the number sought = x ; we know, that xx — 9 exceeds 
100 by a? a; — 109. And since x is less than 23 by 23 — a?, we 
have this equation ; xx — 109 = 23 — x. 

Wherefore xx z=i — a? -J- 132, and, by the rule. 

So that X = 11, and « = — 12. 
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Answer. When only a positive number is required, that number 
will be 11, the square of which minus 9 is 112, and consequently 
greater than 100 by 12, in the same manner as 11 is less than 23 
by 12. 

565. Question III. To find a number such, that if we multiply 
its half by its third, and to the product add half the number required, 
the result will be 30. 

Suppose that number = x, its half, multiplied by its third, will 
make ixx; so that ^xx + ^x =z 30. Multiplying by 6, we 
have XX -\- 2x =z 180, or A7cr =:: — 3a? -}" I^^i which gives 

3^ |9 3 27 

Consequently x is either = 12, or — 15. 

566. Question IV. To find two numbers in a double ratio to 
each other, and such that if we add their sum to their product, we 
obtain 90. 

Let one of the numbers = a?, then the other will be = 2 x ; their 
product also =i 2xXf and if we add to this 3 x, or their sum, the 
new sum ought to make 90. So that 

2a?a? + 3a? = 90; 2 a? a? = 90 — 3 a?; a?a? = — |a? + 45, 

whence we obtain 

I"9 3 27 

^ = -f=t:J^+45=-i=h4. 

Consequently a? = 6, or — 7|. 

567. Question V. A horse-dealer, who bought a horse for a 
certain number of crowns, sells it again for 119 crowns, and his 
profit is as much per cent, as the horse cost him. Required, what 
he gave for it f 

Suppose the horse cost x crowns ; then as the horse-dealer gains 
X per cent., we shall say, if 100 give the profit x, what does x give i 

XX XX 

Answer^ r^. Since, therefore, he has gained r^, and the horse 

X X 

originally cost him x crowns, he must have sold it for x -f- — {l ; 
wherefore 

Subtrtcting dP, we have 
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and multiplying by 100, we have a? a? = — 100 x -f- 11900. Ap- 
plying the rule we find 

a? :=5 — 60 =b v^00 + 11900 = — 60 ± ^14400 = — 60 =h 120. 

Answer. The horse cost 70 crowns, and since the horse-dealer 
gained 70 per cent, when he sold it again, the profit must have been 
49 crowns. The horse must have been, therefore, sold again for 
70 + 49, that is to say, for 119 crowns. 

668. Question VI. A person buys a certain number of pieces of 
cloth ; he pays, for the first, 2 crowns ; for the second, 4 crowns ; 
for die third, 6 crowns, and in the same manner always 2 crowns 
more for each following piece. Now, all the pieces together cost 
him 110. How many pieces had he f 

Let the number sought = x. By the question the purchaser 
paid for the different pieces of cloth in the following manner : 

for the 1, 2, 3, 4, 6 .... a; 

he pays 2, 4, 6, 8, 10 .... 2a? crowns. 

It is therefore required to find the sum of the arithmetical pro- 
gression 24-44-6 + 8 + 104- 2 a?, which consists of 

X terms, that we may deduce from it the price of all the pieces of 
cloth taken together. The rule which we have already given for 
this operation, requires us to add the last term and the first ; the 
sum of which is 2 a? + 2 ; if we multiply this sum by the number 
of terms a?, the product will be 2 a: a: + 2 a: ; if we lastly divide by 
the difference 2, the quotient will be a? a? + a?, which is the sum 
of the progression ; so that we have a;a7 + a?=i:110; wherefore 
XX =. — a? + 110, and 



1 11 I 21 

^ = -2 + j4+^^^ = -2+2 = 



10. 



Answer. The number of pieces of cloth is 10. 

.669. Question VII. A person bought several pieces of cloth, 
for 180 crowns. If he had received for the same sum 3 pieces 
more, he would have paid 3 crowns less for each piece ; ^How 
many pieces did he buy ? 

Let us make the number sought = a?; then each piece][vnll have 

cost him crowns. Now, if the purchaser bad had « + 3 pieces 
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180 

for 180 crowns, each piece would have cost . ^ crowns; and, 

since this price is less than the real price by three crowns, we have 
this equation, 

180 180 



x + 3 



— 3. 



I QA*2 

Multiplying by a?, we have — p-s = 180 — 3 a:; dividing by 3, 

60x 

we have — t-k = 60 — x ; multiplyiag by a? + 3, we have 

60 a? = 180 4- 67a; — xxf 

adding x Xy we shall have xx -\- 60x :=^ 180 -|- 57 cr; subtracting 
60 Xj we shall have xx z=z — 3 a? + 180. 

The rule', consequently, gives 



3 l9 3 27 

Anstoer. He bought for 180 crowns 12 pieces of cloth at 15 
crowns the piece, and if he had got 3 pieces more, namely, 15 pieces 
for 180 crowns, each piece would have cost only 12 crowns, that is 
to say, 3 crowns less. 

570. Question VIII. Two merchants inter into partnership with 
a stock of 100 crowns ; one leaves his money in the partnership for 
tliree months, the other leaves his for two months, and each takes 
out 99 crowns of capital and profit. What proportion of the stock 
did each furnish ? 

Suppose the first partner contributed x crowns, the other will 
have contributed 100 — a?. Now, the former receiving 99 crowns, 
his profit is 99 — a?, which he has gained in three months with the 
principal x ; and since the second receives also 99 crowns, his profit 
is X — 1, which he has gained in two months with the principal 
100 — x; it is evident also, that the profit of this second partner 

would have been — 5 — , if he had remained three months in the 

partnership. Now, as the profits gained in the same time are in 
proportion to the principals, we have the following proportion, 

a? : 99 — a? z= 100 — x: "^~ . 
Eul. Alg. 25 
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The equality of the product of the extremes to that of the means, 
gives the equation 

^"'"'"^'^ = 9900 — 199 a? + xxt 

Multiplying by 2, we have 

3 XX — 3x =z 19800 — 398 0? + 2 a: a? ; 

subtracting 2x Xj we have xx — 3 a? = 19800 — 398 x ; 
adding 3 a?, we have xx =z 19800 — 395 x. 
Wherefore by the rule, 



395 . 1156025 , 79200 395 .485 90 ,, 
^ = — 3- + J-4— +-^= ^ + ^ = ^==A5. 

Answer. The first partner contributed 45 crowns, and the other 
55 crowns. The first, having gained 54 crowns in three months, 
would have gained in one month 18 crovyns ; and the second having 
gained 44 crowns in two months, would have gained 22 crowns in 
one month : now these profits agree ; for, if with 45 crowns 18 
crowns oure gained in one month, 22 crowns will be gained in the 
same time with 55 crowus. 

571. Question IK. Two girls carry 100 eggs to market; one 
had more than the other, and yet the sum which each received 
for them was the same. Tlie first says to the second, if I had had 
your eggs, I should have received 1 5 sous. The oiher answers, if I 
had had yours, I should have received 6| sous. How many eggs 
did each carry to market ? 

Suppose the first had x eggs ; then the second must have bad 
100 — a?. 

Since therefore the former would have sold 100 — x eggs for 15 
sous, we have the following proportion ; 

100 — x : 15 = 07 .... to -r^ sous. 

100 — X 

Also, since the second would have sold x eggs for 6| sous, we 
find how much she got for 100 — x eggs, by saying 

20 ,^^ ^ 2000 — 20a; 

X : -^ =1 100 — 0? • • • • to s . 

3 ox 

Now each of the girls received the same sum ; we have conse- 
quently the equation, 
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15 a; _ gOO0 — gQg 
100 — 2 "" 3 2 ' 

which becomes this, 

25 X a? = 200000 — 4000 a? ; 

and lastly this, 

XX =: — 160 a? + 8000; 

whence we obtain 

a? = — 80 + V640U + 8000 = — 80 + 120 = 40. 

Answer. The first girl had 40 eggs, the second had 60, and each 
received 10 sous. 

672. Question X. Two merchants sell each a certain quantity 
of stuff; the second sells 3 ells more than the first, and they receiv- 
ed together 35 crowns. The first says to the second, I should have 
got 24 crowns for your stuff; the other answers, and I should have 
got for yours 12 crowns and a half. How many ells had each ? 

Suppose the first had x ells; then the second must have had 
a? -{- 3 ells. Now, since the first would have sold a? -^ 3 ells for 

for 24 crowns, he must have received — r—^z crowns for his x ells- 

And with regard to the second, since he would have sold x ells for 12^ 

25 1 I 75 
crowns, he must have sold his a? + 3 ells for ^ — ; so that 

the whole sum they received was 

242 , 252 + 7.5 
— r~o H «"' = 35 crowns. 

2 +3 ' 22 

This equation becomes a: a: = 20 a? — 75, whence we have 

a? = 10 it VIOO — 75 = 10 db 5. 

Answer, The question admits of two solutions ; according to the 
first, the first merchant had 15 ells, and the second had 18; and 
since the former would have sold 18 ells for 24 crowns, he must 
have sold his 15 ells for 20 crowns; the second, who would have 
sold 15 ells for 12 crowns and a. half, must have sold his 18 ells for 
15 crowns; so that they actually received 35 crowns for their com- 
modity. 

According to the second solution, the first merchant had 5 ells, 
and the other 8 ells ; so that, since the first would have sold 8 ells 
for 24 crowns, he must have received 15 crowns for his 5 ells ; and 
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sioce tbe second would have sold 5 ells for 12 crowns and a half, bis 
8 ells must have produced him 20 crowns. The suni is, as before, 
35 crowns* 



CHAPTER Vn. 

Of the Mature ofEquatunu of the Second Degree. 

573. What we have already said sufficiently shows, that equa- 
tions of the second degree admit of two solutions ; and this property 
ought to be examined in every point of view, because the nature of 
equations of a higher degree will be very much illustrated by such 
an examination. We shall therefore retrace, with more attention, 
the reasons which render an equation of the second degree capable 
of a double solution ; since they undoubtedly will exhibit an essen- 
tial properl!^ of those equations. 

574. We have already seen, it is true, that this double solution 
arises from the circumstance that the square root of any number 
may be taken either positively, or negatively ; however, as this prin- 
ciple will not easily apply to equations of higher degrees, it may be 
proper to illustrate it by a distinct analysis. Taking, for an example, 
the quadratic equation, x x =i 12 2? — 35, we shall give a new rea- 
son for this equation being resolvible in two ways, by admitting for x 
the values 5 and 7, both of which satisfy the terms of the equation. 

575. For this purpose it is most convenient to begin with trans- 
posing the terms of the equation, so that one of the sides may be- 
come ; this equation consequently takes the form 

XX — 12 a? + 35 = 0; 

and it is now required to find a number such, that if we substitute it 
for a?, the quantity xx — 12a? + 35 may be really equal to noth- 
ing ; after this, we shall have to show how this may be done in two 
ways. 

576. Now, the whole of this consists in showing clearly, that 
a quantity of the form x x — 12 x -]- 35 may be considered at the 
product of two factors ; thus, in fact, the quantity of which we speak 
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is composed of the two factors (x — 5) X (« — 7). For, since 
ttiis quantity must become 0, we must also have the product 

(« — 5) X (a: — 7) = 0j 

but aproductf of whatever number of factors it is composed^ becomes 
= 0, only when one of those factors is reduced to 0; this is a funda- 
mental principle to which we must pay particular attention, especially 
when equations of several degrees are treated of. 

577. It b therefore easily understood, that the product 

(x — 5) X (x — 7) 

may become in two ways : one^ when the first factor x — 6 = ; 
the othery when the second factor x — 7 = 0. In the first case 
X = 5, in the othery x = 7. The reason is, therefore, very evident, 
why such an equation xx — 12 a? -f- 35 = 0, admits of two solu- 
tions, that is to say, why we can assign two values of cr, both of 
which equally satisfy the terms of the equation. This fundamental 
principle consists in this, that the quantity xx — 12 x -|- 35 may 
be represented by the product of two factors. 

578. The same circumstances are found in all equations of the 
second degree. For, after having brought all the terms to one side, 
we always find an equation of the following form xx — ax-\-b=iOy 
and this formula may be always considered as the product of two 
factors, which we shall represent by {x — p) X {x — q), without 
concerning ourselves what numbers the letters p and q represent. 
Now, as this product must be = 0, from the nature of our equation 
it is evident that this may happen in two ways ; in the first place, 
when X =z p; and in the second place, when x =z q ; and these 
are the two values of x which satisfy the terms of the equation. 

579. Let us now consider the nature of these two factors, in 
order that the multiplication of the one by the other may exactly 
produce xx — ax ^b. By actually multiplying them, we get 
XX — (p •{- q) X -\- pq; now this quantity must be the same as 
XX — ax 4" i, wherefore we have evidently p -f" ? = ^> ond 
pq zn b. So that we have deduced this very remarkable property, 
that in every equation of the form xx — ax + b = 0, the two 
values of x are svchy that their sum is equal to a, and their product 
equal to b ; whence itfoUovfs that, if we know one of the valuesy the 
other also is easUy found. 
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580. We have considered the case in which the two values of x 
are positive, and which requires the second term of the equation to 
have the sign — , and the third term to have the sign -|-« Let us 
also consider the cases in which either one or both values of x be- 
come negative. The first takes place when the two factors of the 
equation give a product of this form {x — p) X (-^^ + ?) ; fof then 
the two values of a: are a? = p, and x = — q; the equation itself 
becomes xx •\- [q — p)x — 2? j = ; the second term has the 
sign +> when q is greater than 7?, and the sign — , when q is less than 
p ; lastly, the third term is always negative. 

The second case, in which both values of x are negative, occurs, 
when the two factors are (a? + p) X (a: 4" ?) 5 ^^^ we shall then 
have a? = — p and x = — q; the equation itself becomes 

xx'\'{p-\-q)x'\'pq=iO^ 

in which both the second and third terms are affected by the sign 4-. 

681. The signs of the second and the third term consequently 
show us the nature of the roots of any equation of the second degree. 
Let the equation be a? x • ... a a? ....& = 0, if the second and 
third terms have the sign -f-, the two values of x are both negative ; 
if the second term has the sign — , and the third term has -{-, both 
values are positive ; lastly, if the third term also has the sign — ^ one 
of the values in question is positive. But in all cases, whatever, 
the second term contains the sum of the two values^ and the tliird 
term contains their product. 

582. After what has been said, it will be very easy to form equa- 
tions of the second degree containing any two given values. Let 
there be required, for example, an equation such, that one of the 
values of x may be 7, and the other — 3. We first form the sim- 
ple equations a? = 7 and a? =: — 3 ; thence these x — 7 = and 
a? + 3 = 0, which gives us, in this manner, the factors of the equa- 
tion required, which consequeiitly becomes xx — Ax — 21 =0.r 
Applying here, also, the above rule, we find the two given values of 
x; for if a? X = 4 a? -f- 21, we have a? = 2 ± v25 =1 2 ih 6, that 
is to say, a? = 7, or a? =: — 3. 

683. The values of x may also happen to be equal. Let there 
be sought, for example, an equation, in which both values may be 
r= 5. The two factors will be {x — 5) X {x — 6), and the equa- 
tions sought will be a? a; — 10 a? + 25 = 0. In this equation, x 
appears to have only one value ; but it is because x is twice found 
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=: 5, as the common method of resolution shows ; for we have 
a?a? = 10 a? — 25 ; wherefore x = 5 ±: vO = 5 ± 0, that is to 
say, X is in two ways = 5. 

684. A very remarkable case, in which both values of x become 
imaginary, or impossible, sometimes occurs ; and it is then wholly 
impossible to assign any value for x, that would satisfy the terms of 
the equation. Let it be proposed, for example, to divide the num- 
ber 10 into two parts, such, that their product may be 30. If we 
call one of those parts Xj the other will be =10 — ar, and their 
product will be 10a? — a?a? = 30; wherefore xx = 10a? — 30, 
and a? = 5 ± v^— 5, which being an imaginary number, shows that 
the question is impossible, 

685. It is very important, therefore, to discover some sign, by 
means of which he may immediately know, whether an equauon of 
the second degree is possible or not. 

Let us resume the general equation ax — xx -\- b :=z 0, We 
shall have 



XX =z ax — 6, and x =^ -a dz \jCia — 6. 

This shows, that if b is greater than I a a, or 4 b greater than a a, 
the two values of x are always imaginary, since it would be required 
to extract the square root of a negative quantity ; on the contrary, if 
b is less than ^ a a, or even less than 0, that is to say, is a negative 
number, both values will be possible or real. But whether they be 
real or imaginary, it is no less true, that they are still expressible, 
and always have this property, that their sum is = a, and their pro- 
duct = 6. In the equation xx — 6 a? + 10 = 0, for example, the 
sum of the two values of x must be = 6, and the product of these 
two values must be = 10 ; now we find, I. a: = 3 -f- v^— T, and 
II. a? = 3 — v--7> quantities whose sum = 6, and the product 
= 10. 

686. The expression, which we have just found, may be repre- 
sented in a manner more general, and so as to be applied to equa- 
tions of this form, /a? a?±g'a? + A=0; for this equation gives 



and 



,gx h 
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or a? .^ — 7^-Ts- 9 



whence we conclude that the two values are imaginary, and conse- 
quently the equation impossible, when 4fh is greater than gg; that 
is to say, when, in the equation fx x — gx ^ h ^=i 0, four Umes 
the product of the first and the last term exceeds the square of the 
second term : for the product of the first and the last term, taken 
four times, is 4fhxXj and the square of the middle term isggx x; 
now, if Afhxx is greater than ggxx^ Afh is also greater than gg^ 
and in that case, the equation is evidently impossible. In all other 
cases the equation is possible, and two real values of x may be as- 
signed. It is true they are often irrational ; but we have already 
seen, that, in such cases, we may always find them by approxima- 
tion ; whereas no approximations can take place with regard to 
imaginary expressions, such as v — 5; for 100 is as far from being 
the value of that root, as 1, or any other number. 

587. We have further to observe, that any quantity of the second 
degree^ x x =b a x db b, must always be resolvible into two factors^ 
such as (a? d= j5) X (a? =fc g). For, if we took three factors, such 
as these, we should come to a quantity of the third degree, and tak- 
ing only one such factor, we should not exceed the first degree. 

It is therefore certain that every equation of the second degree ne- 
cessarUy contains two values of x, and that it can neither have more 
nor less. 

588. We have already seen, that when the two factors are found, 
the two values of x are also known, since each factor gives one of 
those values, when it is supposed to be = 0. The converse also is 
true, viz, that when we have found one value of a?, we know also 
one of the factors of the equation ; for if a? = p represents one of 
the values of a?, in any equation of the second degree, x — jp is one 
of the factors of that equation ; that is to say, all the terms having 
been brought to one side, the equation is divisible by x — p ; and 
further, the quotient expresses the other factor. 

589. In order to illustrate what we have now said, let there be 
given the equation a:a?-|-4a? — 21 =0, in which we know that 
X =z 3 is one of tlie values of a:, because 3x 31 + 4x3) — 21 = ; 
this shows, that x — 3 is one of the factors of the equation, or that 
XX + 4x — 21 is divisible by a? — 3, which the actual division 
proves. 
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a? — 3) a?a? -f 4a? — 21 (a? + 7 

XX —^ 3 a? 



7 a? — 21 

7a? — 21 

0. 

So that the other factor is a? -{- 7, and our equadon is represented 
by the product (a? — 3) X (^ + 7) = ; whence the two values 
of a? immediately follow, the first factor giving a? = 3, and the other 
a? z= — 7. 



• 
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QUESTIONS FOR PRACTICE. 



Fractions. 



SECTION I.— CHAPTER 9. 



!• Reduce — and - to a common denominator. 
a c 



>, 2cx J aft 

^ns. and — . 

ac ac 



« ««j ^+A 



2. Reduce t and *" to a common denominator. 

6 c 

^ ac -aft+ft* 

^ns, T- and — r — • 
be be 

3. Reduce ^, o~, and d to fractions having a common denomi- 

^ 9cx 4a5 J 6acc2 
nator. Ans. ^ — , ^rr— , and -^ . 

■ 

4. Reduce •:;, -^-f and a -I to a common denominator. 

4 o * a 

a 9a Sax , 12a«+24x 

■ans. ^rpT-i •7?r~j ana r?r • 

12a' 12 a' 12a 

6. Reduce s> -5-1 and — i^ — to a common denommator. 
2 3 X + a 

3g + 3a 2a«g + 2ag ^ 6 z« + 6 a» 

•^^- FT+TS' 6x + 6a ' ^°^ 6x + 6a * 

6. Reduce ^s-^, n~i and -, to a common denominator. 
2a3' 2 a a' 

^ 2 a^ 5 2 a' c , 4 a» dl 

•^^- TST-^ 1^' *°^ "4^- 
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SECTION I.-^<:HAPT£R 10. 



7. Required the product of g and -5-. Ana. ^. 

8. Required the product of 5, -^, and -^j-. Ans. -^j-, 

X X \ a x^ *4** a & 

9. Required the product of - and T . Ans. -r— f — ^. 

^ ^ a a-f-c a' -f-ac 

10. Required the product of -^ and -r-. Ans. -oT"* 

11. Required the product of -^ and -^ — . Ans, -= — . 

12. Required the product of — , , and -^r-- Ans, 9 ax* 

13. Required the product of 6 -| and -. Ans. — 3l — . 

ax X 

2* — 6* 2' 4-6* 

14. Required the product of — r and . _]~ — . 

C O "I" c 

0mA A4 



x« — &« 



16. Required the product of a?, * "^ , and , . . 

«» — z 

z Sz 

16. Required the quotient of ^ divided by -^. Ans. 1|. 

17. Required the quotient of -^ divided by -j. Ans. g^. 

z I £1 z ~^ b 

18. Required the quotient of jv j^ -S l divided by , T^ . 

/I 5z* -f-6az-|- g* 
•^'^* 2z«— 26« • 

2z' • z 

] 9. Required the quotient of 3,3 divided by , . 

71.. ^^ 



z* — a z -|- a* 



30. Required the quotient of -7 divided by ^k* Ans. -g^. 
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21. Required the quotient of ~=- divided by 5 x. Jlns. ^^. 

22. Required the quotient of ^ divided by -^. t^jw. ^7* . 

23. Required the quotient of g"", divided by -j-r. .5jw. ~ , 

2« 54 

24. Required the quotient of , ^^, ju h S ^^^^^^ ^7 

• tafU* a? -H — • 

Infimie Series. 



SECTION II.— CHAPTER 6. 



25. Resolve into an infinite series. 

a — X 



X* 



Ans. ct + ^+- +;r3»*^- 



a ' a* ' a* 

26. Resolve — ; — into an infinite series. 

a-^x 

,Ans. T- H 5 r- + &c. 

Or resolved intofactorsy 

Ix (1 — - + ^ — -, + &c.) 

27. Resolve — r—r into an infinite series. 

X -^-0 
1 + 2 

28. Resolve , ' bto an infinite series. 

1 — X 

Ans. 1 +2a; +2x' +2x^ +2:rSfac. 

29. Resolve 7 — ; — rr into an infinite series. 



a , 2x , Sx» 4x3 
Ans. 1 = --, &c. 
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Surds or Irrational Numbers, 

SECTION I.— CHAPTERS 12, 19; AND SECTION II. CHAPTER 8, fac. 

30. Reduce 6 to the form of \/5« •^ns, v/36* 

31. Reduce a -{- & to the form of -v/fc- •5^* \/aa + 2ab + hb. 

32. Reduce T---= to the form of \/5. 'Ans. 1-^. 

3 1 

33. Reduce a* and ft^Jto the common exponent ^. 

Ans. a j% and b^\^. 

34. Reduce v'48 to its simplest form. Ans. 4 \/3. 

35. Reduce \/a=* x — af x'vo its simplest form. 

Ans. a\/ax — xx» 

3 

36. Reduce Isr rr— to its simplest form. 

\8b — 8a ^ 



3 

Ans. 



>|6=7i' 



2 

37. Add \/6 to 2\/6 ; and V8 to vSo. Ans. 3 V6; and V^* 

38. Add via and v^'oo together. Ans. {a -|- 2) v'a* 



39. Add -i 



and I 



#1 ^ 66 + cc 

^ together. •«»». -r — *=—• 

40. Subtract \/4a from Vo** •^'**- (« — 2)\/a. 

„ ..J\l Ans. '-^ Jf. 

b ^ c\ b \bc 



c 2 

41. Subtract t *" from 



3a'd 



9 



43. Multiply <v/3 by \/a&* -^ns. \/a^b^Tl9. 

44. Multiply -v/4a — 3a: by 2 a. ^tw. v^6a' — 12 o^x. 

45. Multiply ^-r \/a — a: by (c — d) y/ai* 

a ac — ad 

•Tins. — g-T — \/a« x-~a«s. 
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46. Multiply y/i — \/h — \/3 by -v/a + ^/f — V3. 

Jim* Vo* — fr + V3* 

47. Divide a^" by a^ : and a" by a*", .flni. a" and a . 

•' ' •' van 

48. Divide — ^ — \/a«x — ax« by ^^ \/a — r. 

.^TW. (c — d) \/ax* 

49. Divide a* — ad — h '\* d\^hj a — \/h> 

Ans. a -}- \/b — d. 

50. What is the cube of \/2 f Ans. v^8* 

s 8 

51. What is the square of 3 ^/hc^ ? Am. 9 c vS^* 

52. What is the fourth power of gr J";^j ^ 

•^^- 46*(ca— 26c + 6a)- 
53: What is the square of 3 + V5 ? Ans. 14 + 6 v5. 

54. What is the square root of a^ .'* Ans. a^ ; or \/a^. 

1 3 

55. What is the cube root of a&' i Ans. abb^ ; or \/abb» 

• « 

56. What is the cube root of \/a^ ^ x^ ? Ans. \/a* ^ x> . 

57. What is the cube root of a* '' — \/ax— a:* ? 

It 



Ans. j^a^ — v^r — *'• 

58. What multiplier will render a + V3 rational ? 

Ans. a — \/3. 

59. What muldplier will render \/a -— VC radonal ? 

€0. What multiplier will render the denommator of the iiractioQ 
- V- . — = rational .^ Ans. V7 — V^ 

« 

SECTION II.— CHAPTER 12. 

61. Resolve \/a^ + x^ into an infinite series. 
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63. Resolve \/TTl into an infinite series. 

Ans. i+-_g + ___,&c. 

63. Resolve \/(SflZZr^ into an infinite series. 

a aJ* 35* «• 

nana, a — tz s— r — ^rs — 7, &c. 

2a 8a* 16 a«' 

3 

64. Resolve vl — ^' into an infinite series. 

^n^. i__._-_g_, &c. 

65. Resolve \/r^ — «« into an infinite series. 

^jw. r — ^ 8H ~ 16r« ~ 1287^* *^* 

66. Resolve — =z=r=i into an infinite series. 

\/a* — x« 

•^^- 5 + 2:55 + 8^- + 48Jt' ^' 

1 li 

67. Resolve (a* — a?*)^ into an infinite series. 

^n.. a^ X (1 -g^-g^, - j25^, -&c. 



Ja» + aj* . 
! 1 
aa — X* 



68. Resolve I ' . into an mfinite series. 



•^^'^+$+iy+£i^^ 



9 

69. Resolve . f . « T ov« into an mfinite series. 

a\/a 



Summation of Arithmetical Progreesiom. 

SECTION ni. — CHAPTER 4. 

70. RsctxTiRED the sum of an increasing arithmetical progression^ 
having 3 for its first term, 2 for the common difference, and the 
number of terms 20. Ans. 440. 

71. Required the sum of a decreasing arithmetical progression, 
having 10 for its first term, ^ for the common difference, and the 
number of terms 21. Am* 140. 
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73. Required the number of all the^ strokes of a clock in twelve 
hours, that is, a complete revolution of the index. Arts, 78. 

73. The clocks of Italy go on to 24 hours } how many strokes do 
they strike in a complete revolution of the index f Aru. 300. 

74. One hundred stones being placed on the ground, in a straight 
Ime, at the distance of a yard from each other, how far will a per- 
son travel who shall bring them one by one to a basket, which is 
placed one yard from the first stone. 

Ans, 5 miles and 1300 yards. 

The greatest Common Divisor. 

SECTION III. CHAPTER 6 — SECTION I. CHAPTER 8. 

75. Reduce — «, | ^ to its lowest terms; Ans, -- . 

ca^ -f- a^ X a* 

x^ — b^ X x^ -— 6z 

76. Reduce , , ^, — ;— rs to its lowest terms. Ans. r^i—- 

x«+2oa; + 6' x + ^ 

. j4 54 X* "{- b* 

77. Reduce ^ rr— r to its lowest terms. Ans. — -^ — • 

X* — 6^ x^ x^ 

* — v« . . , >. 1 



78. Reduce -^ ^ to its lowest terms. Ans. . , , . 

X* — y* x^+y^ 

a^ — » x^ 

79. Reduce -= =— ; z ;: to its lowest terms. 

a' — a* « -(- a «* — «' 

Ans. y . 

80. Reduce -r — , ^ 5» « i b — r-| — r to us lowest terms. 

a^x -4- 2a* 2" 4- 2ai3 4. x* 



. '^'^' a^x + ax'+x^' 
Summation of Geometrical Progressions. 

SECTION III.—- CHAPTER 10. 

81. A SERVANT agreed with a master to serve him eleven years 
without any other reward for his service than the produce of one 
wheat com for the first year ; and that product to be sown the sec- 
ond year, and so on from year to year till the end of the time, allow- 
ing the increase to be only in a tenfold proportion. What was the 
sum of the whole produce .'^ Ans. 111111111110 u?Aea^con». 
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N. B. It is further required to reduce this number of corns to 
the proper measures of capacity, and then by supposing an average 
price of wheat, to compute the value of the corns in money. 

82. A servant agreed with a gentleman to serve him twelve 
months, provided he would give him a farthing for his first month^s 
service, a penny for the second, and 4d, for the third, Sac. What 
did his wages amount to ? Aiis. 5825/. 8s. 5\d. 

83. Sessa, an Indian^ having invented the game of chess, showed 
it to his prince, who was so delighted with it, that he promised him 
any reward he should ask 5 upon which Sessa requested that he 
might be allowed one grain of wheat for the first square on the chess- 
board, two for the second, and so on, doubling continually, to 64, 
the whole number of squares ; now supposing a pint to contain 7680 
of those grains, and one quarter to be worth 1/. 7^. 6d., it is required 
to compute the value of the whole sum of grains. 

Ajis. £64481488296, 

Simple Equations. 

SECTION IV. CHAPTER 2. 

84. If 0? — 4 + 6 = 8, then will a? = 6. 

85. If 4a? — 8 = 3a: + 20, then will x = 28. 

86. If a a? = a 6 — a, then will x = b — 1. 

87. If 2 a? + 4 = 16, then will a? = 6. 

88. If aa? + 26a = 3 cS then will a? = 2b. 

' a 

89. If a = 5 H- 3, then will x = 16. 

90.' If ^ — 2 = 6 + 4, dien wiU a? = 18. 
91 . If a = c, then will x = 



X a — c 

92. If 6 a? — 15 = 2 a: + 6, then will a? = 7. 

93. If 40 — 6 a: — 16 = 120 — 14 x, then will a? = 12. 



X X . X 



94. If g — § + J = lOj then will a? = 24. 

95. V'L^l + ^== 20 —IZZ}2.^ then will J? = 23J. 

96. If J?a? + 5 =d*7, then will a; = 6. 
Eul. Alg. 27 
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2 a* 



97. 



If a? + \/a« + xa = — ti then will « = a jl/1. 



98. If 3 ax + rt — 3 = 6 « — a, then will x = 3 ^rr-- 

' 2 oa — 26 

99. If viSTx = 2 + vicj then will x = 4. 

100. If y + %/at + 3f« = T, then will y == ^ a V3. 

101. If^+l + l±l = 16 -?^, then willy = 13. 

102. If Vic + VoTx = -7=j then will x = -. 

Va + x o 

103. If V«' + »■ = \/6* + xS then will x = J -^j,-*- 

104. If X = \/a« + ^ V6' + «^ — **j then will x = j— -^ o. 



4a 



105. If s-^^ = F-^^, then wiU x = 12. 

3z — 4 ox — 6' 

106. If -i^ = ^^, then will x = 8. 

X — 2 X — 3 

107. If ^^^. ,3 = 3-^-5-, then will x = 6. 

2« + '' 4x — 5' 

108. If ^—3-^ = ^-j-^* then will x = 6. 

109. If616x — 7x» z= 48 X, then will X = 9. 



SECTION IV. — CHAPTER 3. 

110. To find a number, to which, if there be added a half, a 
third, and a fourth of itself, the sum will be 50. Am. 24. 

111. A person being asked what his age was, replied, that | of 
his age multiplied by j\ of his age gives a product equal to his age. 
What was his age f Ans. 16. 

112. The sum of 6607. was raised for a particular purpose by 
four persons, A, B, C, and D ; B advanced twice as much as A ; 
C as much as A and B together ; and D as much as B and C. 
What did each contribute f Am. 60/, 120/, 180/, and 300/. 

113. To find that number whose ^ part^xceeds its \ part by 12. 

Am. 144. 
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114. What sam of money is that, whose | part, \ part, and i 
part added together, amount to 94 pounds ? Ans. 1201. 

115. In a mixture of copper, tin, and lead, one half of the whole 
— I6lb, was copper; | of the whole — 12/i» tin; and i of the 
whole -|- ^^* IcQ^- What quantity of each was there in the compo- 
sition ? Ans. 12826. of copper, 84lb. of tin, and 7626. of lead. 

116. What number is that, whose | part exceeds its ^ by 72 ? 

Ans. 540. 

117. To find two numbers in the proportion of 2 to 1, so that if 
4 be added to each, the two sums shall be in the proportion of 3 to 2. 

Ans. 8 and 4. 
lis. There are two numbers such that \ of the greater added to 
^ of the less is 13, and if ^ of the less be taken from |> of the 
greater, the remainder is nothing. What are the numbers ? 

Ans. 18 and 12. 

119. In the composition of a certain quantity of gunpowder | of 
the whole plus 10 was nitre; | of the whole minus 4} was sulphur^ 
and the charcoal was \ of the nitre — 2. How many pounds of 
gunpowder were there ? Ans. 69. 

120. A person has a lease for -99 years; and being asked how 
much of it was already expired, answered, that two thirds of the 
time past was equal to four fifths of the time to come. Required the 
time past. Ans. 54 years. 

121. It is required to divide the number 48 into two such parts, 
that the one part may be three times as much above 20 as the other 
wants of 20. Ans. 32 and 16. 

122. A person rents 25 acres of land at 7 pounds 12 shillings 
per annum ; this land consisting of two sorts, he rents the better sort 
at 8 shillings per acre, and the worse at 5. Required the number of 
acres of the better sort. Ans. 9. 

123. A certain cistern, which would be filled in 12 minutes by 
two pipes running into it, would be filled in 20 minutes by one alone. 
Required, in what time it would be filled by the other alone. 

Ans. 30 minutes. 

124. Required two numbers, whose sum may be 5, and their pro- 

portioD as a to 6. Ans. -^ and -^^. 

125. A privateer running «t the rate of 10 miles an hour, discov- 
ers a ship 18 miles off making way at the rate of 8 miles an hour; 
it is demanded how many miles the ship can run before she will be 
overtaken.*^ Ans. 72. 
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126. A geDtleman distributing money among some poor people, 
found he wanted IO5. to be able to give 65. to each ; therefore he 
gives 4*. only, and finds that he has 6*. left. Required the number 
of shillings and of poor people. 

Ans. 15 poor people, and 65 shillings. 

127. There are two numbers whose sum is the 6th part of their 
product, and the greater is to tlie less as 3 to 2. Required those 
numbers. Ans. 15 and 10. 

N. B. This question may be solved likewise by means of one 
unknown letter. 

128. To find three numbers, such that the first, with half the 
other two, the second wdth one third of the other two, and the third 
with one fourth of the other two, may be equal to 34. 

Am. 26, 22, and 10. 

129. To find a number consisting of three places, whose digits 
are in arithmetical progression ; if this number be divided by the 
sum of its digits, the quotient will be 48; and if from, the number 
be subtracted IQS, the digits will be inverted. Ans. 432. 

130. To find three numbers such, that \ the first, | of the sec- 
ond, and' \ of the third, shall be equal to 62 ; | of the first, \ of the 
second, and \ of the third, equal to 47 ; and | of the first, \ of the 
second, and ^ of the third, equal to 38. Ans. 24, 60, 120. 

131. To find, three numbers such that the first with \ of the sum 
of the second and third shall be 120, the second with } of the dif- 
ference of the third and first shall be 70, and ^ of the sum of the 

three numbers shall be 95. Ans. 50,^'63^^75. 

132. What is that fraction which will become equal to a, if an 
unit be added to the numerator ; but on the contrary, if an unit be 
added to the denominator, it will be equal to \ ? Ans. y*j. 

133. The dimensions of a certain rectangular floor are such, that 
if it had been 2 feet broader, and 3 feet longer, it would have been 
64 square feet larger ; but if it had been 3 feet broader and 2 feet 
longer, it would then have been 68 square feet larger. Required the 
length and breadth of the floor. 

Ans. Length 14 feet, and breadth 10 feet. 

134. A person found that upon beginning the study of his pro- 
fession \ of his life hitherto had passed before he commenced his 
education, ^ under a private teacher, and the same time at a public 
school, and four years at the university. What was his age f 

Ans. 21 years. 
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135. To find a Dumber such that whether it be divided into two 
or three equal parts the continued product of the parts shall be equal 
to the same quantity. Ans. 6|. 

136. There is a certain number, consisting of two digits. The 
sum of these digits is 5, and if 9 be added to the number itself the 
digits will be inverted. What is the number ? Aru, 23. 

137. What number is that, to which if I add 20 and from f of 
this sum I subtract 12, the remainder shall be 10 f Jim, 13. 

Quadratic Equations. 

SECTION IV. — CHAPTER 5. 

138. To find that number to which 20 being added, and from 
which 10 being subtracted, the square of the sum, added to twice 
the square of tbe remainder, shall be 17475. Ans. 75. 

139. What two numbers are those, which are to one another in 
the rado of 3 to 5, and whose squares, added together, make 1666 ? 

Ans. 21 and 35. 

140. The sum 2 a, and the sum of the squares 26, of two num- 
bers being given ; to find the numbers. 

Ans. a — \/6 — a» and a -f- %/6 — a*. 

141. To divide the number 100 into two such parts, that the 
sum of tlieir square roots may be 14. Ans. 64 and 36. 

142. To find three such numbers, that the sum of the first and 
second multiplied into the third, may be equal to 63 ; and the sum 
of the second and third, multiplied into the first equal to 28 ; also, 
that the sum of the first and third, multiplied into the second, may 
be equal to 55. Ans. 2, 5, 9. 

143. What two numbers are those, whose sum is to the greater 
as 11 to 7 ; the difierence of their squares being 132 ? 

Ans. 14 and 8. 
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